P.S. Aleksandrov 


COMBINATORIAL 
TOPOLOGY 


Volume 2 








COMBINATORIAL TOPOLOGY 
VOLUME 2 
THE BETTI GROUPS 


OTHER GRAYLOCK PUBLICATIONS 


KHINCHIN: Three Pearls of Number Theory 
PONTRYAGIN: Foundations of Combinatorial Topology 


NOVOZHILOV: Foundations of the Nonlinear Theory 
of Elasticity 


ALEKSANDROV: Combinatorial Topology, Vol. 1 
PETROVSKII: Lectures on the Theory of Integral Equations 


KOLMOGOROV and FOMIN: Elements of the Theory of Functions and 
Functional Analysis, Vol. 1. Metric and 
Normed Spaces 


COMBINATORIAL TOPOLOGY 


VOLUME 2 


THE BETTI GROUPS 


BY 


P.S. ALEKSANDROY 





GRAYLOCK PRESS 
ROCHESTER, N. Y. 


1957 


TRANSLATEID FRON WHET FIRST (1947) RUSSIAN HDPPION 
BY 
LIORACE KOM™M 


Copyright, 1957, by 
GRAYLOCK PRESS 
Rochester, N. Y. 


All rights reserved. This book, or parts 
thereof, may not be reproduced in any 
form, or translated, without permis- 
sian in writing from the publishers. 


Library of Congress Catalog Card Number 56-13930 


Manufactured in the United States of America 


Chapter 


CONTENTS 
PART THREE 


THE BETTI GROUPS 


VIL. Cuains. Tue Orerator A 


1. 


bo 


Orentatiatins 65.16 tite Se aku abe ian Se abe dieh eee aa ee oe 
1.1. Orientation of the space PR”... 4 esi an 0! eet ese ss 
1.2. Orientation of a simplex and of a skeleton............ 
1.3. The body of an oriented simplex.................... 
1.4. Extension of an orientation ¢” to an orientation R”. 

The product orientations t"R” and "te"... 0.2... ee. 
be THe GMentations glo a <tv’a.c aicetnteetdcvodeaensranet ety «4 
1.6. Affine images of orientations..............0...0.0-05. 


. Intersection Number of Planes and Simplexes............. 


2.1. Intersection number of planes..................5.0055 
2.2. Intersection number of simplexes...................- 
2.3. Intersections and simplicial mappings................ 


. Ineidence Numbers... .......0.0. 000: eee eee ees 


3.1. Definition of the incidence numbers.................- 
3.2. Properties of the incidence numbers...........-...-. 


- Cell. Complexes;-a-complexes=:..- 5.4.00 4904 6423 aed 2 ee XS 


4.1. Definition of a-complexes and cell complexes.........- 
4.2. The incidence matrices of a cell complex. ............ 


PECTS a re ek ad eek wee bho ea ean tae ister 


5.1%. Detnitioni sot BoChaiis.c eines Ge heh oa ROS ke pad oe 
5.2. Some reniarks On Chaise 4.24% s.00¥e$4ded een gaGeKees 
5.3. Monomial chains. Chains as linear forms............. 
5.4. Chains of a simplicial complex. ............. 0.02.05. 
5.5. The scalar product of chains.............0.0.0 005555 
5.6. Extension of chains; restriction of chains to a subcom- 

plex. The operators ®o and Bg...... 6.00... e eee 


. The Lower Boundary Operator (The Operator A)........-. 


6.1. Definition of the A-boundary...................005: 
6.2. Examples of chains and their boundaries............. 
6.3. Cycles; chains homologous to zero; the groups 2’(S) 
SEL (MR) irae ti, «Dae wee acne ETOS he See ee Sats 
6.4. Homologies. The symbol ~. Linear independence of 
chains with respect to homology................5+-. 


Vv 


10 
11 
ll 
ll 
12 
13 
14 
16 
18 


22 
23 


vi 


CONTENTS 


Chapter 


VIII. A-Groups oF ComMPLexsEs (Lower Berti or Homo.ocy GRovups) 


6.5. Restricted chains and cycles......--- 0-5: e eee eee 
6.6. Extension of chains and cycles........--+++0s sere eee 

7. The Fundamental Case: @ is an a-complex.............-. 
7.1. The fundamental formula AAw’ = 0......-..4..000- 
7.2. Closed and open subcomplexes of an a-complex....... 
7.3. Weak homology of integral cycles; the dual coefficient 
Womans: £ad eh eee le canhe eae taakes ay.3 eee sees 

8. Simplicial Images of Chains. ..........-5-.0- 520s sere eres 
8.1. Simplicial images of enented SIM PIONS. ha Gia 2 eG 
8.2. The homomorphism S,” of the group L’(Kg) into the 
group L’(Ka) induced by a simplicial mapping Sa’ of a 
complex Kg into a complex Ka... .. 6... seer teers 

8.3. Commutativity of the operators A and Oc shiiamieads 
8.4. The case of open subcomplexes........--- 6055s eee 

. Auxiliary Constructions... 0.6.6.6 0 5. eee eee nes 
0.1. ‘Cone over a Chait .:128454 ee oe eh ee os 
9.2. Application of the constructions of 9.1........+++-+-- 
6.3: -Pristi Over a-Chaln .. fon 545.42 denies ARO Re ee hana 
9.4. Application to simplicial mappings... ....------+-++5 
Addendum. The a-complex of the Oriented Elements of a 
Polyhedral Complex : .2...c0.oseeeesp0a ta sesee ec epee 


© 


1. Definitions. Examples. Simplest General Properties........ 
1.1. Definition of the group A’(®, I... 6. ee 
To: Whe proupssh (Re Vc saa eek reat veo Se ease 
1.3. The groups BK 08 ecb ae naetdete Gente eee 
1.4. Simplest examples of the groups A”... . 6.26.62. 
1.5. Some clementary 7-complexes and their Betti groups. . 
1.6. The group AX (K SOND h sredav erated Ue De oars, hates EUs ete caf 
1.7. Decomposition of the group A’(&, ID into a direct sum 

over the components of the complex &............... 
1.8. The homomorphism of the group A’(Ag,, %) into 
A’(Ka, 0 induced by a simplicial mapping S,° of a sim- 
plicial complex A‘g into a simplicial complex Ag. ....... 

i nO GROUNE BON) arse Nerang titted adins sa gade wah: 
9.1. The torsion groups’. ey oak bas whee Bees 
9.2. The groups Aw (8). 20... 0.0.c0ceeee cere ce cee 
9.3. Finite a-complexes. Homology bases..............._ 
3.4, The Iwuler-Poinearé formula for a finite n- HacHe SWE 

a-complex : 


4] 


CONTENTS vil 





Chapter 
Oe AP SOUCOMANM ONES nt 3 kao one cutie BO dues Rene oe fy aus 72 
Dale d SCUCOMANTONS so os ck. Seow hu daca neonate mavae hes. 72 
3.2. Orientable pseudomanifolds.........0.0 00.00.00. 00008 74 
3.3. The groups A,”"(4") of a nonorientable n-dimensional 
pseudomanifold. Disorienting sequences............0. at 
1. wadends ad: Mixaniplesy yo. cs t44- oie ds oem ES ean ew ee 79 
4.1. The Betti groups of the complexes | 7” | and 7” 
Ge iy eet ih heute Sah heal aint ete aay ace Pane dalale aoe Secaels aiciet 79 
ee ET OOS Sok 6 das wakes Rt alan aa Otay Qaabet ates REO 80 
4.3. Sunple pseudomanifolds. Elementary triangulations... 81 
4.4. Applications to projective spaces... 0.0.0.0... 00000: 83 
5. Simplicial mappings of pseudomanifolds.................. 86 
0.1. The degree of a mapping... 2.2.0... 6.50050 eee eta ees 86 
5.2. The original definition of the degree of a simplicial 
AAP TO oS wince we em he tg CRs Cel te stk et oes 86 
IX. THE Operator V AND THE Groups V’ (8, 2). CaNnonicaL BASES. 


CALCULATION OF THE Groups A’ (, 9) anp V’ (8, 20 By Mans oF 
THE GROUPS Ay’ (S) 


i; 


WE OP CRA OI iy eee sehen ee shea Selo writen Uae. es pale iewe, achat S 90 
1.1. Definition of the chain V2"... .....0.0....00.0 002000 90 
1.2. The chain V2" asa lear form...........-....22-2-- 92 
1.3. Duality of the operators A and V................-.5. 92 
1.4. The groups Z,’(&, 2D, Hy(&, W, Vk, W........-. 93 
1.5. Chains restricted to a subecomplex .................-. 94 
(.6- The groups VCR, WU) = Ze GG-0 wsctsaced sleds whew Q4 
1.7. The groups V"(K", J) of n-dimensional pseudomani- 
POMS pice ad wd orSachitrn de akon a aut ae wares Re Nd eras 95 
{Bases Of the \lodules fg (0) re saree ou 8 Mae er eee ee pss 97 
21s. Ie penmaly PEMAT ES: neo cays oe eas Bee eta 97 
DO: us). Bases: OF Ly (2 sick Bh ae hy Cee Rowse Pees 98 
2.3. The elements of the group L’(&, 20) expressed in terms 
of a basis of the module. Do QOy seein eyes bones oes 99 
Canonical Systems of Bases. The Groups Vo (®)........-. 100 
8.1. Prelinvivary renarks:<a6c5 p22 votes base eae 100 
3.2. Canonical bases of the groups Za’. 2... ee 100 
3.3. Canonical homology Dasessj.c55.6 caso eter ced esltes 101 
3.4, A system of canonical bases of the groups L’.......... 102 
3.5. A system of V-bases for %; the groups Vo (®).......... 105 
. Calculation of the Groups A’(®, 9) and V(R, 20 By Means 


of the Groups Ay (85 20a cy ek ae ea Sa Sees 109 


Vill 


Chapter 


1. 


CONTENTS 
4.1. Calculation of the groups A’(®, Wo... 000... 109 
4.2. Calculation of the groups V’(®, W........00..0000.., 111 
4.3. The coefficient domains J, #, M1. .....000.0..0..0004 112 
4.4. The groups An (®) and Vn (R). 0... 0. eee ee eee b3 
4.5. Integral chains and homologies (mod m)............. 114 
. Calculation of the Groups A’(&, 2) and V’(R, 1) By Means 
of the Groups A’(®, 91) and An’(R). 0... ee eee 117 
Dae bt etanpin ds thule ue Ae Maks, AAA a to Pkt LE Regia C aalceh mada 117 
Dilan Bg oe Ge Ge SE A rN Sen oop cet Rak ae Dna Ebb ps el ease ee Sets 118 


. The Homomorphism S,* of L’(K., %) Into L’(Kg, %) In- 


duced by a Simplicial Mapping S.” of a Complex Kg Into a 


COM PLOT at hts tna rs ep Mines debs gases mero a ed ada Be 119 
6.1. Definition of the homomorphism S,*................. 119 
6.2. The commutativity of the operators V and S,*........ 120 
Oi ir A Gels MG Re RBS See aA ee a are ee IRR bok ener s 120 
X. INVARIANCE OF THE BETTI GROUPS 

Formulation of the Invariance Theorems................. 125 
1.1. Definition of the numbers 0'(@)..................4.. 125 
1.2. Definition of the groups @'(®)................00 0000 126 

1.3. Formulation of the invariance theorem for the Betti 
HuUMbErS Ald Qroups’s o.05.2046 ps eines eh os wees eee aes 126 

. Subdivisions of Chains. Fundamental Systems of Subcom- 


plexes and Chains. Invariance of the A- and V-groups un- 


der Elementary and Barycentric Subdivisions............ 127 

2). Ee ISOMOrphisHy 85 o.oo oo VARS teed ee Res 127 

2.2. Fundamental systems of subcomplexes of a complex A... 129 

2.3. Fundamental systems of chains..................... 131 
2.4. The a-complex defined by a given fundamental system 

OL-CHAMS Ay Nice ch Sutera Cai ra edu A ies 135 

2.5. The isomorphism 8 of L’(®) into L'(Ra).. 2... eee 137 
2.6. The invariance of the Betti groups under clementary 

and barycentric subdivisions of A. ..............20.. 139 

. Normal and Canonical Displacements in Polyhedra........ 189 
3.1. Normal displacements of subdivisions of triangula- 

ATOMS nite SAcles hoa OR ee PRA Gee id Seta eget wie Bae daar ed ey Be 139 

3.2. Examples of normal homomorphisms Sa and S,s*.... 142 


. Canonical Systems of Bases for Subdivisions Ag of a tri- 


angulation A. The Homomorphism Ss* Dual to a Nor- 
mal Homomorphism A RT a FE ee See 144 
4.1. A canonical system of bases for Ag. ... 0... ..0.. 0006. 144 


Chapler 


XI. 


CONTENTS ix 


4.2. Normal homomorphisms in canonical bases.......... 146 
4.3. The homomorphism dual to a normal homomorphism.. 147 


. Complexes A(R, ¢). Small Displacements in Polyhedra and 


Compacta. The Pflastersatz and the Invariance of the Betti 
IN TIM CS ae ee teen as Was hc ed Aer arene anes a he a, GEOKe 148 
5.1. The complex K(?, ¢); e-chains of a metric space R.... 148 
G22< SOISBIACEMMCNILS s, § ere actos cidiw. 9 bo aida ss 4B euaata eee 149 
6.32; Canonical: displacements. é.2.26:) 4 saws des owed dak Be 149 

5.4. The numbers n(x). Canonical displacements in poly- 
OCs Pataca teat os tes Oe ath ete MU AG. cathe’ 150 
5.5. The Pflastersatz. Invariance of the Betti numbers...... 151 
+ Ihivariatiee of thie Betti Groups, occ, cee ene es oan ds ee 153 
Den 35 sBlancig By Sash we deme apes Uta a ae Te Waianae Pes eon ees ove ake 153 
6.2. Invariance of the Betti groups for polyhedral complexes 154 
Invariance of Pseudomanifolds......... 0.0.0... .0 0.0 155 
7.1. Formulation of the theorems.................0.0005- 155 
Cede, PEOOROL UNCOTCIi 214. sree ores Phe Rag eek Sch, esate 156 


THE A-GROUPS OF COMPACTA 


ie 


2. 


Definition of the sroups: A); 9D) 2 <6.a3-4 yet nove eeu des tds 158 
Ted Proper Cy ClOs 6, x1 si03 a5. ew thst aie teak Gates ert wee 158 
Lemmas on e-displacements and e-homologies............ 159 
2.1. Prisms and e-displacements.................0000 000 159 
2.2. The case of a polyhedron @ = || K,||.............. 161 
. The Homomorphism of the Groups A’(#) Induced by a 
Continuous Mapping of a Compactum...............24.. 168 
3.1. The continuous image of a proper cycle.............. 163 
Bedi eis Ba Ole ena eH ee ie Ba Es Aa SR te ca Ae gs RE a ae a 164 
3.3. Homology classification of mappings................. 164 
3.4. Deformation of a continuous mapping of a proper cycle. 
Deformation of a proper cycle... .......... 0.00 ce eee 166 
. The Fundamental Theorem on the A’-groups of Polyhedra. 166 
4.1. Fundamental Theorem 4.1...............00..0 20000 166 
4.2. Construction of the homomorphism S.* of Ag” into 
Di rid als ke vared aRidectet ce Wed Sot Gad bh bint ethan pca ax me D At 166 
4.3. The mapping S,.” is a mapping onto A,’.............. 167 
4.4. The homomorphism S,° of As” onto A,” is an isomor- 
PUIG oY eee asin re tetas ad Ohaiea. Gens tates. ugh Mena ae out 168 
4.5. Rules for finding the images of the isomorphisms S,* 
BAS Uk decile tute dente isd set meen Baas ata ian 168 


4.6. Cycles z2’ € Z_ and homologies in = || K,||........ 169 


x 


Chapter 


an 


CONTENTS 


4.7. The image of a cycle z.’ € Z,’ under a continuous map- 
ping C of a polyhedron ® = || K, || into a compactum 
®’. Parametric representation and deformation of singu- 
lar eyeles oye 20c ce ps een ae iehee hl tee BN ee) 

4.8. Orientability and orientation of closed pseudomani- 


4.9. The homomorphism C,* of A. = A’(Ka, %) into 
A, = A'(M,, %) induced by a continuous mapping 
Cy* of a polyhedron = || K,|| into a polyhedron 
MT Mga cs secre als A csted cis Sheettar pa teG anu ne awe ae 


. Simplicial Approximations to Continuous Mappings of a 


Polyhedron Into a Polyhedron...................... 
5.1. Definition of a simplicial approximation to a continuous 
mapping Cy® of 6 = || K.|| intow = || AZ, |]........ 
5.2. Fundamental property of the mapping S,7.......... 


. Degree of a Continuous Mapping of Pseudomanifolds...... 


6.1. Definition of the deprée oes. a5 cect Ph Be Gua O58 
6.2. Definition of the degree of a continuous mapping of an 
n-cycle into an n-dimensional orientable pseudomani- 


6.3. Calculation of the degree of a mapping............... 
6.4. Fundamental properties of the degree of a mapping.... 


XII. Revative Cycutes ano THEIR APPLICATIONS 


is 


he Complex ACP €)icu dun S so hehe seeks Makassar aul 
1.1. Definition of K(T, «) and basic notation.............. 
1.2. Cycles and homologies in A(T, ¢).................... 
1.3. (€, W)-displacements.............0 0.00020 e cece 
1.4. Canonical displacements...................0-.00004 


. T-cycles (Relative Cycles) and T-homologies in ®; the 


Groups Ze (T, 1), He (1, 1), Aa (2; 91) Sheth g! BONS Reh oe ages 
2Vs WDSTMTIOM 40d 8G bcs 2 Ree eee thee pO E Sees 
2.2. The groups Zs'(T, %), He (T, W, Ae (T, W.... 2.0... 
2.3. Canonical and infinitesimal displacements. Isomor- 

phism of the groups Ag (T, %) and As (T, 2%, r ¢ 


2.4. The groups Ag’(T, %) and the dimension of ®.......... 
Bor ears sx ice iy pee has oY ah ee eae ee abe spa ae 


. The Homomorphism of A» (T, Y) into Ae’(I’, Wf) Induced 


by a (Y; W)-mapping Ger. cis cece eda ees esi eden 
84: “The homomorphisiti Ve ese Sc deieag sian veces aa 


170 


170 


CONTENTS Xi 


Chapter 
3.2. (W, W’)-homologous and (¥, W’)-homotopic mappings; 
(W, W’)-deformations. ........ 00 ee cee erent eee eee, 188 
33. Deformation of a relative cycle of P........----...., 189 
4. The Groups Ae'(I) of Polyhedra ® and W.....-........., 190 
4.1. Introductory remarks... ........0 200s eee eee eee eee 199 
4.2. The fundamental theorem. ........-.. 055+ - eee eee ee, 199 
4.3. The homomorphism Ca” of dra’ = A'(Ka \ Kya, %) 
into Ara’ = A'(Ka \ Kye , %) induced by a (WY, W’)- 
PAD PINE Cal arom soca tad Boa wie eae de ehaay oe 199 
4.4. Definition of the homology dimension of a polyhedron. 
Another proof of the invariance of the dimension num- 
Dei aie ct datas Shay eve tig ed Wage k oda 2 Sid ay aie 4 192 
4.5. The definition of the homology dimension of a compac- 
ELIT ee ss Se ct 6 eich echo Se ee bee eee ees, Sloe 193 
5. Pseudomanifolds With Boundary..........-..-..-++.04-. 193 
5.1. Orientation of a pseudomanifold with boundary...... 193 
5.2. Introductory remarks; definition of the degree of a 
continuous mapping of a pseudomanifold with bound- 
OLVinaw saw haaetalg tere g cade watt les tae Oe Cea eS 194 
5.3. Some properties of the degree of a mapping.......... 195 
aby SAMOS. Joie Sgt oe Sed he ne Pa ale en Sa Cee 195 
6. The Groups A,'(#) (The Local A’-groups of a Compactum ®). 198 
6.1. Definition of the groups A) (®)............000 0. 198 
6.2. The local character of the groups A,’................ 199 
7. The Local A-groups of Polyhedra....................20.. 201 
7.1. Notation and introductory remarks.................. 201 
7.2. The tundamental theorem. 25. ovaveeiawes doe te 208 
7.3. Application to the invariance of pseudomanifolds...... 209 
PEPPERS DIM 5 eet ote toeted opie ites Ue ahetond eae Neeoui@eae: ee aay & 210 
LIST OR SVMIBOLSS «on tc62 ha. 2% Sted hed £) dp ieeerscatee sa Agee Gees 238 
VP SGDNTING. tee Sided scar ech acta wey Pinta ata a dw akan tee oS Sha ack arm eackhe tae ae 241 


Part Three 
THE BETTI GROUPS 


The Betti groups (defined in Chapter VIII) are the central concept of 
combinatorial topology. All of Part Three, as well as much of the sequel, is 
devoted to their study. 

The underlying algebraic theory of combinatorial topology is developed 
in Chapter VII. It is used, in particular, to define and investigate the Betti 
groups themselves. The algebraic apparatus is made up of the two concepts: 
a chain and a boundary operator A. These two ideas are fundamental to 
Chapter VII. These in turn depend on the notions of orientation (discussed 
at the beginning of Chapter VII) and of an a-complex. The latter is a 
natural generalization of the set of all oriented simplexes of a triangulation. 

Having introduced all the auxiliary algebraic concepts in Chapter VII, 
we deal in Chapter VIII with the definition and elementary theory of the 
“lower” Betti groups (homology groups) or, as we shall call them here, the 
A-groups of triangulations (and, in general, of a-complexes). Chapter VIII 
concludes with an investigation of orientable and nonorientable pseudo- 
manifolds which, in addition to other examples, serve to illustrate the 
theory. 

Chapter IX deals with more complicated problems of the theory of Betti 
groups. First, the “upper” Betti groups or V-groups (cohomology groups) 
are introduced. Then the Betti groups are studied by means of canonical 
bases which, in particular, enable us to derive a relation among the Betti 
groups over various coefficient domains. 

In Chapter X we prove the invariance of the Betti groups, that is, that 
all the (topological) triangulations of a polyhedron (or of homeomorphic 
polyhedra) are isomorphic. 

In Chapters XJ and XII the concept of A-group is extended from poly- 
hedra to arbitrary compacta. It should be noted, however, that this gen- 
eralization can be effected in a completely adequate fashion only by means 
of the theory of topological groups, which is beyond the scope of this book. 
I have succeeded in avoiding this difficulty, but only by defining the 
V-groups, and not the A-groups, of arbitrary compacta. This is done, but 
considerably later, in Chapter XIV. 

Chapter XII, among other things, contains an account of the local 
A-groups. These are used in XIII, 1.1, to give a simple invariant definition 
of h-manifolds. 


Chapter VII 
CHAINS. THE OPERATOR aA 


§1. Orientation 


§1.1. Orientation of the space &”. The concept of an oriented or directed 
segment will already be familiar to the reader who has had a course in 
elementary algebra. In this section the notion of an oriented segment will 
be generalized to n dimensions. 

We shall call a collection of n + 1 linearly independent points of R” 
written in a definite order an ordered skeleton of R”. According to this defi- 
nition two different ordered skeletons may consist of the same points, 
differing from cach other only in the order of these points. We recall (Ap- 
pendix 1, 1.5) that there is precisely one affine mapping of R” onto itself 
which carrics a given ordered skeleton | ¢ , ¢1, --* , én | intoa preassigned 
ordered skeleton | e’s, e’1, °°: , én |, that is, which maps the points 


€o, 41, oti CO 


into the points e’), é’1; °°° , @n- 
We shall say that two ordered skeletons | é , ¢, --- , én | and 


leo, e1, paves Pee 
are equivalent if this mapping is positive (Appendix 1, 1.5). It follows from 
the properties of affine mappings that this equivalence relation partitions 
the set of all ordered skeletons of a given Euclidean n-space into two 
classes. 

A Euclidean space is said to be oriented if the skeletons of one of these 
classes are designated as positive and those of the other as negative. The 
same idea can be expressed in the following way: 

DEFINITION 1.1. An orientation of Fuclidean n-space 1s a function 


Cog Big 2 gC | = 21, 


defined on all the ordered skeletons | eo, 1, +++ , én | of R", which assumes 
the value +1 on all the skeletons of one class and the value —1 on all the 
skeletons of the other class. A space with an orientation R” | >, €1, +++ , n | 
as called an ortented space. 

Remark 1. In this section 2” will denote an n-dimensional oriented space 
and | /2?” | a space without orientation. In the sequel, after the elementary 
theorems on orientation have been established, R” will denote both an 
oriented and a nonoriented space wherever this does not lead to am- 
biguity. 


§1] ORIENTATION 4) 


ReMArK 2. Every Euclidean space obviously has two opposite and 
mutually exclusive orientations. If one of these orientations is denoted by 
R”, the other will be denoted by —R”. 

REMARK 29. If n = 0, that is, the space consists of a single point o, 
there is but one uniquely ordered skeleton in the whole space. Nevertheless, 
we retain Def. 1.1 and in this case the orientation R°, by definition, assumes 
the value +1 at the point 0, while the orientation —R° has the value —1 
at this point. 

A zero-dimensional space o with orientation R° | o | = +1(R°|o{ = —1) 
is usually referred to as a point o with coefficient +1 (—1). 

REMARK 2;. An orientation #* of the straight line | R' | has the same 
value on the ordered skeletons |e, ¢ | and |e’), ¢’1| if the vectors er 
and e’9c’; have the same direction. 

REMARK 2.. An orientation of the plane assumes the same value on the 
ordered skeletons | é0, ¢: , ¢2 | and | e’o, e’1, e’2 | if both circuits | ¢ , 1 , ee | 
and | e’o ,¢1, ¢’2 | of the triangles eoe1e2 and e’s¢’1e’2 are described in the same 
sense (1.e., both counterclockwise or both clockwise). 

The following remark is very important: 

Remark 3. Let (¢, «++ en) bean (2 — 1)-simplex in | R” | and let eo’ , eo 
be two points in the exterior of the plane | R"~ | of the simplex. Then an 
arbitrary orientation R” of | R” | assumes the same value on the ordered 
skeletons | ¢0’, @1, -+- , én | and | @”, 1, --- , én | if eo’ and e” lie on the 
same side of the plane | R” * |, and opposite values if eo’ and é” lie on differ- 
ent sides of | R”*| (see Appendix 1, 1.1). 

Indeed, the affine mapping carrying | é’, ¢:, --- , én | into 








Nu 


[:€07y:€x 5 ere | 


is positive if eo’ and @” are on the same side of | R” ' | and negative if they 
are on different sides (see Appendix 1, 1.52). 

§1.2. Orientation of a simplex and of a skeleton. Let us consider the 
(n + 1)! distinet ordered skeletons which can be obtained from a given 
n-skeleton; in particular, from the skeleton of a given n-simplex. (An 
n-skeleton is an arbitrary set of nm + 1 elements; in particular, the set of 
vertices of an n-simplex or of a degenerate n-simplex in Euclidean space 
is an n-skeleton.) These ordered skeletons are called the set of ordered 
skeletons associated with the given skeleton or simplex. 

The set of all these ordered skeletons can be divided into two classes: 
two ordered skeletons are in the same class, by definition, if one is an even 
permutation of the other. 

ReMaRK 1. If an n-skeleton is the skeleton of a simplex 7” C | R” |, then 
two of its ordered skeletons are in the same class if, and only if, they are 
equivalent in the sense of 1.1; that is, if one is mapped into the other by a 
positive affine mapping (see Appendix 1, Theorem 1.53). 
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A skeleton or simplex is said to be oriented if all its ordered skeletons of 
one class are assigned the sign +, and all ordered skeletons of the other class 
are assigned the sign —. Otherwise stated: 


DEFINITION 1.2. An orientation of a skeleton or simplex T” = (€) «++ €n) 18 
an odd function t” | exo), --* , in) |, defined on all the ordered skeletons 
| ei , «°° , Cxeny | Of (C0 +--+ €n), which assumes the values +1. (An odd 


function of n + 1 arguments is a function which changes sign, but remains 
the same in absolute value, for every odd permutation of its arguments. 
It follows from this definition that an odd function preserves its sign for an 
even permutation of its arguments.) 

Remark 2. To define the orientation of a simplex it is sufficient to assign 
its value on any one of its ordered skeletons, for example, on the ordered 
skeleton | é , +++ , én |; then the orientation will have the same value on all 
the ordered skeletons of the same class, and the opposite value on all the 
ordered skeletons of the other class. The orientation assuming the value +1 
on the ordered skeleton | é , --: , én | will be denoted by | @ «++ en |; the 
orientation assuming the value —1 on the ordered skeleton | @, --+ , én | 
will be denoted by — | € --> é, |. 

1.20. A pair consisting of a simplex (skeleton) and an orientation of the 
simplex (skeleton) is called an oriented simplex (skeleton). 

Hence, 

1.21. For arbitrary n = 0, 1, 2, --+ every n-stmplex (skeleton) T™ = 
(€0 +--+ €n) has two orientations or induces two oriented simplexes (skeletons): 
| +--+ én | and — | @--- én |. 

One of these oriented simplexes is usually denoted by ¢” , the other by 
—t”. If ¢” is an orientation of the simplex T”, we shall write |i” | = 7”. 
Then also | —i” | = T”. 

Remark 3. In the sequel we shall identify the orientation of a simplex 
with the oriented simplex itself, since each uniquely defines the other. 

REMARK 4. If n = 0, the simplex T° = (€) has only one vertex and con- 
sequently only one ordered skeleton | é |. Nevertheless, Def. 1.2 remains 
in force: if | @ | is the orientation whose value at the point é is +1, then 
— | e0| is the orientation whose value at @ is —1. We shall refer to these 
orientations of a 0-simplex as a point é with coefficient +1 or —1, re- 
spectively. 

Remark 4. If n > 1, the two orientations of an n-simplex correspond 
(1—1) to its two classes of ordered skeletons: to a given orientation corre- 
sponds that class on which the orientation assumes the value +1. 

Hence if n > 1, it is possible (and in most cases customary) to identify 
an orientation of a simplex with a class of ordered skeletons of the simplex, 
it being understood that the oriented simplex | ¢) --- e, | is the class con- 
taining the ordered skeleton | ¢, --- , en |. However, it is necessary to 
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remember that for n = 0 this identification is impossible, since in this case 
there is only one ordered skeleton, but as always two orientations. 

Remark 5. All the definitions of 1.2 hold without qualification also for 
degenerate simplexes (see IV, 0.1, Remark). 

$1.3. The body of an oriented simplex. Let ” be an oriented simplex in 
| R” |. The corresponding closed simplex, that is, the closed convex hull of 
the skeleton of the simplex | ¢” |, is called the body of the oriented simplex t”. 

Remark. We shall use the same definition for oriented degenerate sim- 
plexes: the body of an oriented degenerate simplex is the closed convex 
hull of its skeleton [we recall that degenerate simplexes coincide with their 
skeletons (see IV, 0.1, Remark)]. 

The body of an oriented simplex ¢” is denoted by ¢”. 

§1.4. Extension of an orientation {” to an orientation R”. The product 
orientations {"R” and f;"t2". Let T” = (eo -++ é,) be a simplex in | R” | 
and let ¢” be any orientation of 7”. The function ¢” is defined on all the 
ordered skeletons of T”; in virtue of 1.2, Remark 1, t” can be extended to 
the set of all ordered n-skeletons | @, --- , én | of | R” | by setting 





n n 0 0 
leo, +++, en| = tle, -°° , en | 
: : 0 Oo): 
if the affine mapping which transforms | @, --- ,e, | into |e, --*, én 
is positive, and by putting 
n n 0 0 
t |€éo, °°: ,@n| = —b” |e , +++, en | 


if this affine mapping is negative. (The reader will recall that ¢” is a func- 
tion, but that ¢" |e, --- ,e,| is the value of this function on the given 
skeleton.) 

Hence by extending the orientation ¢” to all of | R” | Gn the sequel we 
shall use this phrase instead of the more precise but longer phrase “‘to the 
set of all ordered n-skeletons of | R” |?) we obtain an oricntation R” of 
| R” |; this orientation 2” is said to be coherent with ¢”: if ¢” has been ex- 
tended to | R” |, we may simply write 


R" 





fo, °°+,@n| = tle, +++, en| 


for any ordered skeleton | @, -+- , én | of | R” |. If the orientations R” and 
t” are coherent, the orientations —R” and ¢” are said to be noncoherent. 

Now, let ¢” be any orientation of a simplex T* = |t”| C |R"| and 
let R” be an orientation of the space | R” |; we shall think of the function 
t” as extended to all of | 2” |. Then the product 


t” | @, -++ 5 @n|-R” | G0, -+°, en | 


is defined for any ordered skeleton | @., --- , én | of | R” |. This product is 
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equal to 1 if t” and FR” are coherent, and is equal to —1 if they are nonco- 
herent. 


Hence 
1.41. The product of two orientations t” and Rk” (that is, of two functions 
t” |e, -++,é,| and R” |e, +--+, en | defined on all the ordered skeletons 





of the space | R” |) 7s a constant, equal to 1 if t” and R” are coherent and 
equal to —1 af they are noncoherent. 

Finally, let 71" = (e10 +++ @in), Z's” = (€20 +++ €2n) be two simplexes in 
| R” | with orientations ¢;”" and ¢t)". If these orientations are thought of as 
being extended to all of | R” |, we may without further explanation speak 
of their coherence, noncoherence, and product. As before, the product of 
t,” and ly" is a constant, equal to 1 if the orientations are coherent, and 
equal to —1 if they are not. 

REMARK. ORIENTATION OF DoMAINS OF | R” |. Since there is a (1—1) 
correspondence between the orientations of a simplex 7” and those of the 
space | 2” | which carries 7” (see Appendix 1, 2.41), we can redefine the 
concept of an oriented simplex: an oriented simplex é” is a pair consisting 
of the simplex | ¢” | and an orientation of the space | R” | which carries the 
simplex. The convenience of this definition Hes in the fact that it can im- 
mediately be extended.to arbitrary domains of | R” |; in particular, to con- 
vex polyhedral domains, spheres, half-spaces, ete. 

DEFINITION 1.42. An oriented domain of | R” | is a pair consisting of the 
given domain and an orientation R” of the space | R” | which carries the 
domain. 

Clearly, every domain 7” C | R” | has two orientations; if one of these 
is denoted by ¢”, the other will be denoted by —?”. 

§1.5. The orientation (e)t” ’). Let the simplex 7” = (e; --: e,) be a 
face of the simplex 7” = (ee: «++ en) and let ¢””* be an orientation of 7’. 
We shall define the orientation (eot””') of 7” by setting 








(eot”*) | eo, eray +++ y Crm | = LE | ray, - ++ Ceeny |, 


where |, Cia), °** » Cm | IS any ordered skeleton of the simplex 7” 
with initial vertex ey. In other words, the orientation (cot””’) is assigned 
on |e, Cra), *** 5 Ga) |, by definition, that value which ("* assumes on 
| esa), «+ , esny |. Hence (1.2, Remark 2) the orientation (eo¢” *) is defined 
on all ordered skeletons of 7”. 

If | eo, era)» +++ Cem | and | @0, Cjay, +++ , Cj | ave two ordered skele- 
tons whose initial vertex 1s é) , the parity of the permutation 











Evia) * °° Cm) 


Cols) * Cj(m) 
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is the samc as that of the permutation 
e501) eee €x(n) 
Cjay + Cy) 


Consequently, the orientation whose value on Jeo, ei), «°°, €im | 8 
t” | esay , «+ * y Caen) | assumes the value (""' | ejay, +--+, Cx | ON | Co, say), 

- , €jcn) |. In other words, the orientation (eot”') is independent of the 
choice of the ordered skeleton | @0, @za) , °° 5 Gin) | Which is used to define 
it, but depends only on ¢"”’; this justifies the notation (eot”’). 

Remark. For n > 1, the definition of the orientation (eot” *) can be simpli- 
fied: if "7? = |e +++ en |, define (eot”') to be | coer «+> en |. 

The following important proposition follows from Appendix 1, Theorem 
1.521: 

1.5. Let |R" "| be a plane in | R” | and let e’, e” be two points exterior to 
|e |. If 4" and t""' are two coherently oriented simplexes in | R"™™ |, 
then the orientations (e’t:”), (e’te” -) are coherent if e’, e” are on the same 
side of | R"* | and noncoherent if these points are on opposite sides of | Re), 

The following special case of Proposition 1.5 is particularly important: 

1.51. If t””' is an oriented simplex in the plane | R™* | and e’, e” are two 
points of | R" | exterior to | R”' |, then the orientations (e’t™ *) and (e”t"™”’) 
are coherent if e’, e” are on the same side of |R"”'| and noncoherent if the 
two points are on opposite sides of | R"” |. 

§1.6. Affine images of orientations. Let Sa’ be an affine mapping of 
| Re” | onto | R." |. If Rs” is an orientation of | Rs” |, let us define the 
orientation S.’Rs” of | Ra” | by requiring that it assume on the ordered 
skeleton | Sa’eo, -*- , Sa°en’ | the value of Rs” on | ec’, «++ , en |: 


(1.6) Shey” | Soren ,.* 84 Ba ea |, See eo a 5 Gad; 





or, what is the same, 
(1.6 *) S.°Ra” | eo, ee ey Cn | — Ra” | CSa ir ays wey (Shee: | 


for every ordered skeleton | eo", «+> , én” | of | Ra” |. 

Since each orientation of a simplex corresponds to a unique orientation 
of the carrying plane of the simplex, we may use (1 6’) to define the image 
Sats” of an orientation és” of an arbitrary simplex (or in general of a convex 
polyhedral domain 7's”) under an affine mapping Si. 

Hence 

1.61. The image of an oriented simplex fs” = | eo” --- en” | under a (non- 
degenerate) affine mapping Sa’ is the oriented simplex 


Sats” = | Saher? «+> SePen? |. 
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An immediate result of this definition is that 
Salts”: S.?Rs” = tg”-Re”, 
Saft” : Serta” = tpi” * tp”, 


where tg”, a1”, tg2” are any orientations of any three n-simplexes of the space 


| #5" |. 

Now let | 2g” | = |R.”| = | R”| and let S be an affine mapping of 
| R” | onto itself. Then R” | Seo, --- , Sen | is equal to R” |e, +--+, en| 
or —R” |e, --:, é» | depending on whether S is a positive or negative 


mapping. Since SR” | Se, --- , Sex| is, by definition, equal to 


Re” 20542 420a'| 
and | Se, --: , Se, | is an arbitrary ordered skeleton of | 2” |, it follows 
that 
(1.62) SR” = sign S-R”, 


where sign S is the sign of the affine mapping. 
In the same way, for an arbitrary orientation t” of a simplex T” extended 
to all of | R” | we have 


(1.63) St” = sign S-t”. 


ReMARK. It goes without saying that (1.63) has meaning only on the 
assumption that t” (and hence St”) has been extended to all of | R” |. 


§2. Intersection number of planes and simplexes 


[This section is not needed until Chapter XV.] 

§2.1. Intersection number of planes. Let X” and }’* be two oriented 
planes of the oriented space Rk”, with p + q = n and in general position, 
that is, intersecting in a single point o. We shall define the intersection 
number (X? X ¥*; 72”) of the oriented planes Y? and J in the oriented 
space Ie”. To this end, we choose in the planes | X” | and | ¥*| two sim- 
plexes 71)” = (oa, «++ ay) and T;7 = (ob; «++ bg) with common vertex o. 
Then the points 0, a1, --+, @>, b1, «+: , bg are linearly independent in 
| R” | and T” = (oa, --+ apb: +++ bg) isan n-simplex of | R” | (ig. 99). 

Let us choose arbitrary orientations t;” and ¢2’ of the simplexes T,? and 
T,’ and let us assume that the notation has been so chosen that t,;? = 
| oa; «++ a, | and te’ = | ob; --- by |; then the orientation 


t” = | oa +++ apr +++ bg | 


of the simplex 7” and the products f,?X?, to'Y%, and t”R” are defined. 
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Let us put 
(2.1) NP SX FR ice XY rh 
and show that (2.1) depends only on the given orientations X”, Y*, and Rk” 
and is independent of the choice of the simplexes 7”, T2’ and their orienta- 
tions i. i. 

Let Ty” = (oa; -++ a,’) and T2? = (ob;° --- b,”) be two other simplexes 


chosen in the same way as 7,” and 7,%; let tio” = | oay -++ ap’ | and too? = 
|ob,° +++ bq’| be arbitrary orientations of these simplexes; finally, let 
to” = | om «++ ap by’ «-+ bq’ |. It is required to prove that: 
(2.10) yo? X? tag? V2 to"R” = bP NX? +t Y4-t"R”. 





Fig. 99 


Let us denote by S (S,) the affine mapping of | X?| (| Y*|) onto itself 


which takes the ordered skeleton | 0, a1, +++, ap| (| 0, bi, «++ , bg |) into 
| 0, ar’, ae ay. | (| 0, br’, weak Oe |) 

These affine mappings induce an afine mapping S of | R” | onto itself 
such that S(| 0, a1, °°: ,@p,b1, °°*,bg|) = | 0; ay, *jGpy Ors a9 Ba | 
and sign S = sign S,-sign 2. 

By (1.63), 


tio? = sign Si-t:?; too” = sign Sete"; to” = sign S-t", 
or 
to? X” = sign S,-t,"X?; too? V7 = sign Se-te’Y*; o"R” = sign S-i"R”. 
Hence 
tro? X? «toot V%to"R” = sign Sy-sign Sp-sign S-t?X?-te"Y*-0°R". 


This proves (2.10) since 
sign S = sign S,:sign &2, i. e., sign S;-sign Sp-sign S = 1. 
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Obviously, 
(2.11) (—X? X Y*%; R") = (X? X —Y%; RB”) 
SA OV Pe ee 2X OS Pe), 
THEeoreM 2.1. (X? X Y%) = (—1)""(Y* X X”). [Wherever this can be 
done without ambiguity, we shall write (XY? X Y%) in place of (X? & Y%; 
. eae setting 4” * = | a. +++ ap |, te" = |b «+: bg |, we have 
(X? XV = fot UN ots UY oi” be OR”, 


CY XP) =o Yi? Xn? 4 RS 


where 
(ot? et) = | a1 -++ Gpbi +++ Be |; 
(ots? "4? *) = | ob «+= bea+*- a> |. 
The permutation taking | 0, a1, --- , @p, bi, -++ , bg| into 
(6, Dis 884 igs tay et yee. | 


consists of pg transpositions. Hence 
Cae ee _ (— Doi =): 


This proves the theorem. 

§2.2. The intersection number of simplexes. Let #,? and f:’ be two 
oriented (perhaps degenerate) simplexes in the space /e”, with p + ¢ = n. 
We shall assume that the two simplexes satisfy at least one of the following 
two conditions: 

1°. The bodies (sce 1.3) #,? and #” of these simplexes are disjoint: 

i n ES = 0. 

2°. The vertices of ¢,” and ?¢:" are in general position (see Appendix 1, 
1.4) in /e”. In this case then the simplexes are nondegenerate and 4? n é:% 
is cither empty or consists of a single point @ which is an interior point of 
both simplexes | t:? | and | 27 |. 

We define the intersection number (4? X te") of t? and te” as follows: 

1°. If 4? o &? = 0, then (4? X é:") = 0. 

2°. If 4)? nt,” ~ 0, then ¢,” and ¢,’ are nondegenerate and their planes 
| X? | and | Y* | intersect in a single point o. Let us denote by X? and Y* the 
orientations of these planes which are coherent with the orientations ¢,” 
and ¢t,7, and let us set 


(ty? X tof; R") = (X? x Y*: RK”). 
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ReMARK. The intersection number of two oriented convex polyhedral 
domains f° and ¢," in an oriented space R” is defined in exactly the same 
way. 

The requirement that 4,” and ¢,7 be in general position can be met by satis- 
fying at least one of the following two conditions: 1) 4? n t.7 = 0 or 2) the 
planes of the polyhedral domains and their faces are in general position. 

§2.3. Intersections and simplicial mappings. 

THEOREM 2.3. Let Rs” and R,” be oriented n-dimensional spaces and let 


Xs and J's" in Rg”, | Xe? ] a | Ye" | = 0°, 
Ae Mid ee. | Xa |n} Y¥.7| = 0%, 
be two pairs of intersecting planes. Let Sq’ be an affine mapping of | Rs” | 
onto | Ra” | which maps | Xs” | onto |X.” | and | Yg"| onto | Y."|. Finally, 
let SR" = eRa", € = £1. Then 
(2.3) (SX RSVR = er Yee 
This proposition, in essence, needs no proof; indeed, it is easily seen that 
(Sa Xa? MSP Site) = (Xa x Vales), 
whence (2.8) follows by (2.11). 


§3. Incidence numbers 


§3.1. Definition of the incidence numbers. Let ¢ and ¢’” be two oriented 
simplexes (of a given R” or of a given simplicial complex). We shall define 
the incidence number (f:t"*) of the oriented simplexes ¢ and (~" in the 
following way. 

1°. If | é’ | is not a face of | t” |, then (7: *) = 0. 

2°. Let | "| be a face of |’ | and let e be the vertex of | t’ | opposite 
|i” "|. Then the orientation (e”*) of |é| is uniquely determined. If 
(et’') = 0’, we shall set (7:7 ') = 1;if (e’”) = —0’, we put (20) = -1. 
Hence (¢":(') is € = +1 and is defined by the equation 


(et) = ef. 


Remark. The symbol ‘“‘ a” placed over a vertex e; in expressions of the 
form (é «+: @r), |@°+* e, |, means that this vertex is to be omitted, i.e., 


(€o eee é, eee er) — (€ ane C€x—1€k 41 eee er). 

For & = |e --: e |and&~ = | eo --- & +++ e, | we note the important 
formula 
(3.11) (4) = (-1), 


which follows immediately from the definition of incidence number and 
from the identity 
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t= |e -+- e| = (—1)"| exeo «++ e+ |. 
In particular, 
(3.110) (| eceres «>> e, |: | e1@e--- ee |) = 1, 
(3.111) (| eoerer «+ ey |: | Coee «+: er |) = — 1. 


EXAMPLES OF INCIDENCE NUMBERS. 
1°. Let t’ = | ee: |. We have 


(| ee: |:| 0 |) = —1, (| eo: [:] es |) = 1, 
where | é) | denotes the vertex ¢ with coefficient +1 (see 1.2, Remark 40). 
2°, Let ¢? = | eceree |, = | ecee|. Then (f:t') = —1. 
3°. For t? = | eoeeses | and t? = | eoeie2| we have (t°:t’) = —1; on the 
other hand, for ¢’ = | e1ése2 | we have (3?) = 1. 


§3.2. Properties of the incidence numbers. 
Property 1: 
Coy City] ey] er). 
The first equality follows from the fact that 
eo -e, iff = e(et”'), then —t’ = —e(et”’); the 
second from the fact that (e(—t")) = 
— (et). 
Property 2. Let T” = (eei€2 +++ €,) be asimplex and let 


(8.20) ot = Jeers e|, = | cote ar 


Ce 






t 


Fre. 100 


be tio of its (r — 1)-faces with the indicated orientations. Then, for any 
orientation ¢’ of 7”, 


(3.21) (ety) a4 3 Gi) 


(see Fig. 100 for the case r = 2). 
Proof. In virtue of the first basic property, 


fa) = Co: (=f: ) oe (t": in 3 
consequently, it is enough to prove (3.21) for any one orientation of 7”, 
e.g., for t” = | eoeie2 --- €, |. But, by (3.11), we have for this orientation: 

(Fite) = 1, Cy) Sk 


We shall give Property 2 another formulation which will be needed for 
further generalizations. 

Let | t’ | = (eoeie2 +++ er) be a simplex and let t~ = |e: +--+ e-| be an 
arbitrarily oriented (r — 2)-face of | t” |. Let the two (r — 1)-faces | t)” "| = 


72 
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(een ++ e,) and | 4” * | = (ees «++ e,) incident with | t”” | be given orienta- 
tions fo” and ft)” ’ such that 
(3.22) te oe et SO eh 
Then 
(3.23) Cis Pt Cu =. 
Indeed, since (| oe: +++ ¢y |:| 2 -++ er] ) = (lL erez +++ er |tfer--+ ef) = 1, 
the orientations to”, 4" ' satisfying (3.22) are 
PCs, ia arsket, 


This and (3.21) imply (3.23). 

Formula (3.23) can be generalized further if (3.22) is not imposed. We 
then obtain the following general formulation: 

3.2. Let | to” >| and |” "| be the two faces of a simplex | t” | which 
are incident with the face | t”” |. For arbitrary orientations (’, to" 7, 477, 
and t””, we have 


(3.24) (ste Yar st OS Ct Na at) = 0. 


This formula is valid if to” ’ and 4," satisfy (3.22), since then it becomes 
(3.23) which has already been proved. Its validity in the general case 
follows from the fact that if either or both of the orientations te ty’ are 
replaced by their opposites, both terms of (8.24) retain their value. 

Now let K be an unrestricted simplicial complex. Let t’ and t” ” be arbi- 
trary orientations of an r-simplex and an (r — 2)-simplex of K. We choose 
a definite orientation for each (r — 1)-simplex of K and denote it by é/7. 
In these conditions (3.24) can be rewritten in the form 


(3.25) Le Wt VE) = 0, 


where the sum is extended over all ¢,7’. 

To prove (3.25) it is enough to note that for fixed (’ and t”” there exist 
precisely two ¢,”', say to” and t;”’, for which the conditions (t7:t,”) ¥ 0 
and (t; ':t”°) # 0 are satisfied. Because of this, (3.25) is identical with 
(3.24), which was proved above. 











$4. Cell complexes; a-complexes 


The reader may omit this section on a first reading if in the sequel he 
thinks of a cell complex & (or an a-complex) as the set of all oriented sim- 
plexes of a triangulation A and of a closed (open) subcomplex of a cell 
complex & as the set of all oriented simplexes of a closed (open) subeomplex 
of A. With this in mind, p’ denotes the number of r-simplexes of A’; the 
number of oriented r-simplexes of A or of r-cells of & is then, obviously, 
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2p. However, the general concept of a cell complex is required in Chap- 
ter X. 

Ina paper (sce Aleksandrov [f], Bibliography, Vol. 1) which supplements 
this book, but was written after the book was completed, the term ‘‘cell 
complex” was used instead of the term ‘‘a-complex’’; cell complexes (in 
the sense introduced in this section) were called ‘‘cell spaces’. 

$4.1. Definition of a-complexes and cell complexes. The properties of 
incidence numbers investigated in the preceding section lead to a natural 
definition of cell complexes and a-complexes; these appear as an immediate 
generalization of the set of all oriented simplexes of a simplicial complex 
(or of an unrestricted simplicial complex). 

Derinirion 4.11. Let & be a set consisting of elements called cells. & is 
said to be a cell complex if the following conditions are satisfied: 

4.111. Every cell is assigned a nonnegative integer called the dimension 
of the cell. 

4.112. With every r-dimensional cell (r-cell) ¢” € & there is associated a 
unique r-cell —¢’ € &, with 


(=f) =r. 


The cells t’ and —?’ are said to be opposites. 

4.113. Every pair of cells with first element an r-cell (’ and second element 
an (r — 1)-cell (”~” is assigned an integer (¢’:t” *) called the incidence numn- 
ber of the cells ’ and t”". 

4.114. For every cell ( the set of ¢”' for which (t":¢7") # Ois finite. 

4.115. The incidence numbers satisfy the condition 


(—Oit7) = (@:-07) = -@:). 


A cell complex is said to be an a-complex if it satisfies the following condition: 

4.116. Let (’ and (’~ be an arbitrary r-cell and (r — 2)-cell, respectively; 
denote any one of the cells in each pair of (r — 1)-dimensional opposites by 
7° *. Then 


Sie ae ae) SO, 


where the sum is extended over all ¢,™". 

Derrnirion 4.117. A (1-1!) mapping F of a cell complex &; onto a cell 
complex Sz is called an isomorphism provided the following conditions are 
satisfied: 

a) The image F(t) C 8. of an arbitrary clement ¢ € &; has the same 
dimension as ¢. 

b) If the elements ¢ and —¢ of %; are opposites, then /(f) and /'(—¢é) are 
opposites In S2 . 


ae 6 CO Gk i ean Cakes aa 
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Two cell complexes are said to be tsomorphic if there is an isomorphism of 
one onto the other. 

It is clear that a cell complex isomorphic to an a-complex is an a-complex. 

Derrnition 4.118. If the elements of a cell complex & have a maximum 
dimension n, then n is said to be the dimension of the cell complex &. 

Remark 1. From the properties of the incidence numbers in an unre- 
stricted simplicial complex it obviously follows that the set of all oriented 
simplexes of an unrestricted simplicial complex K 1s an a-complex. The 
following example shows that the set of all oriented simplexes of a simplicial 
complex A which is not unrestricted, while it is obviously a cell complex, 
may not be an a-complex. The complex A consists of a triangle (eoc1e2), a 
side (coc), and a vertex ¢,. Setting f’ = | cores |, | = | ever |, f = | er |, we 
have 


» Gi Gs ay ee (east) = 1 wr 0. 

We shall prove (in 7.2), however, that the set of all oriented simplexes 
of every open subcomplex of an unrestricted simplicial complex is an a- 
complex. The same assertion for closed subcomplexes follows from the fact 
that every closed subcomplex of an unrestricted simplicial complex is an 
unrestricted simplicial complex. 

DEFINITION 4.12. If (t:1"~') # 0, the cells ¢’ and t”* are said to be ine7- 
dent (it is proper to use both phrases: “?” is incident with (”’” and ‘i is 
incident with ¢”’). 

DEFINITION 4.13. A cell (” precedes or is less than a cell (’: 

ee a (p 2 1) 
in a cell complex & if there are cells 
ig” = i" i vee i; ? ee i"? 
in such that 
(te? bear) ~ 0 fori = 0, 1, Lo Gp 1. 


ReMARK 2. This ordering of the cells of & and the assignment of a dimen- 
sion to every ccll enable us to consider a cell complex as a complex in the 
sense of IV, 1.7. 

REMARK 3. Def. 4.13 implies that if 


t> Uv, 
then 
Se. pee oes ee 


Derrnition 4.14. A cell complex &’ is said to be a cell subcomplex of a 
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cell complex S& if every element of §’ is an clement of & and if, in addition, 
the following conditions are satisfied: 

1°. Every element of §” is assigned the same dimension in # as it is in &’. 

2°. Every pair of opposites in &’ is a pair of opposites in &. 

3°. Every two elements ¢’ and ¢”* of &” whose dimensions differ by 1 have 
the same incidence number in & as they do in &”. 

Remark 4. Def. 4.14 implies that if an element ¢ of a cell complex & 
is an element of a cell subcomplex S” of &, then —? is also an element of ’. 

DEFINITION 4.15. A cell subcomplex @o of a cell complex & is said to be a 
closed (open) subcomplex of & if every clement of ® which precedes an 
element of &) (is preceded by some element of 5) is an clement of So , 1-e., 
if ¢ € R, to € Ro and to > t (t > to), then te Ko ‘ 

Remark 5. In the sequel we shal] never consider any subcomplexes of a 
cell complex except cell subcomplexes. We shall therefore in the sequel always 
refer to thecell subcomplexesof a cell complex ® simply as the subcomplezes of &. 

Remark 6. In view of Remarks 2 and 3, the theory of connectedness of 
complexes (including the notion and properties of components) developed 
in IV, 7 can be applied verbatim to cell complexes. 

Remark 7. In most of the cell complexes considered in topology the inci- 
dence numbers assume only the values 1, —1, and 0. At the end of the 
next article we shall give examples of cell complexes in which the incidence 
numbers assume other values also (see 4.2, Examples 3 and 4). 

§4.2. The incidence matrices of a cell complex. I.ct & be a finite n-dimen- 
sional cell complex. We shall denote by 2p’ (r = 0, 1, --- , n) the number 
of r-cells in &. Let us suppose that the cells of ® of each dimension are 
numbered in a definite way. Then for r = 0, 1, 2, --- , n — 1 it is natural 
to consider the matrix consisting of 2** rows and 2° columns in which 
the element in the 7th row and jth column is the incidence number of the 
ath (yr + 1)-cell and the jth r-cell. All the properties of the complex &® can 
be deduced from these matrices. However this can be effected more eco- 
nomically by denoting one cell of each pair of opposites by 7,7 and the 
other by —t,,7 = 1, 2, +--+, p', and considering the matrices © in which 
the clement in the 7th row and jth column (¢ = 1, 2, --+, p39 = 1, 2, 
-++, p') is the number 


Knowing these matrices and using the first basic property of the incidence 
numbers, one can obviously obtain the incidence numbers of any two cells 
of consecutive dimensions and thus all the properties of the complex. 
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DEFINITION 4.21. The matrix 


T T T rT r+l, 
| &u1 ps Eig st Elp(ry ; ey = (t; see 
: r=0,1,-°-,n —- 1, 
ie T ¥ 
eC = Fany nt aj vee Evp(r)” 
| rt oe is < wa Met Xe 7 ete” ten” *. . | 
T T T 
1 Epireiy, 69° Ep(rtyys °°" Eps ye(r) 


is called the rth ¢ncidence matrix of the cell complex &. (Whenever p occurs 
as a subscript, we shall write p(7) instead of p’.) 

Remark 1. 1f & is a complex consisting of the oriented simplexes of a 
simplicial complex A, then the incidence matrices of the cell complex & are 
known as the znezdence matriccs of the stmplicial complex K. 

We shall give several examples of cell complexes and their incidence 
matrices. 

Examp_es. 1. The decomposition of a torus into four (curvilinear) rec- 
tangles is shown in Figs. 101 and 102. The orientations of these rectangles, 
their sides, and vertices are the elements of the cell complex &. Denoting 
by t:, t:, t2 the oriented clements indicated in Fig. 102, we obtain the in- 
cidence matrices: 








i; ie a tn ist Pe fj is 
|) 1-1 0 O 1-1 0 0 
g@ . 2 |\-1 bP 0° 08 -~@ «Of “ad ai 
pry Oe . 30. I ee eed 1 oO 0 
ij) O oO - 1 0 oO -1 1 

; i Pd a i 

hie ab Sh ~ Or 20 } 

t | 0 0 1 =1i 

ge. a d. 0 0 

5 | OC Os a 

ae ts) 0 1 0-1 

ig’ 1 0 -l 0 

ie 0 —1 0 1 

& <1 0 1 0}. 


2. The cell complex & consists of the elements +¢7, tt', tt, +0 
with incidence numbers 
(t?:t)') = (ete) = (i 2t) = (eon) = Q. 
3. The cell complex & consists of the elements +f, +0, 4°, with (:0) = 
BE) =. 
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4. The cell complex & consists of the elements +t’, +0’, +0”, 
dence numbers (t7:') = 6, (1) = 0. 

Remark 2. We arrive at a geometric interpretation of the last example 
(Iixample +) by considering a hexagon with the identifications and orienta- 
tions indicated in Tig. 103. In the same way, the geometric basis of Example 
3 is the model of the projective plane obtained from a circle whose diametri- 
cally opposite pomts are identified; in Example 2 we have a torus repre- 
sented as a square with identification of opposite sides. The precise mean- 
ing of these assertions will be considered in X, 2.4. 

Remarx 3. The reader may easily verify that the cell complexes given in 
the preceding examples are a-complexes. An example of a cell complex 
which is not an a-complex was given in 4.1, Remark 1; it is left to the reader 


with inci- 





ts 2 r) 1 r) 
Ln Te | ak | ee meme 


Fic, 101 Fic. 102 


to devise other similar examples as simple exercises. However, it should be 
kept in mind that the primary concept is that of an @-complex, while the 
concept of a cell complex has only secondary value; to what. degree the prop- 
erties of cell complexes which are not a-complexes 
are interesting and important is not well known. 


$5. Chains 


$5.1. Definition of a chain. Let us consider a 
polygonal line without self-itersections in the 
plane or in space. 

The choice of a direction of motion along the 
polygonal line determines a defiuite orientation 
on each of its segments or links (1-simplexes). 
Henee a consideration of polygonal paths leads 





te the siget! 

t= t0=+-> ={2= +? 3 5 
a 2 6 naturally to a consideration of sets whose ele- 
re, 108 ments are oriented 1-simplexes. This set of 1-sim- 
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plexes could be naturally ordered, but we shall not do this since it would 
lead us to other concepts which we do not intend to investigate. 

Let us now consider paths in which some links are traversed several 
times. A path of this sort is not simply a set of directed segments; it must 
be considered as a set of directed segments each of which is assigned an 
integer which indicates the number of times the segment is traversed; in 
other words, the multiplicity or coefficient with which the segment enters 
into the path must be indicated. Consider, for instance, the polygonal path 
€,€2€3¢€0¢4 (Fig. 104). It can be considered as a collection of directed seg- 
ments | er¢2 | , | e2ea |, | eser |, | e2e4 |, with multiplicities 2, 1, 1, 1, respectively. 
On the other hand, the directed segment | e1e3 | would have to be assigned 
the coefficient — 1 in the given path. 

Similarly, in the path ecseseiese2¢3 the segments | ees |, | exes |, | eser |, 
| cxex | are assigned the coefficients 1, 0, 0, —1, respectively (the coefhi- 
cients of |e2,c3; | and | ese: | are zero since these segments 
are traversed twice and moreover in opposite directions). &, 

The logical essence of the concept discussed above 
consists then in assigning to each oriented simplex (in 
the examples, a 1-simplex) of a given simplicial complex 
fin the examples, the complex consisting of the four seg- 
ments (e,€2), (€2¢3), (€s¢1), (e2¢s)] an integer, the “‘coef- 
ficient”? with which the given oriented 1-simplex appears 
in the path; the integer-valued function so defined ona & e; 
given set of oriented simplexes is odd since a) = Via. 104 
—x(—U'). The latter fact expresses the equivalence of 
the two statements: the directed segment | ¢.¢e; | appears in the path with 
coefficient a: the directed segment | e,e;| appears in the path with coef- 
ficient —a. Such integer-valued functions are called integral chains; in 
the given case, one dimensional integral chains (integral 1-chains). 

The concept of integral 1-chain is susceptible of generalization in several 
directions. First, instead of an integral l-chain, one can define an integral 
r-chain, and moreover on an arbitrary cell complex &, as an integer-valued 
odd function 2’(t”) whose value is defined for each cell t° of &; the function 
is odd in the obvious sense that 


o(-t) = -2'@), 














and integer-valued in the sense that its values are integers. Secondly, one 
can relax the condition that the function be integer-valued and instead re- 
quire that it take values in a given Abelian group %, which is then called 
the coefficient domain. We thus arrive at the following fundamental defi- 
nition: 

DEFINITION 5.1. Let & bea cell complex and let UX # 0 be an Abelian group, 
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referred to as a coefficient domain; suppose that each element of R isassigned an 
element a(t’) of Xin such a way as to satisfy the condition 


“(-f) = -2'(t’) (condition that the function be odd). 


The resulting function x(t’) defined on & is called an r-chain of & over the 
coeffictent domain YU. 

Remark 1. In this book we consider only finite chains, that is, chains 
which assume values different from zero only on a finite number of ele- 
ments of &. Hence chain will always mean finite chain. 

DEFINITION 5.11. The set L’(&, %) of all r-chains of a complex & over the 
coefficient domain Y forms a group with respect to the operation of addition: 
the sum of two chains a1’ € L'(®, YW) and x,” € L’(R, YW) is the chain whose 
value on each element of § is the sum of the values assumed on that element 
by 21’ and 22’. The identity or zero of the group L’(&, YW) is the chain whose 
value is zero (the identity) on every ¢’ € &. [On a first reading the reader 
may limit himself to a single coefficient domain, the additive group of in- 
tegers, omitting everything pertaining to other coefficient domains. We 
shall usually omit the argument Y& and write L’(®&) instead of L'(R, %).] 

REMARK 2. For convenience we shall not distinguish between the identi- 
ties of the various Abelian groups which we shall consider as coefficient 
domains. This also makes it possible to regard as identical the zero elements 
of all the groups L’(&, 20) and to call them simply the zero or null r-chains 
of & (without regard to the coefficient domains). 

Remark 3. If & is an n-dimensional cell complex (cell n-complex), we 
introduce also for r > n the group L’(&, 20) which, by definition, consists 
of the identity alone. In addition, for all cell complexes & we define the 
group L’ '(&, 1) consisting, by definition, also of the identity alone. 

§5.2. Some remarks on chains. Thc most important cocfficient domains 
are the following additive groups: 

1) the group J of all integers; 

2) the group J, of integers (mod m) (m an integer) ; 

3) the group 3 of all rational numbers; 

+) the group 9t; of rationals (mod 1), that is, the factor group of }t with 
respect to the subgroup J; 

5) the group TI of all real numbers (mod 1); i.¢., the factor group of the 
real numbers with respect to the subgroup J/. 

The group L’(8, 7) is denoted simply by Lo’ (8); its elements are called 
integral r-chains of &. 

The group L’(8, J,,) is denoted by ZD,,’(St) ; its clements are referred to as 
r-chains (nod m). All the coefficient domains noted above, with the excep- 
tion of 3t; and II, are rings with unity. [In this book a ring is a group 
in which an associative and commutative multiplication, distributive with 
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respect to addition, is defined. A ring with unity is a ring Y which contains 
an clement, called a unit and denoted by 1, with the property that 1-a = a 
for every a € %. It will be convenient for us to regard as identical the unit 
elements of all rings considered as coefficient domains.] 

The groups J, (a prime) and 9 are fields. 

Remark 1. The case m = 2 merits special attention. Since the group J2 
consists of the two elements 0 and 1, where 1 + 1 = 0, we have for 2” € 
Le (®) and any cell’ € &, 


x'(-) = -2"(") = a(t); 


that is, an arbitrary chain (mod 2) has the same value on each of two oppo- 
site cells. Therefore, if a cell complex & consists of the oriented simplexes 
of a simplicial complex A, the chain 2” € L,'(§) assigns to each simplex 
T” € K a definite value x’(7") = 2°() = 2(—£). This fact enables us to 
regard chains (mod 2) of simplicial complexes as functions with values 0 
and 1, defined on the set of simplexes 71’, To’, «++ of the complex Kx. 

There is a (1—1) correspondence between these functions and the sub- 
sets of the set of all r-dimensional elements of the complex; this corre- 
spondence may be realized by assigning to each chain 2” € Ly’() the set 
of r-simplexes 7,7 € K on which the chain 2’ assumes the value 1. 

ReMARK 2. In the theory of sets the function defined on a set A which 
has the value 1 on all the elements of a subset B of A and the value 0 on 
each element of A \. B is called the characteristic function of B. Hence the 
r-chains (mod 2) of a simplicial complex AK may be defined as the charac- 
teristic functions of the distinct subsets of the set of all r-sumplexes of K. 

Remark 3. (This remark is required for the later chapters, starting with 
Chapter XI.) Let K be an unrestricted skeleton complex or, in general, an 
unrestricted simplicial complex. Let 2” be a chain of & and denote by | 2’ | 
the combinatorial closure (see IV, Def. 1.84) of the subecomplex of K con- 
sisting of all simplexes on which x’ does not vanish. The elements (in par- 
ticular, the vertices) of the complex | x" | are known as the elements (in 
particular, the vertices) of the chain x’ . 

Finally, let the elements of the complex K be simplexes, perhaps de- 
generate, of some R”. Let 2” be a chain of K. The union of the bodies of all 
the oriented simplexes (see 1.8) of the complex K on which the chain 2” 
does not vanish is called the body of the chain 2” and is denoted by #’. #’ is 
a compactum (and even a polyhedron). 

§5.3. Monomial chains. Chains as linear forms. Let (’ be an clement of 
a cell complex & and let a be an element of a coefficient domain %. We shall 
denote by at’ the r-chain of & which takes the value a on ¢ and vanishes on 
all r-cells of & distinct from 4¢. 

It follows from 5.1 that the value of af’ on —f is —a. Chains of the form 
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at’ are known as monomial chains (sometimes called cellular chains) or cells 
” with coefficient a. In particular, if f is a ring with unity, the chain 1¢ 
(the chain which takes the value 1 on ¢’ and 0 on all cells distinct from +’) 
is denoted by ¢ and is identified with the cell ¢’. 

5.31. Hvery chain is a sum of monomial chains. 

Proof. Let us denote a definite cell of each pair of opposites of & by ¢,7. 
If the value of the chain x’ on the cell t,’ is a; , we may obviously write the 
identity 


(5.31) vw = dais. 


Indeed, on an arbitrary ¢;’ the value of a,t,’ is a; , but the values of all the 
chains a,t,’, 7 * 7, are zero; consequently the value of the chain >> ait; 
on t,’ isa; , that is, the value of the chain 2’ on the cell é,’. 

Both 2” and >> at,’ take the value —a; on —¢,’. This proves 5.31, since 
i,” was arbitrary. 

Hence every r-chain of & may be written as a linear form (5.31), where 
i; (for various values of 7) is a representative of each pair of opposites 
of the cell complex ® and a; is an element of the coefficient domain Y. 
Distinct chains correspond to distinct linear forms, and conversely. 

We sce also that the addition of chains, defined as functions, corresponds 
to the usual addition of linear forms; hence the group L’(&, Y) may be 
thought of as the group of linear forms (5.31). It follows that the group 
L'(®, %) is a direct sum of p’ groups tsomorphic to the group %{, where 2p’ is 
the number of r-elements of the cell complex &. 

§5.4. Chains of a simplicial complex. If is a cell complex consisting of 
all the oriented simplexes of a simplicial complex A’, the chains of A are 
called simplicial chains of KX or chains of the ximplicial complex A’. Accord- 
ingly, the group L’(®, 90 is now written as L(A, 9) and is known as the 
group of simplicial r-chains of A or the group of r-chains of the simplicial 
complex AK. The number p’ is in this case simply the number of r-simplexes 
of K. 

It is clear that in accordance with the abstract definition of a chain and 
the definition of an oriented simplex, the chains of a simplicial complex /x 
may be directly defined as follows: the r-chains of a simplicial complex K 
over a coefficicnt domain I are functions x” defined on the set of all ordered 
r-skeletons |e), --+ , ¢,| of A satisfying the conditions: 

1°. The functions x” take values in the group YW. 





: Co ' °° € i 7 : ; 
yea bi . ) is an odd permutation of the vertices of an ordered 
Cia) 0" Caer) 
skeleton | co, +--+ , ¢, |, then 
ae a 
e |e, s+, ery | = —2" | e0, 7+, er]. 


Remark. Since every even permutation is a product of an even number 


bo 
~ 
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of odd permutations (transpositions), 2° implies 


Coe ; 
3°. If . is an even permutation, v7 |¢0,°°:,¢,| = 
I) eI) 
Z 
az’ | Cea 5 °° + 5 Caer |. 


Tn the terminology of 5.8 we may say that a simplicial 7-chain of A over 
Mis a linear form in the oriented simplexes ¢,’ of NX with coefficients a; € %. 

$5.5. The scalar product of chains. We shall assume that the coefficient 
domain % is a ring with unity. 

Let. 


=] yak. —Se 


be two chains of a cell complex & over 2. We shall call 
(5.51) (+ y") = Dad; € 


the scalar product of the chains xv’ and y’. 

We have defined the scalar product of two chains over the same coefh- 
cient ring 2. Now let 2% be an arbitrary coefficient domain, that is, an ar- 
bitrary Abelian group. An arbitrary element a of 9{ can be multiplied by an 
arbitrary integer +n (n > 0) in accordance with the rule: 


an=na=atat-:-:- +a (n times). 
Consequently, if 
= dads € LR, 0 
is a chain of St over 9 and 


= > bt” 


is an integral chain, then the scalar product 


"y") = Dads € 


is defined; in particular, if : = (;, then (v’-y’) = a;. 
Hence, the value of the chain x’ on the element ti of a cell complex & is the 
; S : ; 
scalar product of x’ and t; (considered as an integral monomial chain). 
We can therefore denote the value of a” ont’ € & by (z’-#’) [retaining, wher- 
ever convenient, also the notation 2’ (f’)]. The linear form (5.31) may now be 
rewritten as 


= 2 @ ti 


$5.6. Extension of chains; restriction of chains to a subcomplex. The 
operators ) and J/g. [In what follows we recall that by a subcomplex of a 
cell complex we mean a eell subcomplex (see 4.1, Remark 5). The reader 
who has omitted §£ may think of a cell complex & as the set of all oriented 
simplexes of a triangulation A and of a subeomplex So of & as the set of all 
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oriented simplexes of a subcomplex Ky CG K.] Let &o be a subcomplex of a 
cell complex & and let 2” = >> at,’ be a chain of St. If we consider the 
function 2” only on the cells of &o, that is, if we retain in the linear form 
a” = >> ad only those terms for which é,’ € % , we obtain a chain of the 
complex % referred to as the restriction of the chain x to %> and denoted 
by &o 2”. In particular, if 2”(¢,7) = 0 for every t7) € & \, @o, we shall say 
that the chain 2” is on Ro. 

Now let 2” be a chain of %o ; defining the functions x” € L’(S&) by the 
equations 


a(t’) = 20° (t), iff © Ro, 
x(t’) = 0, if t’ € Ro, 


we obtain a chain 2’ of & called the extension of the chain x © L'(Sto) over 
the complex & and denoted by Fgay’. 

Remark. If chains are thought of as linear forms, it is necessary to 
identify every chain of §) with its extension over & (since two linear forms 
are identical if they differ only by terms which are equal to zero); in other 
words, it is necessary to regard L'(o) as a subgroup of L’(&). From the 
point of view of functions, the chain x’ € L’(§o) is distinct from the chain 
Egro € L’(S), since xo’ is a function defined on & , while /'gxo’ isa function 
defined on &; two functions are identical if, and only if, they are defined 
on the same set and assume the same value on each element of this set. To 
emphasize this difference, chains defined as functions are sometimes 
called V-chains, while those defined as linear forms are referred to as 
A-chains. 

If we assign to each chain 2” € L’(®) the chain ov" € L’(&), we obtain 
a homomorphism of the group L’(&) onto the group L’(»); the mapping 
is onto since, obviously, 

Xo = Ro( Eg’) 
for every x © L’(So). Moreover, if we assign to each chain 2 € L’(®o) 
the chain Mga) € L’(®), we obtain a homomorphism (which is also an iso- 
morphism) of L’(So) into L’(8) (the homomorphism is not onto for &> # 
&). We shall call the first of these homomorphisms the intersection-homo- 


morphism and the second the extension-isomorphism or refer to both, in- 
differently, as the homomorphisms (or operators) Xo and J/g , respectively. 


§6. The lower boundary operator (the operator A) 


§6.1. Definition of the A-boundary. 


Derritton 6.10. Let & be a cell complex and let ¢” € &. We shall denote 
by Agé’ the (r — 1)-chain which takes the value (é:¢"") on each cell (7 
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of &. The chain Agé’ is called the boundary of the cell t' (or often: the lower 
boundary or the A-boundary) 27 the complex &. 

If one of each pair of (r — 1)-dimensional opposites of & is denoted by 
t;7' and the other by ~—t;'’, then the chain Agé” may be written as the 
lincar form 


(6.10) Ae Ss Oa UG . 


Remark 1. If A is an unrestricted simplicial complex and & is the cell 
complex of its oriented simplexes, then for 


[= | ego ote, |; ty = eos: by e+ & | 
we have, by (3.11), 
Ag! =o (1). 


This expression is the same for all unrestricted simplicial complexes AK 
containing the simplex 0’; consequently, we are justified in omitting the 
subscript & and writing 


(6.100) A| e+: | = DY, (-1)’le0-++ +++ |. 
The chain (6.100) will be called simply the boundary of the oriented simplex 
leo +++ e,| Gn an arbitrary unrestricted simplicial complex). 


DeErFrniTroN 6.11. Let 
zw = >, ats € L'(&) 
be an arbitrary r-chain of a cell complex &. We define the (r — 1)-chain 
Agu’ by the equation 
(6.11) Aet” = >. asAgly’. 
Substituting (6.10) into (6.11), we have 


Agu” = yO ay a Gest i, 

i.e., 
(6.111) Agr’ oo as (t72t7 ats. 
For a fixed but arbitrary t,77 (6.111) yields >0; (t.7:4;7")a; as the value of 
Agr’ on ies 

This result may be given another form. Let (”* be an arbitrary (r — 1)- 
cell. Let us denote by ¢,’ that cell of each pair of r-cells having a nonvanish- 
ing incidence number with respect to (’ for which the incidence number 
is positive. Then, since a; = (2’-t,’), 
(6.12) (Agt’-t'") = DO (20 “Ya tz), 


. . . . . —1 
where the summation is extended over all ¢;’ incident with U~. 
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Equation (6.12) may be used to define the chain Agz’. 

Remark 2. If & is the cell complex of all the oriented simplexes of a 
simplicial complex A, all the nonzero incidence numbers are equal to +1 
and (6.12) becomes 


(6.121) (Agel) = FS 47), 


where the sum is taken over all the cells ¢,’ for which (¢/:t7") = +1. 
If t”* = |e --- e,|, then 


(6.122) (Ape - |e. +--+ e |) = >> "+ | ee -- e |), 
where the sum is taken over all the vertices e; € | A |, for which the sim- 
plex | @¢1 --: e-| is in K. 





Remark 3. For 0-chains 2° € L)(&) we set Agv? = 0 in agreement with 
the fact that, by definition, L”*() consists of the identity alone. 

6.13. An immediate consequence of the definition of the chain Aga’ is 
that 


Ag (a1 + 22") = Ag xy + Agay; 


in other words, if every chain x’ € L'(R, YM) is assigned its A-boundary 
Ag x”, the result is a homomorphism of the group L’(8, %) into the group 
L'™(&, %). This homomorphism is referred to as the homomoprhism or 
operator A. 

REMARK 4. If & is the cell complex consisting of the oriented simplexes 
of an unrestricted sumplicial complex A, we shall write Ax instead of Ag , 
and often we shall omit the subscript A entirely. 


§6.2. Examples of chains and their boundaries. 


1°. The complex & is represented as the decomposition of the plane into 
congruent squares of side 1 with vertices at the lattice points (the points 
with integral coordinates). The oriented squares of this complex form an 
a-complex. The chain 2” assumes the values indicated in Fig. 105 (the given 
values taken on by this chain on the squares oriented counterclockwise). 
The chain Av” has the value L (2) on the sides marked with one or two 
arrows, respectively, and oriented by these arrows. On the remaining sides 
Ax’ is zero. 

2°. Wig. 106 shows a triangulation of a part of the plane. On the triangles 
(oriented counterclockwise) with values attached the chain x” has the indi- 
rated values; 2” is zero on those triangles which have no values attached. 
The boundary Ac’ is 1 on the segments marked with a single arrow, 2 on 
the segments with double arrows, and zero on the remaining segments. 

3°. lig. 107 shows a square divided into 24 triangles. These triangles, 
oriented counterclockwise, are denoted by &°, «++ , tor. Let us denote by 
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t;|, ++ , tis’ the segments on the boundary of the square, oriented by arrows 
in the indicated fashion. 

We now identify f° with t', te’ with t, ts) with &, t¢ with to, ts’ with 
re tg with lies so that instead of 12 segments i rey fis’. we now have 6, 
which we denote as before by ty, --+ , ts (with the same orientations which 
they had previously). This identification converts the complex consisting 
of 24 triangles, their sides, and vertices, into a triangulation A of the pro- 
jective plane which has 


p= 24, p=36, p=13 


2-elements, 1-elements, and 0-elements, respectively. 
Let us set 


2 24,2 1 ee 
uv jai li ) a => jal l;. 


Then 


Hence the chain 22’ is the boundary of the 
integral chain x of the complex A. We shall 
prove that no integral chain of A has z as 
its boundary. Indeed, let us suppose that 
K contained a chain y’ such that Ay” = 2’. 
First, we shall show that then the chain y” 

Fra. 107 assumes the same value on all t;. For, in 
the contrary case there would be two tri- 
angles t; and aa on which the chain assumed different values and which 
had a common side in the interior of the square. But in that case the 
chain Ay’ would necessarily have a nonzero value on the common side 
of these two triangles, which contradicts the assumption that Ay’ = 2’, 
Hence x’ has the same value a on every t ? and we may write 





2 
Y=ayv. 


Since Ax? = 22", Ay’ = 2az', which for a an integer contradicts the 
assumption that Ay’ = 2’. 

Exprese. Fig. 108 shows a triangulation Ky of the projective plane 
consisting of 10 triangles, their sides, and vertices. The chain 2? = ae 
te’ + ts) (the orientations of the segments ¢,) are indicated in the figure by 
arrows) represents a cycle. Prove that 22! is the boundary of an integral 
chain and that the chain z is not the boundary of any integral chain of the 
complex At - ee 

4°, Tig. 109, after identification of the opposite sides of the square 
represents 4 triangulation of the torus. The chain 2” has the value 1 on ae 
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. : : < 2. 
triangles marked with circular arrows and oricnied by these arrows; .° 1s 
ice z 4 r i 1 
zero on the remaining triangles. The oricutations of the segments f, 
z= 1, ---, 12, are indicated in the figure. Let us set 


1 12 1 1 3 1 1 6 a 
z= a les 41 = geile; 2 = ee 


Then Ax® = 2’ — (22,5 + 2’). 


ts 


y, VATA 
: VA AVA 


so 


Kia. 108 Tic. 109 
t} ts t! 
ti t; 
t ts { 
Trig, 110 


5°. Fig. 110, after identification of the sides ¢;' of the rectangle, gives a 
triangulation of the Mébius band. The orientations ¢,° and ¢;' of the tri- 
angles and segments, respectively, are indicated in the figure. Setting 
t= > i?,2 = a t;, we have Ax” = 2) + 2ey’. 

6°. The complex K represents the space between two concentric spheres 
divided into prisms by radial cuts. The chain 2° is +1 on all the prisms 
oriented coherently (i.e., all oricnted in the same say). The chain Az’ is 
+1 on all the 2-faces of the prisins which lie on the inner sphere, — 1 on all 
the faces which lie on the outer sphere, and zero on all other 2-faces. 

$6.3. Cycles; chains homologous to zero; the groups Z’(%) and /J/"(S). 
Let us consider more closely the homomorphism A of the group L'(®, %1) 
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into the group L™7(S, 9{). We shall denote the kernel of this homomorphism 
by Za’ (St, 20). The group Za (K, XA) | L'(K, WX) consists of all the chains 
x” such that Agx’ = 0. These chains are called r-cycles (more precisely: 
r-dimensional A-cycles) of the cell complex & over . 

Since Az° = 0 for any 0-chain x°, every 0-chain is a cycle, i-e., 


Za(K, U) = LK, %). 


The image of the group L'(&, 20 under the homomorphism A is a sub- 
group of the group L’"(&, 9). We shall denote this subgroup by 
1," '(&, %). It is clear that in order for the chain x’ to be an element of 
the group H,"(%, 2) it is necessary and sufficient that there exist a chain 
at? € L'(R, 9) such that Agv™** = 2’. 

THEOREM 6.3. If & is an n-dimensional cell complex, then H4”(&, U0) 
consists of the identity alone. 

For, in this case the group L"*'(&) consists only of the identity. Hence 
its image under an arbitrary homomorphism, and consequently under 4, 
is the identity. This proves the theorem. 

Remark. As in the case of the group L’(8, 1), we shall often omit the 
argument % and also, whenever possible, the subscript A. Hence, instead 
of Za’(K, W) and Ha’(K, W we shall usually write simply Z’(&) and H’(&). 
The especially important special cases of 9% = J and WY = J,, will be em- 
phasized by using the abbreviated notation Z»(R), Ho’ (%) instead of 
Za (R, J), Ha"(&, J) and Z,,"(®), Hm (®) instead of Z4"(R, Tm), Ha (R, Jn). 

If the cell complex & consists of all the oriented simplexes of a simplicial 
complex K, we shall write Z"(K), H’(K), etc. instead of Z'(&), H’(&), ete. 

§6.4. Homologies. The symbol ~. Linear independence of chains with 
respect to homology. The elements of H’(®, 9) are known as r-chains 
homologous to zero in & over MX. To denote the fact that a chain x’ is homolo- 
gous to zero, we shall write 


(6.41) x ~0 in K (over YI). 
Since H’(&) is a group, it follows immediately that the symbol ~ has the 
following properties: 

1°) 0~0,; 

2°) 2” ~ O implies that —2’ ~ 0, 

3°) a ~ 0 and 22" ~ 0 imply that a’ + a." ~ 0. 

We shall say that the chains x," and 22” are homologous in & (over %) 
and write 

ay ~ x in & (over 2) 

if 


ay — x ~ 0 in & (over IM). 
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From the above properties of the symbol ~0 it follows that 
VP yeeres; 
2°) if, ~ x2, then v2 ~ 2%; 
3°) ifay ~ wand w~ a3, thena,~ 23. 

Moreover, if a1 ~ y and a2 ~ yo, then a1 + %~ YE Yo. 
Let 


(6.42) ees 


be chains of a cell complex & over 2 (the most important special case 
occurs when the chains in (6.42) are integral chains). Let c1, +--+, ¢. be 
integers. A lnear combination oy cw; of the chains (6.42) is said to be 
trivial if all the coefficients c; are equal to zero; in the contrary case it is 
said to be nontrivial. 

Tf all the chains 7,’ are chains over J, ma prime, the linear combina- 
tion >> ci,” (c; an integer) is said to be trivial if every ¢; is divisible by m, 
i.e., if every c; = 0 (med am). 

Derinition 6.42. Let YX be one of the coefficient domains J, 2, or Jim . 
The chains (6.42) over YU are said to be linearly independent with respect to 
homology (lirh) in & if no nontrivial linear combination of these chains is 
homologous to zero in & over YW. 

Remark 1. Especially important is the case of systems of integral chains 
lirh. 

ReMARK 2. Since all the coefficient domains 2% mentioned in Def. 6.42 
are rings, and the chains x” € L’(S, Mf) are linear forms with coefficients in 
%, we can speak of linear combinations >- a7 of the chains (6.42) with 
coefficients a; € Wf. Hence we may give Def. 6.42 the following form: 

6.420. The chains (6.42) of a cell complex & over Y% (where Y is one of 
the rings /, 2, or J) are said to be lirh in & if a chain of the form >> aw/, 
where a; € YX, is homologous to zero in R over YU only if each of the ele- 
ments a; is the identity of the group . 

The proof of the equivalence of Defs. 6.42 and 6.420 is left to the reader. 

$6.5. Restricted chains and cycles. Let & be a cell complex and let 
Mt be a cell subecomplex of &. Let 2” € L7(R). In general, An Dix” ~ MAgz’, 
as the following elementary example shows. Let the cell complex & consist 
of all the oriented sides and vertices of the triangle (eocie2); let MP be the 
closed subcomplex of & consisting of + | ee |, + | eo{/, + |e |. 

Let us define x’ € L'(R) as the linear form 


x’ = | ee: | + | e1e2| + | ere |. 


It is clear that tx’ = | ere: |, Age’ = 0, MAgx’ = 0, and AyMe’ = e — 
é) ~ 0. This example indicates the importance of the following theorem: 


veo 
bo 


CHAINS. TIE OPERATOR A [CH. VII 


THEOREM 6.51. /f Dt ts an open subcomplex of a complex & and x” € L'(&), 
then 


Agia” = WMAgr’. 


Proof. Let t” be an arbitrary (r — 1)-cell of I. Since M is an open 
subeomplex of &, every cell t,’ for which (t,7:t") # 0 belongs to Ogt’* and 
consequently to MM. Hence the value of (t;":t7 *) does not depend on whether 
the cells ¢,’ and ¢”” are considered as elements of § or as elements of Jt. 

In particular, the set of cells ¢;7 incident (see Def. 4.12) with the cell 
t” in & is identical with the set of cells incident with 7’ in 9 and the 
corresponding incidence numbers (t,7:¢" ') are equal in both complexes. 

Therefore, >> (t,":t"") has the same value whether the sum is extended 
over all t,” € & incident with ¢” * or whether it is extended over all t,7 € M 
incident with ¢”*. But the first sum is equal to the value of DtAgr” on 
t’"’, while the second is the value of Aytz” on (”*. 

Corouuary. If 2” € Z,"() and Mis an open cell subcomplex of KR, then 
Me” € Za" (M). 

Indeed, 


Anz" = MA gz” . 


§6.6. Extension of chains and cycles. Let J) be a subcomplex (see the 
parenthetical remark at the beginning of 5.6) of a cell complex & and let 
ay € L'(Q). Let us consider the extension gr) of the chain x over the 
complex &, i.e., the chain Egay’ € L'(8) defined as 


Egao ) = ao (); iff € Me, 


Egxo'(t’) = 0, if  € Me. 


I 


In general, 
Agk eto" x EgAgny . 


To see this it is enough to define & as the cell complex consisting of the 
two oriented 1-simplexes | ¢oc: | and | @2o| and their oriented vertices 
+ |é |, + |e]. The open subcomplex 9 of & consists, by definition, 
only of the two oriented I-simplexes | er: | and | eéo |. Let us set wo = 
| eo: |. Clearly, Amy = 0 and hence FgAgay = 0. 

But 








1 
Agkigro = C1 — Cy) ¥ 0. 


This shows the importance of the following theorem, the dual of Theorem 
6.51: 
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THEOREM 6.61. If & 2s a cell complex and M is a closed subcomplex of &, 
then 


Agl’ gro = Eg Agro 
for every chain x € L'(M). 
To prove this consider an arbitrary (r — 1)-cell + € &. Then 
AgK gx) (t" *) = bar (i230) Egg (t7) 


(summed over all t;) € & incident with ¢’). The terms of this sum cor- 
responding to cells ¢,’ not in 9 are equal to zero, since Herd (t*) = 0 for 
such ¢,’. The terms corresponding to cells t € M are (t7:t"')Hexo (ti) 
= et ee: 

In particular, if 7" is not in IM, then, since M2 is a closed subcomplex of 
R, none of the cells ¢/ incident with t””’ can belong to M. Hence 


(if € Me, then Agi gto (t*) = 0; 
if" € M, then AgEgre(t™") = >> (2:0) a0 (t2), 


; ‘ ‘ . . — 
where the summation is extended over all ¢; € MN incident with ¢’. 
On the other hand, in accordance with the definitions of the operators 
Ee and Ag ; 


(1) 


iff" €M, then HLgdAgr'(t”’) = 0, 
(2) ee Eo then HgAmrte (t) = Amro (t’’) 
= DF tet ae (t), 


‘ : Soe 7 —] 
where the summation is extended over all 7,7 € Dt incident with ~~. Com- 
paring (1) with (2), we see that 


Ag Hero Ce N Eg Ani Gt) 


This completes the proof. 

Considering chains as linear forms (see 5.6, Remark), that is, regarding 
L'(M) as a subset of L’(K), L'(M) C L’'(K), and consequently thinking of 
Eg as the identity mapping of L’(M) [L7"(M2] onto itself, we may express 
Theorem 6.61 as 

6.610. If Mt is a closed subcomplex of a cell complex R and a’ € L’ (Md, 


then 
r ea 
Agxo => Amo s 


In particular, if Jt is an unrestricted simplicial complex AZ, it is closed 
in every simplicial complex KX containing it. Therefore 
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6.6100. If A is any simplicial complex containing the unrestricted sim- 
plicial complex AY as a subcomplex, then 


T Tr 
Ax%) = AxXo 


for every chain x € L’(M). 
In particular, if Aya = 0, then Aga’ = 0, ie., 
6.62. Every A-cycle of a closed subcomplex Jf C K is also a A-cycle of K. 
6.63. A A-cycle of an unrestricted simplicial complex .V/ is a A-cycle of 
every simplicial complex K containing A/ as a subcomplex. 
§7. The fundamental case: & is an a-complex 


§7.1. The fundamental formula AAx’ = 0. Let t’ be an element of a cell 
complex &. Instead of Ag we shall write simply A. Let us calculate the 
value of the chain AAf’ on any element t”” C &. By (6.12) we have 


(Aa) = Da 1) (Att), 


where the sum is taken over all t;”* incident with ¢”~. But according to 
the definition of At’, 


(Att) = (C267); 

hence, 
- (7.110) (AAL +f) = Ci Va a). 
[The reader who has omitted §4 may finish this subsection as follows: 
(7.110) and (3.25) imply that AAt’ = 0, which means that 
(71) AAz’ = 0 
for every chain 2” € L’(K). In other words, 

7.1’. The boundary of cvery chain is a cycle, 1.e., 
(7.1") Vhs) CZ (K).) 

Irom (7.110) and the definition of an a-complex (see 4.1) it immediately 


follows that: 
7.11. In order that a cell complex RX be an a-complex it is necessary and 


sufficient that 
(7.11) AAt’ = 0 


for every Me Cans 
(7.11) implies that AAx" = Dd a;AAt, = 0 for every chain x” = > ait’, 


1.e., 
7.1. If & is an a-complex, then 


(7.1) AAx’ = 0 
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for every chain 2. 
In other words, 
7.1’. In an a-complex the boundary of every chain is a cycle. 
Or, finally, 
7.1”. If & ts an a-complex, then 


(a9 Ha (&, © S Za (R, W. 


Remark. Condition 7.1 = 7.1’ = 7.1” is obviously necessary and suffi- 
cient for a cell complex & to be an a-complex. 

§7.2. Closed and open subcomplexes of an a-complex. [The reader who 
has omitted §4 can omit this subsection also.] 

TrrorEeM 7.2. Every closed and every open subcomplex of an a-complex is 
an a-complec. 

Proof. Let IN be an open subcomplex of an a-complex &; let t’ and (~~ 
be any elements of dimensions 7 and r — 2, respectively, of Yt. All the ele- 
ments ¢;’’ of & which are incident with t”” in & belong to MN and the inci- 
dence numbers (t':t;” ') and (t;) ':77) are the same in & as they are in 
wt. Consequently, the sum 


(7.21) te a at 


does not depend on whether it is taken in & or in Mt. Since &€ is an a-com- 
plex, the sum (7.21) is equal to zero in & (or in Nt). Hence Ye is an a-com- 
plex. 

Now let Dt be a closed subcomplex of the a-complex & and let t” € Me. 
By Theorem 6.610, 


AmAgt” = AgAgt’ = 0, 


so that Mt is an a-complex. 

Since the complex consisting of the oriented elements of an unrestricted 
simplicial (or polyhedral) complex is an a-complex, 7.2 implies 

7.20. The complex consisting of the oriented elements of an arbitrary closed 
or open subcomplex of an unrestricted simplicial (or polyhedral) complex ts 
an a-complex. 

$7.3. Weak homology of integral cycles; the dual coefficient domain. 
Let us return to 6.2, Example 3°. There we considered an integral cycle z' 
such that the cycle 22’ was homologous to zero in S&, although the cycle 
z' was itself not homologous to zero in &. In other words, the cycle z’, while 
not an element of the group H4'(8, ./), is an element of the division closure 
(see Appendix 2, 1.2) of Ha'(&, J) in the group Za'(®, J). 

DEFINITION 7.31. Let S& be any a-complex. The division closure of 
Hy (&) in Zo’ (SK), which is obviously identical with the division closure of 
Hy (&) in Lo’ (8), is denoted by Ay’(R); the cycles of Ho(®) are called 
cycles weakly homologous to zero in &. 
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If 2” € Ao’(®), there exists a chain vw’? € Lo’ t*(&) such that Av™™ = az’, 
where a is a natural number. Then (1/a)x”™ € L’(R, 9) and, obviously, 
A{(1/a)x"*] = 2. 


Hence, cycles weakly homologous to zero in & may be defined as integral 
cycles which are boundaries of rational chains (i.c., chains with rational 
coefficients) 27*" € L(8, I). 

We may say then 


(7.31) Ho (&) = Zo'(K) n Ha’ (K, R). 


§8. Simplicial images of chains 


§8.1. Simplicial images of oriented simplexes. Let ts’ be an oriented 
simplex of a complex Kg , 


ts’ = | ego -++ Cpr |, 


and let 8.” be a simplicial mapping of As into a complex K,. We shall 
define the integral cham 


Sate’ © (Ko) 


by giving its values on all the oricnted simplexes f,” of K. as follows: 
1°. If Sa" | ts” | | te” |, put 


(SaPts’-ta”) = 0. 
2°. Lett. = | @a0-*+* @or | and S$," | ts | = | 2," |. Then 
Sat €p0 = €ai(0), **" 5 Sa ear = €ai(r) , 


where €aic) , *** » €airy) are the same as @ao, *** , Car but, perhaps, in a 
different order; then, obviously, 


| S Pea ease Saves; | = Stas 


where ¢ = +1 ts the sign of the permutation 
O 1 ee 2 
2(0) 71) +++ ar) 7° 


(SaPts’ ta") = 65 


In this case we put 


In accordance with this definition the chain S,°ts” = 0 if there is no 
simplex ¢. in A, Which satisfies the condition 
B 
Sa | ts’ | = | ta’ |, 


that is, if the image of the simplex | ts” | under the mapping S,” is a simplex 
of dimension less than r. 
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We may therefore say that S.°ts” = 0 if, and only if, at least two of the 
vertices 
Bray tos | Bo ene 
coincide. 
If, however, the vertices Seep , ++, Saeg, are all distinct, then 
(Sar ego pa Sa’epr) 
is an r-simplex of K4 and Sq’t9’ is the oriented simplex 
Sorts’ = | SaPepo +++ Sa€pr |. 


§8.2. The homomorphism S,° of the group L’(Kg) into the group L’(Ka) 
induced by a simplicial mapping S.” of a complex Kg into a complex K.. 
Let 


te = Da, a;ta;” 
be a chain of Ag over %. Let us set 
(8.21) Sats = D0; a;Sa tes.” 
We shall call the chain S.°rs" € L’(K4a) the image of the chain xg” € L’(Kg) 
under the simplicial mapping S..”. 
It is clear that for two chains zg)" € L’(Kg), 292" € L'(Kg), 
Sa (xar +k tg) = Savas” + Stes : 
hence the mapping of L’(Kg) into L’(K,) defined by (8.21) is a homo- 


morphism. 
We shall calculate the value of the chain 


Samp = 21; ajSate; 
on any oriented simplex t.’ = tan’ of K,. To this end, denoting an arbi- 
trary but definite orientation of each simplex T',;” of Ka by tai’ , we obtain 
(Saag" tai”) = DB BSP ED) 
or, since a; = (&,"-ls;’), 
(8.22) (Sa'tp’ ta’) = D0; (SaPtp;’ tai’) (xp"tp;’). 


This formula can be somewhat simplified by choosing the orientations 
tg; of the simplexes 7's,’ € Kg so that if 


SPT; = | tai’ |, 


then 
Satay = tai. 
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For this choice of the orientations é,,’ (8.22) becomes 


(8.23) (Saitg' tai’) = D0; (wa"- tas), 
where the summation ts extended over all tg; sueh that 
Sab | taj’ | = | tes’ |. 


Giving the orientations of the simplexes to the corresponding ordered 
skeletons we may, finally, rewrite (8.23) as 


(8.24) SaPtg’ | a0 +++ Car | = Dy ts’ | Caso) *°* Coser |, 


where | ao, °:: , ar | is any ordered skeleton of A and the sum on the 
right is taken over all ordered skeletons | égj¢0) , +++ , ajc) | of Ag for which 


8 B 
Sa €pj0) = Cad, °° 3 Sa Caj(r) = Car - 


§8.3. Commutativity of the operators A and S.". We shall prove that 
the identity 
(8.3) AS aap” = S.’Axg” 
holds for every chain zg” € L'(Kg). 

In view of the linearity of the operators S,° and A it is sufficient to prove 
(8.3) for the case LB = tay” 5 | taj | E Kg . 

Let ts’ = | ego --- gr |. We shall consider two cases: 

1°. Sats” = 0; 

2°, Sats” ¥ 0. 

Case 1°. S.'ts’ = 0. Then 
(8.30) S.°ep: = Sar ean 


for at least one pair of vertices e¢g;, es, of the simplex | fs’ |. In this case 
ASa*ts’ = 0 and we must show that S,’Ats” = 0 also. We subdivide the 
proof of this into two subcases: 

la) There is precisely one pair of vertices eg:, es, of the simplex t,’ 
satisfying (8.30). 

lb) There are at least two such pairs of vertices. 

In Case la) we may assume without loss of generality that the unique 
pair of vertices in question is the pair ego, es:, so that Sy’eg = SaXear ; 
while S.°¢s; # SaPea, for every pair of vertices eg; , eg, distinct from ego , €g1 - 

Then 
(8.301) Ate’ = De (—1)\| can +++ ban ++ eae |; 


where 





8 A 
Sa | eg °-+ és, °° + ear| = O 
fork # 0,k # 1, since ego, es: are among the vertices 


Cao, °'* , Ca, °°, Car and Saf eao = S,"em . 
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Consequently, (8.301) yields 

SPHAliy = S/ | cares: «++ ear | — Sa’ | epoeas «++ epr | 
[Seren S scapes Seen | = | [SfemSa eax ee 2 Se ear |. 
But S.°eg = Sa°es: and so 


Bp B 
| Sa €aiSa Cg2 "°° Sac, | = | SP epoSa Cp2 mae Sa°€er |, 


whence 
SF Als” = 0. 


In Case 1b) the vertices Sa%eg , +++ , Sa®€sn—1 , Saas y*** » Se Cp: 
contain at least one identical pair for arbitrary 4; consequently, 


oS C80 cee ar eee Cpr | => 0 
and 
Sq’Als’ = a(- 1)*S,° | @g0 +++ Gx +++ egr| = O. 


This proves (8.3) in Case 1°. 
Case 2°. If Sa°ts” ~ 0, then 


SaPts’ = | SaPego +++ Sar epr |, 


ASa'ts’ = Do(—1)*| Saepo +++ SaPean: +> Sa’€pr | 
and 
Als’ = Do(—1)* | eg0 +++ Sgn ++ ear |, 
Sats’ = S0(—1)'Sa° | po +++ eon +++ Car | 
= D\(-1)* | See +++ SaPeen «++ SaXepr |, 
1.€., 


AS.*ts’ = SPAt,’. 


This completes the proof of (8.3). 

It follows from (8.3) that if xg” is a cycle, then S,°xg" is also a cycle; if 
ts ~ Oin Kg, then S.°rs"° ~ 0 in K, ; that is, 

8.31. The homomorphism Sa’ of L'(Kg) into L’(Ka) maps Z(Kg) into 
Z'(K) and H’(Kg) into H’(K.). 

$8.4. The case of open subcomplexes. Let K, and Kg be tivo unrestricted 
siumplicial complexes and let Kao C Ka, Kao C Kg be closed subcomplexes 
of K,and Kg. For brevity we set 


Gee We Tones Ge = Kg \ Kp. 


40 CHAINS. THE OPERATOR A [cH. VII 


Let S,° be a simplicial mapping of Kg into K. such that 
(8.40) Sé(Kg) CK: 


We shall associate with every chain zs” € L’(Gg) the chain GaSa'ts" € 
L'(G.). This mapping induces a homomorphism G.S.° of L’(Gs) into 
L’(G..). We shall prove that 

8.4. The homomorphism GSa’ commutes with the boundary operator A: 


(8.4) GaSe’ Ags = Ag,GaSa'te’. 
Indeed, since Gg is an open subcomplex of Kg, 6.51 implies that 
Aggta = GpAag’ = (Kp \ Keo) Axe’ = Arg’ — KgoAzg’, 
so that 
(8.41) Sa’ Aagte’ = Sa Ara’ — Sa/KpAzy’. 


(8.40) implies that Sa’KgoAze’ € L” (Kao), so that G,S.°KpArs’ = 0 
and 


(8.42) GaSaAogts = GaSa Are’. 
On the other hand 
(8.43) Ae, GaSate’ = GaASarg’ = GaSa°Axg’. 


(8.4) follows from (8.42) and (8.438). 

An immediate consequence of Theorem 8.4 is 

8.40. The homomorphism GaSa° of L"(Gs) into L’(G.) maps Z’ (Gs) into 
Z(G.) and H’(Gs) into H’(G.). 


§9. Auxiliary constructions 


§9.1. Cone over a chain. Let K be a skeleton complex and let <ok > 
be a cone over K, 1.e., a cone with vertex o and base WK (see IV, 2.3). The 
oriented simplex (sce 3.1) (ot’) of the complex <oK> is called the cone over 
the oriented stmplec t’. 


If 
x »; a;t; 


is a chain of K, the chain 
(9.11) (0x") = >> ai(ot,’) 


of the complex <oK> is referred to as the cone over the chain x’. 
For r > 0 it is easily seen that 


(9.12) Acox>(ot’) =f - (oAxt’), 
whence 
(9.13) Acox>(02’) = a = (oAgz’). 
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. . TSS rITElA » 
In particular, if 2 1s a cy cle, then 


(0.14) Aco>(o2") = 2 
For r = 0, 

(9.120) Acoxs(ot’) = t° — (0), 

and if 2° = Do ait’, 

(9.130) Acoxs (ot) = x9 — (Os a:) (0). 
Remark. For an open cone ok (IV, 2.3) we have the analogous formulas: 

(9.12’) Aox(ot') = —oAxt’, 

(9.13) Aox(ox’) = —oAgz’, 

(9.14’) Aox(oz’) = 0, 

(9.120’) Aox(ot') = —(0), 

(9.130) Aox(ox’) = —()0: ai) (0). 


§9.2. Application of the constructions of 9.1. Let r be a natural number 
and let K be an unrestricted skeleton complex with the property 

9.210. Every 7 + 2 vertices of K form a skeleton of K. 

Under these conditions we shall prove 


(9.21) Za (K) = Ha'(K), 


that is, every r-cycle of K is homologous to zero in Kk. 

In the proof of (9.21) we shall denote by A’ the closed subcomplex of K 
consisting of all the r-skeletons of K and all their faces. 

Let us construct the cone <oK’> and associate with each vertex e of 
the complex <oK"> a vertex Se of K in accordance with the following rule: 

1. Ife € K’, set Se =e. 

2. Let So be an arbitrarily chosen fixed vertex é of K. 

By 9.210, Sis a simplicial mapping of <oK’> into K. 

Now let 2” be an arbitrary r-cycle of K. 2’ is at the same time a cycle of 
the complexes K” and <oK"> and is homologous to zero in <ok"> by 
(9.14); consequently, by 8.31, the cycle Sz’ = 2’ is homologous to zero in 
K and (9.21) follows. 

Spectau Cases. 1) If K = | 7” |, then (9.21) holds for every r. 

Since the complex | 7” | satisfies 9.210 for r < n — 1, (9.21) holds; 
for r > n (9.21) follows from the fact that Z,"(| 7” |) is the null group 
forr > n. 

2) Let K = K(I"), where I” is a convex open set of R” [for the defini- 
tion of the complex K(I") see IV, 1.5, Example 2]. Condition 9.210 is 
obviously satisfied for every r and hence (9.21) is also true for arbitrary r. 
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3) Let K = 7" = | 7"|\ 7" be the complex consisting of all the 
proper faces of an n-simplex 7”; 9.210 is satisfied for r <n — 1; conse- 
quently, 


VARA ig) = H,(T ty 


forO<r<n-—1. 

4) Application to the elementary subdivisions of simplexes (see IV, 4.3 for 
terminology and notation). We shall apply the notion of a cone over a chain 
to prove the following proposition which is required in Chapter X. 

9.22. Let V" be an clementary subdivision of ann-simplexr T” = (€) +++ €n) 
relative to a face T? = (& +--+ @y). Then every r-cycle (0 <r <n — 1) of 
V" ts homologous to zero in V", t.e., 


Ae y=]: 
Proof. Let 2’, 0 <r <n — 1, be any r-cycle of V” (there are no 0-ele- 
ments in V"). Let Q’ denote the combinatorial closure of the complex con- 


sisting of all the simplexes on which the chain 2’ does not vanish. 
The cone 


Kg = <oQ’> 


contains the cone Kg over Q’ n| V"i \.V" as a closed subcomplex. The 
complementary subcomplex Ag \, Kgo will be denoted by Gs. 
Denoting the boundary operator in Ag by A, we have 
A(oz’) = 2’ — oAz’, 
where oAz’ is in Kgo , so that 
(9.221) Bele = 2 
where Ag denotes the boundary operator in Gg . Let us now set XK, = | V" |, 
S.’e = e (where ¢ is the center of 7”; see IV, 4.3, Remark 1), S.°e; = e:, 
S.’o = eo . In virtue of IV, 4.3, Remark 3, none of the simplexes of Q” have 
among their vertices more than p — 1 vertices of 7”. Hence S,° defines a 
simplicial mapping, also denoted by S,°, of Ag into K,, which maps Ap 
into Keo = | V"|{\V" (this assertion follows immediately from the 
definition of Ago and IV, 4.3, Remarks 1 and 2). Consequently, replacing 
xg’ by oz and putting G. = V" in (8.4), we get 
V"Sa?Ap(oz’) = AiV"Sa°(02"), 


where we have written the boundary operator in V” as A, . Hence, in 
virtue of (9.221), : 


V"Sae” = AiV"Sa?(o2"); 
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or 


z= A.V"S,'(02"), 


since it is clear that 


Safe” = 2", Vg = 2 


This completes the proof of 9.22. 
§9.3. Prism over a chain. Let Ao be a finite unrestricted skeleton com- 
plex; the vertices of A will be numbered as: 


(9.30) Myth, de. bs b, 


Using this enumeration of the vertices we 
construct the prism Ayo over Ao (see IV, 
2.4). 

Let the vertices of the upper base of the 
prism Aj), corresponding to the vertices 
(9.30), be 


(9.31) Die Ma bes 


If Ton = (an 0) wae Qncr)) € Ko } h(O) 5 ae ae 

< h(r), set tor” = | ano ++ Gam |, fr = | dae) 
- Dac |. The oriented simplex ty,’ is re- 

ferred to as the projection of the oriented G, 

simplex fo,” of Ag on the upper base of K qo) . Fie. 111 

If fa" = > Caton” € L’(Ko), set a = >» Calin 

and call the chain 2,’ the projection of xo’ on the upper base of Kya . 
Let us now put, forz = 0,--- , 7 (Fig. 111), 


(9.32) Viton’ = | baw +> Orca@agy +++ Grey |; 





and further 

Hton” = Domo (—1)'Iiton’. 
Finally, if vo” = >> cator’, let 
(9.33) Tao” = >. enllton” © L’*(Kyou). 


The chain Iv’ is known as the prism over the chain ao € L'(Ko) (in the 
prism Kj). We shall prove the fundamental edentity 


(9.34) Alla,” = Xo" = a = TlAxy . 


In view of the linearity of both operators A and TI, it is enough to prove 
(9.34) for the special case a = ty. 


44 


For brevity let 


then 


Let us set 


bo | = | do - 
(9.35) jt’ = |bo--: 
t= | bo «+: 
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tb = | do ++ Gr; 


i= | bo s 208 b, |. 


Ges? ae - ft She 


bays Geese ay] GS 9); 
ae bjaj °++ ar| (i < J). 


b;a; 


* Or 


) 


[CH. VII 


Since the vertex b; is in the (7 + 1)st and a; is in the (j + 2)nd position 


. +1 
in jt ) 


At = Dia (-p'at -— Dh (- vit? 


(9.36) 


Since (>>; denotes >>7-0) 


Mtoe” = 0; (-1)7"™, 


it follows from (9.36) that 
AMlte’ = 20; (—1)740F = 05 4 — Ds at? 
+ Dis (-1) ies (- 1)" — Des (-1)'t/]. 


But 


Hence 


and so 


= (-1)(t" — 7) + Doses (- 1)" -— Din (- at. 


ATIto’ = to” — th” + 303 (—1) ie; (- 1)" — Ss (-))4t/] 


It is required to prove that 


ATI fo” — to” = ty’ == TIAty’. 


Hence, it remains to be proved that 


Tl Aty’ = Dy, PB (—1) 447 = yay (aye. 


to” _— ty” = ae pare C= ae _ per (= 1) 0°"), 
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But since Aly = ar (— ny ae and the operator II is linear, it is sufficient 
to prove that 


ij; = = =a = ae (aye 
In virtue of (9.32) and (9.35), 
Tl; to.” 


l| 


Fae J=O0,-°-,7-1, 
le Sate JHtrrr yr. 
But, by definition, 
Ito? = 90s (-1)7T; to, 
so that 


in 


jad (1) +b DOG (1) Fiat 
i Doin Si) aly a ai (—1)7t"". 
This completes the proof of (9.34). 

If 20 € Z'(Ko) is a cycle, then ITAz” = 0, (9.34) becomes 
(9.37) AIlz)" = 20° = 21, 
and we have 

9.37. Every cycle of Ko is homologous in K ox to its projection on the upper 
base of Kyo . 

$9.4. Application to simplicial mappings. As another application, we 
shall prove the following theorem, required in Chapter XIV. 

Turorem 9.4. Let S.° and S.° be two simplicial mappings of a complex 
Kg into a complex K with the following property: for every simplex T's € Ka 
there exists a simplex T'. € Kq such that S.°Ts and Sa°T'g are both faces of 
Ta. Then, if 23" € Za'(Kg) is any cycle of Kg, the cycles Sa°zs’ and 8.26" 
are homologous in K.. 

Proof. Let us index the vertices of Ag in a definite order cg, , +--+ , €gs:g) 
and construct, on the basis of this enumeration of the vertices, the prism 
Kao over Kg (see IV, 2.4). 

Let us associate with each vertex ego; = eg: of the lower base Kg = Kg 
of the prism Kogyo the vertex Se; of K, and with each vertex eg: (the 
projection of the vertex eg; on the upper base) of the upper base Kg the 
vertex 5.°es; of Ka . 

We shall show that the mapping thus defined is a simplicial mapping S 
of the prism Ajo into K,. For, if 


T = {@go0, *** 5 Cpox€pik, *** y pin} 


is an arbitrary skeleton of the prism Kyo , then, according to the definition 
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of prisms, {ego , --: , an} is a Skeleton of Ag. The mapping S transforms 
the skeleton 

T’ = {ego0, °** , por, Cpe» °** 5 ain} 
into the set of vertices 

' B a B a 
S(T) = (Sa CBO, °'" > Sa’ ese ry Se €gk, °°" 4 Sa'€pn) 

of K,. But this set is a subset of the set 

(Sa e60 ) Sa C80, °°" 4 Saf Can ) Sa CBn), 


which is a skeleton of A, by the hypothesis of the theorem. Consequently, 
S(T) is also a skeleton of A, . 
l‘or the simplicial mapping S we obviously have 


Szgo’ = SaPze’, Sze’ = Sa°zs'. 
Since (by 9.37) 
r Tr : r 
ze ™~ Z0=6O ND Agony , 
it follows that 
Szgo' ~~ Szar in Ka 7 


i.e., SaPze” ~ Sa°ee” in K, . This proves the theorem. 


Addendum to Chapter VII 


THE a-COMPLEX OF THE ORIENTED ELEMENTS 
OF A POLYHEDRAL COMPLEX 


$1. The incidence numbers of a half-space and a plane, of a convex 
polyhedral domain and one of its faces. Let | #” | be a half-space of the 
Euclidean n-space | 2” | determined by a plane | £”” |, or a convex poly- 
hedral domain of which |! £"7' | is a face. Let E”(E" ') be any orientation 
of | 2" |(| 2" |). We shall define the incidence number (#":£"7”). To this 
end, let 7" be a simplex in | £" | with a face 7" in | BE" |. Let e*(") 
be the orientation of 7"(T” ') coherent with the orientation /"(2""'). We 
set 


(1.11) aay oma ee ee sea 








by definition. It is easily seen that (1.11) depends only on the orientations 
E" and E"” and is independent of the choice of the simplex 7. 

Let | t” * ; be any simplex in | £""" | oriented coherently with "7. Let 
e be a point in the interior of | "|. Then (2":E"") = +1 (—1) if the 
orientations (e¢”') and #” are coherent (noncoherent), that is, 


(1.12) (E":E") = (et) E". 





But if the orientation ¢” | is opposite to /“”, then 
(1.13) (ODay ving = Het ia: 
consequently, 


1.1. If t"”’ ts any orientation of a simplex 7 
in the interior of | "|, then 


(1.1) 6 ames Pla *) _ GE a 


yn—1 


—)] . . 
Cl|E"™| and ets a point 


; me = — 
If 2" is an oriented convex polyhedral domain, and £"™ is an arbitrarily 
oriented face of Z”, then, as we shall prove, the incidence numbers (E" EE") 
have the same properties as the incidenee numbers of oriented simplexes. 
Property 1. 
(—E™: BE") = (WB) = —(E Em), 
This property needs no proof. 
Property 2. 
— yn-l. n—-2y) 
(1.14) Di (BBS) (BPE) = 0, 
Nie : 5 : a ae 
where E” and E”~ are arbitrary orientations 04 the polyhedral dente 
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| £” | and one of its (n — 2)-faces | Z”~* |, and the sum is taken over all the 
(n — 1)-faces | BE," |, with £,"~ any one of the orientations of the face 
| Bi” |. 

We shall prove this property. 

Since only two of the (m — 1)-faces of the polyhedral domain | E” |, say 
| i)” * | and | By" |, have | 2” | on their boundary, (1.14) may be re- 
written as 
(1.15) 9 (E": Eo") (Ko: EB”) + (B": By") (Ey" 1: E*”) = 0. 


Since the left side of (1.15) remains unchanged if Hy” is replaced by 
—H,"7 or Ey” * by —F,"™, it is enough to prove (1.15) for a single choice 
of the orientations Ey” ’, Z,"". Let us choose the orientations 2)” * and 


Ke? sO that 
(Eo :E*) = 41, (AE) = 41; 
then (1.15) becomes simply 


(1.150) (By). BE). = 0. 

To prove (1.150), let us take in | EF” * | a simplex T” with orientation 
{”” = | ec3 --+ én | coherent with the orientation / Wee 

Let eo(e:) be a point inside | Ey" | (| Ei" |) and denote by 6”(4") 
the orientation of the simplex Ty") = (egexes +++ €n) [Ti = (ereaes «+ €n)] 


: . . yn—-l/qzr nl . 
coherent with the orientation Mo” (F," ). Since 


Gor) as Gy = 1 


and 
Fits ei ean Or aaa yaaa | 
and 
("= | exes «++ en |, 
it follows that 
to” = | eg¢2es +++ Cn ; 
4”) = | eveses +++ en |. 


Tinally, let e be a point inside |” | and denote by ¢o”, 4” the orientations 
of the simplexes 75” = (eéoe2 +++ €n) and 7” = (eee: +++ e,) coherent with 
the orientation ’”. Then 


("2 Ho") = (lotto), ("By") = (4":4"”). 





Since the points ¢ and ¢,, and consequently the simplexes 7'y5” and 7", 
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are on different sides of the plane | e/'”” |, the orientations | esceses «++ en | 
and | ecese3 --- ¢, | of these simplexes are opposite; but the orientations 
fo and ?¢,” are coherent, so that if 


to” = € | eocears +++ Cn |, 
then 
th” = —e | eyecges +++ Cn | 
and 
("2 I9"*) = (to":to” ') = e(| evceres +++ en | 2 | eoceca +++ en |) 
eS Se, 
Ge" Ey") = (a":6"") = —e(| ereeves +++ en | t | erexes «++ en |) 
=(-) (“= 6, 
Le. 


(Dies OF aa wel Be 6 Danae Daan 


This completes the proof. 

$2. Since incidence numbers have been defined for convex polyhedral 
domains and both properties of the incidence numbers of simplexes remain 
true in this case, the oriented elements of a polyhedral complex AK form an 
a-complex; the chains, cycles, etc. of this a-complex are referred to as the 
chains, cycles, ete. of the polyhedral complex K, or simply as polyhedral 
chains, polyhedral cycles, ete. 


Chapter VIII 


A-GROUPS OF COMPLEXES (LOWER BETTI OR 
HOMOLOGY GROUPS) 


§1. Definitions. Examples. Simplest general properties 


$1.1. Definition of the group A’(%, 21). Let & be an a-complex. [See VII, 
4.1; to read Chapter VIII the reader may think of an a-complex St as 
simply the set of all oriented simplexes of a triangulation AK and of YW as 
the group /. He may then replace & by A and omit % in all expressions of 
the form L'(St, 9, Z7(R, W, A'(K, W, A’(K, W), ete.] 

Derinition 1.1. The group 


G1) A(R, M) = Za (K, W/Aa (K, 


is called the r-dimensional (lower) Betti growp or the r-dimensional A-group 
or simply the A’-group of the complex & over the coefficient domain % 
(this group is also referred to as the rth Betti or homology group over QQ). 
The elements of the group A’(®, 90 are known as the r-dimensional ho- 
mology classes of the complex S over the coefficient domain % (the rth ho- 
mology classes of & over %). In particular, we shall denote the group 
A’(&, J) simply by A)’(&); its rank is written as 7’(&) and is called the 
r-dimensional (or rth) Bettt number of &; its elements are known as integral 
homology classes. In general, instead of A’(s, 9) we shall usually write 
simply A’(St). 

Let K be a simplicial complex. We shall assume that the complex con- 
sisting of the oriented simplexes of A is an a-complex &. Then, instead of 
A’ (St, W, a(S), ete., we shall write A’(K, %), (A), ete. and speak of the 
A’-groups and Betti numbers of A. This definition enables us, in par- 
ticular, to speak of the A-groups of unrestricted simplicial complexes and 
of open and closed subecomplexes of unrestricted simplicial complexes. 

Remark. The groups A’(&, J/,,) are called the Betti groups (mod m) and 
for brevity are denoted simply by A,,’ (4). If m is a prime, the rank (mod mm) 
(see Appendix 2, 3.3) of the group A,,’(&) is called the rth Bett? number 
(mod m) of & and is denoted by 7,,’(). 

§1.2. The group A"(St”, 9%). If St” is an n-complex, the group L"™ (&", 9) 
is the null group; consequently the group H"(&", 20 is also the null group 
and 


(1.2) A’(K", WD = ZK", W. 
§1.3. The groups A°(K, %). In this article A will denote an unrestricted 
simplicial complex. 
50 


$1] DEFINITIONS. EXAMPLES. SIMPLEST GENERAL PROPERTIES 51 


DEFINITION 1.31. We shall say that a O-cycle 2 = De, a,e; of K is 
normal if >>; a; = 0. 

It is clear that the sum of two normal cycles is a normal cycle; if 2 is a 
normal cycle, —2° is a normal cycle; the 0-cycle identically equal to zero 
is a normal cycle. Hence the normal 0-cycles form a subgroup Z”(K, %) of 
the group Z°(K, %). 

Again, if x’ is a monomial 1-chain 


Sal; ti = | ewe |, 


then 
l 
Ax’ = aA; = a(ea = C:0) = an — aes, 


that is, the boundary of a monomial 1-chain is a normal cycle. Since every 
chain is a sum of monomial chains, we have proved the following proposi- 
tion: 

1.32. The boundary of every 1-chain is a normal 0-cycle. 

Corouuary. A 0-cycle 2°, homologous in K to a normal cycle 2’, is 
normal. 

For, 1.32 implies that 2’ — z,° is a normal cycle. Hence the sum of the 
values of the cycle z’ is the same as that of z,’. Since this sum is zero for 2”, 
the same is true for 2,°. 

We shall now prove the converse of Theorem 1.32 for a connected K. 

1.33. Every normal 0-cycle of a connected complex 1s homologous to zero. 


Let 
0 0 
2, = pe ae; 
_ 0 : 
bea normal cycle. Since >0$4) a: = 0, ie., aa = —@2 — a3 — «++ —Gyeoy , 


it follows that 
0 (0) 
2 = ps a,(€; = e1), 
and it is enough to prove that the 0-cycle e; — e. ~ 0. 
Since & is a connected complex, there is a broken line connecting the 
vertices e; and e; in K. 
Tet [eiciay +++ €:@)€:] be such a broken line. Let us set 
1 
x = | eeiay | + | exarerey | + | esa@—neiay | + | ecane: |. 
Clearly, 
1 
Av = Aleta | + Al emer! + --> + A] esa neca | + | ese: | 


_ (€iq) — @) + (€(2) = Cia) se (ei) a Ci(k-1)) 
+ (€: — Cie) 


= ¢C¢; — €y; 


This proves Theorem 1.33. 
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1.34. Let e: be any vertex of a connected complex K; every 0-cycle 2° 
of K is homologous to a monomial cycle ae; , Where a € YW. 

To prove this, let 2 = >> aie; and set >> a; = a. Then 2 — ag isa 
normal cycle and, therefore, 


0 
Zz — ae ~ 0, 


which was to be proved. 

Hence, there is a (1—1) correspondence between the 0-dimensional 
homology classes of K and the cycles ae, , that is, the elements of the group 
9{. We have proved the proposition: 

1.35. If K is a connected complex, then the group A°(K, %) is isomorphic 
to the group Y%. 

Corouiary. The Oth Betti number and the Oth Betti number (mod m), 
m a prime, of a connected complex are both equal to 1. 

The following theorem is a generalization of this proposition: 

1.36. The Oth Bettt number and the Oth Bettt number (mod m), m a prime, 
of an arbitrary unrestricted simplicial complex are equal to the number of 
components of the complex. 

Proof. Let {K,} be the components of the complex A and choose a ver- 
tex e, in each K, . Then, for any 0-cycle 


0 0 
@ © AK MN) 
we have 
Kz ~ ae in K,, a, € MW, 


0 ” 0 . ad 
2= >, K2 ~ >, we, in K, 


where only a finite number of terms can be different from zero. It remains 

to be proved that all the 0-cycles e, are lirh. Suppose a linear combination 
. : 1 

Sy a,¢, is the boundary of a 1-chain 2x’: 


Ax’ = pae Aly « 


Since every component A, is both a closed and open subcomplex of K, 
we have, by VII, 6.51, 


eel 
Ak wv = ae,. 


Hence, in virtue of 1.32, a, = 0. This proves 1.36. 

The following proposition is easily proved from 1.36: 

1.37. Tf C= J and cz’ ~ Oin K, can integer 0, then 2~O0nmK. 

We may therefore say (Appendix 2, 1.2): Hy (K) is a division closed sub- 
group of ZK), Ue(K) = IP (Kx), or: the group Ac(KX) does not contain 
elements of finite order different from zero. 
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To prove this, let us assume that cz’ ~ Oin A, 
= Ar’. 
Then, if the components of A are denoted by A; , 
Kicd = AK;x'; 


whence it follows, by 1.32, that Ajcz’ = eK,2 is a normal cycle. But then 
K,2 is also a normal cycle, and consequently by 1.33 


K2~0imnk,; 
hence 
2= Ke ~Omk. 
This proves 1.37. 


eo e, 
e; ee 
&, Cr 
St 
Fic. 112 Fic. 113 
$1.4. Simplest examples of the groups A’. 
1. Let A be the complex consisting of all the segments (e1¢2), (@2¢3), «°° , 
(és1¢;) and vertices e,, ¢2, --:, @; of a simple nonclosed broken line 


[e, --- e,]. In Fig. 112, s = 7. 
We shall prove that the group A'(K) = Z'(K) is the null group. We set 


1 fe . 
ie = beens |, tS, Be ae ee ST, 


Let z = Soi ase be a cyele. Then all the a; are equal. I*or, in the 


contrary case, there would be two adjacent segments (;_;' and ¢;' with a. ¥ 

a;. But in that case the cycle Az’ would have the value ai. — a; # 0 on 

the common vertex ¢; of these two segments and z’ would not be a cyele. 
Hence, all the a; are equal to a single a € Q: 


a ee ere ae WU, 


But 4 Doi t = e, — ¢,, so that Az’ = ale, — ¢1). Since z’ is a cycle, 
= 0, and the assertion is proved. 
et The complex A consists of all the segments and vertices of a simple 
closed broken line (Fig. 113). We shall orient all its segments in the same 


54 A-GROUPS (LOWER BETTI OR HOMOLOGY) OF COMPLEXES [CH. VIII 


direction, for instance (regarding K as a plane broken line) counterclock- 
wise. We shall denote the resulting oriented 1-simplexes by ¢,’. Let 


2 = SS at, 


be a cycle. Exactly as in the preceding example we prove that all the a, 
must be equal, so that every I-cycle of K must have the form 


2=adt, ae U. 


On the other hand, it is easy to see that >> ¢,;’, and hence also z’ = 
a >. t,, isa cycle for arbitrary a. Therefore the group Z'(K) consists of all 
the chains of the form a >> ¢,’, where a is an arbitrary element of 9%. Con- 
sequently, A\(K) = Z'(K) ~ Y& (the symbol ~ denotes the isomorphism of 
the two groups). In particular, if & = J, the group A’(K) = Z'(K) is an 
infinite cyclic group. 
3. The complex K consists of all the segments and vertices of two closed 
broken lines having no elements in common except 
for one vertex (see Fig. 114). 
Let us orient each broken line in a definite 
direction (for instance, regarding both of them as 
Fig. 114 _ situated in the same plane, counterclockwise). 
The oriented segments of the first (second) broken 
line will be designated by tii’ (¢2:’) 
Then every cycle z’ € Z’(K) assumes the same value on all the seg- 
ments of any one of the two broken lines; for instance, the value a, on all 
ty; and the value a; on all te’. Hence 


1 1 1 
z2=a Ss ny ts Se tox, 
or, setting 


1 1 iL 1 
a1 >= » tii ) 22> > to; ) 
1 1 2 
2 = ai + aro. 


‘ 1 1 . 
On the other hand, since 21 and z: are cycles, every chain of the form 
a2) + azz is a cycle; furthermore, it is easy to sec that 


M21" + x22, = 0 
if, and only if, a: = a2 = 0. In other words, the group 
Al(K) = Z(K) 


is isomorphic to the direct sum + 9%; if {= /, the group AK) = Z'(K) 
is the free Abelian group of rank 2. 
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4. The following remark is required for the later examples (starting with 
Example 5) and by its nature is directly relevant to what we have been 
discussing. 

Let K be the 1-complex consisting of all the edges and vertices shown 
in Fig. 1105. 

Every 1-cycle z' of this complex is identically equal to zero if it ts equal to 
zero on all the horizontal edges of K which do not lic on the side AB of the 
square ABCD. 

Indeed, considering separately cach of the verticals AD, VF, PQ, and 
BC, we may show by repeating the reasoning in Example 1 that z' vanishes 
on all the edges of A which lie on these verticals. After this, the argument 
of Example 1 shows that z' is zero also on all the edges of K lying on AB. 





A E P B 
Fig. 115 Fic. 116 


Exerciss. Let z’ bea 1l-cycle of A (Fig. 115). Why is it not possible to 
prove that 2’ = 0 by applying the reasoning in Example 1 and considering 
z on each of the verticals and horizontals of Fig. 115? Find several non- 
vanishing 1-cycles of A and explain why the reasoning mentioned above 
is not applicable to them. 

5. Let Ao be the 2-complex consisting of the 18 triangles, their sides, 
and vertices shown in Fig. 116. We shall denote by Ky the subcomplex of 
Ky consisting of all the elements of Kp on the boundary of the square 
ABCD. T.ct us orient the boundary of the square ABCD counterclockwise 
and denote the correspondingly oriented 12 segments of Ko by ty, «> , ti’ 
Denote the eycle }>%2; t; by zo. Let t, 7 = 1, 2, --+ , 18, stand for the 
18 triangles of Ko oriented counterclockwise. We shall first prove a lemma. 

LemMMA. Every 1-cycle 1s homologous to zero in Ky. 

Proof. We shall define for each oriented segment ¢ of Ay which, in Fig. 
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116, is directed horizontally or diagonally the l-cycle z(é) as the chain 
whose value is 1 on the following oriented segments: 

1) the segment ¢; 

2) the vertical segments (directed downward) from the terminal point 
of ¢ to AB; 

3) The projection of the segment —t on AB; 

4) the vertical segments (directed upwards) from AB up to the initial 
point of ¢. 

The cycle z(t) is zero by definition on the remaining segments of Ko 
(here, contrary to our usual practice, z(t) denotes a cycle and not the value 
of the cycle z on ¢). 

Now let z = cade be a l-cycle of Ko with the orientations Le, 
t= 1, 2, --+ , 12 as chosen above; the orientations of the remaining 21 
segments are arbitrary, for instance, from left to right and upward. 

Let z’ be the cycle 


gaz — ee aiz(t:), 


where the sum 
Dd’ az(t:') 


is taken over all horizontal and diagonal segments. It is clear that every 
cycle 2(t;) is the boundary of a quadrilateral consisting of triangles of Ko 
[that is, the boundary of a chain which assumes the same value, 1 or —1, 
on the triangles (oriented counterclockwise) making up the quadrilateral 
and is zero on all the other triangles (one such quadrilateral is hatched in 
Fig. 116)]. Hence it is casily shown that 2’ ~ 2’. Since the elements on which 
2’ is different from zero are cither vertical segments or horizontal segments 
on AB, it follows from Example 4 that 2’ = 0. Consequently z’ ~ 0. 

Now we identify AB with DC and AD with BC to obtain a torus. This 
identification transforms the complex Ao (Fig. 116) into a triangulation 
of a torus, which consists of 18 triangles, 27 segments, and 9 vertices. The 
complex Ko is converted into 2 complex K consisting of 6 segments and 5 
vertices, altogether making up two closed broken lines with a single com- 
mon vertex. As a result AB” and DC™ become the eyele 4! = t) + t)) + 
ts = —t; — ts — tg, AD” and BC’ are transformed into the cycle z: = 
to tts + te = —ho — tu — ty’. 

Both cycles 2’ and 2 are obviously cycles of K and moreover (sce 
Example 3) every 1-cycle of WK is of the form qzi' + aye’. 

We shall calculate the group Ay (K). Let z' be any 1-cyele of K. Set Q = 
Ko \ Ko and 

ty = Qe" 6 (Ks). 


. I . ~ . 1 
The same chain x regarded as a chain of A will be denoted by 2. 


§1] DEFINITIONS. EXAMPLES. SIMPLEST GENERAL PROPERTIES 57 


Since Az’ = 0, it follows easily that Ax! is a O-cycle of Ko. Since Axy' 
is a normal cycle and Ko is a connected complex, Axo’ ~ 0 on Ko. Hence 
there exists a l-chain yo of Kyo whose boundary is Aro, so that x — yo" 
is a cycle. It follows from the Lemma that there is a chain x0” of Ay whose 
boundary is the cycle xo — yo': 


2 a 1 
Axy = Vo — Yo; 
where 
vl | 1p yy 
too Aro = Yo € L (Ko). 


= = Ls ‘e 5 . F 

In Fig. 117, 2 is 1 on the heavily drawn segments oriented as indicated 
by arrows, and is zero on the remaining 1-simplexes; x» = Qz’ is 1 on the 
segments mentioned above which are inside the square; Ary’ consists of the 


VAVAVA 
VAVAVE 
VAVAVA 


Fia. 117 Fia. 118 





two vertices e and e’ with coefficients | and —1, respectively. The chain 
yo is 1 on the heavily drawn dotted segments of Ko and on | ee |, and is 
zero on the remaining |-simplexes. The chain a> is —1 on the hatched tri- 
angles oriented counterclockwise, and is zero on all the other triangles. 

Let us denote by x” the chain x» regarded as a chain of K. The chains 
vy — Av’ andz’ = 2’ — Ax’ arcon K. 

For the case shown in Fig. 117, the chain x’ — Az” (on K) has the form 
shown in lig. 118; the edges on which this chain does not vanish, but as- 
sumes the value 1, are heavily drawn; their orientations are indicated by 





arrows. 

The eyele 2’ = 2’ — Ax’ on K is shown in Figs. 119 and 120 (by heavily 
drawn segments oriented by arrows). 

Since 2’ = z! — Az’ (homologous by definition to the cycle z’) is on K, 
z’ has the form aizy) + az’. 

In the case shown in the figures it is clear that a1 = a2 = 1. It is left to 
the reader to construct several cycles z' homologous to the cycle a) + 22.) 


on K. 
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Hence we have proved that every 1-cycle z' of K satisfies 
(1.40) zo ~ arr + aeze. 


We shall now prove that every cycle z' of K satisfies precisely one such 
homology, that 1s, that the coefficients a, and a» in (1.40) are uniquely de- 
termined by the cycle z’. This will prove that the group A’(K) is isomorphic 
to the group of all integral linear forms in two variables, that is, the free 
Abelian group of rank 2. 

It is enough to prove that 


(1.41) az, + ae ~ OinK 
implies 
(1.42) a = Q = 0. 
Fia. 119 Fie. 120 


By (1.41), there is a 2-chain 2” of K bounded by the eyele az + azs’. 
It is easy to see that the values of 2” on all the ¢; are the same number a; but 
then, if vo is the chain of Ko corresponding to 2", Ary = azy’. 

The transformation of the complex Ko into the complex A effected by 
identification is a simplicial mapping of Ay onto AK which maps Ko into K 
and the cycle zo into zero. On the other hand, since xo is mapped into 2” 
and the boundary of the image is always the image of the boundary (com- 
mutativity of the boundary operator with a simplicial mapping), 


2 1 i 
Av’ = azi + azo = 0. 


According to the definition of the cycles 2;' and 2." this is possible only if 
a, = ay = 0. This proves the assertion. 

6. Let us identify the side AB” of the square of Fig. 116 with the side 
DC” and the side AD” with the side CB” (watch the directions!). The result 
is a triangulation A’ of a Klein bottle (IJ, 3.1). We shall calculate the 
group A’(A’). First, exactly as in the case of the torus, we shall prove that 
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every l-cycle z’ satisfies (1.40); in this case, however, the numbers a and ae 
are not uniquely determined by (1.40). Instead, we have the following 
result: 

In order that 


1 2 : 
2, + dox2x2 ~O0inK’, 


ait is necessary and sufficient that a, = 0 and a, = 0 (mod 2). 

This is proved in the same way as in the case of the torus except that the 
new result is obtained as a consequence of the fact that in this case the 
simplicial mapping transforming Ky into A’ maps zp not into zero but into 
the cvele 2z.'. Ilence in place of the identity ayz," + az.’ = 0 we now obtain 
the identity 


1 1 1 
121 + Q2z2 = 2a22, 

whence 
QQ = 0, dy = 2a. 


Since a is an integer, our assertion is proved. We then have: 

There is a (1-1) correspondence between the homology classes of K’ 
and the linear forms a,2," + azo", where a, is an integer and a, = 0 (mod 2). 

This implies that the group A’(K’) is the direct sum of an infinite cyclic 
group and a group of order 2; the lst Betti number of the triangulation K’ 
of the Ixlein bottle is 1. 

7. Let us return to Fig. 116 and subdivide the triangulation indicated in 
the figure by drawing the second diagonal of the square. This triangulation 
(consisting now of 24 triangles, their sides, and vertices) we again denote 
by Ky. Let us now identify the directed segments ¢,' and t;, ft: and fe, 
f;' and fy’, ts and to’, fs and t, and ts and f,)’. This identification converts 
K, into a triangulation K” of the projective plane and the complex Ky 
into a closed polygon K”; the counterclockwise orientation of ABCD is 
transformed into a definite orientation of the polygon K”. [If it were not 
for the subdivision of the original triangulation Ko, the identification 
would not yield a triangulation (the resulting complex would contain two 
triangles with the same vertices).] The closed polygon K” with the orien- 
tation induced by the identification is a l-cycle z:;| of K”. The simplicial 
mapping of Ay onto K” induced by the identification transforms the cycle 
zo of Ko into the cycle 2z,'; on the other hand, reasoning as above, we can 
prove that every l-cycle z' of K” is homologous to a cycle of the form qyz1’. 
Now however, a2: ~ 0 in K” if, and only if, a, = 0 (mod 2). Hence 

The group A'(K”) ts the group of order 2; the 1st Betti number of the tri- 
angulation K” of the projective plane ts zero. 

Remark 1. It is easily proved that every integral 2-cycle of each of the 
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complexes K, K’, K” has the same value on all the oriented triangles 
t;,7 = 1,2,--+ , 18 (for K” the number of triangles is 24), that is, every 
2-cyele is of the form 

Seite 
where a is an integer. It is also easily seen that chains of this form on K 
are indeed cycles, while on K’ 


2 1 
Az = 2az, 
and on A” 
2 1 
Az = 2az. 


It follows that the group A’(K) = Z4’(K) is infinite cyclic while the groups 
AUK’) = Z.°(K’) and A°(K”) = Za (K”) are null groups. The 2nd Betti 
number of the triangulation K of the torus is 1, while the 2nd Betti number 
of the triangulation A’ (K”) of the Klein bottle (projective plane) is zero. 

Remark 2. In Chapter X we shall see that all the triangulations of the 
same polyhedron or of homeomorphic polyhedra have isomorphic groups 
A’ and consequently the same Betti numbers. It is therefore justifiable to 
speak of the Betti groups and numbers of the torus, the Klein bottle, and 
the projective plane. 

Iixercise 1. If the directed sides AD” and BC” of the square in Fig. 116 
are identified, but the sides AB and DC are left free, the result is a tri- 
angulation of a plane circular ring. If, however, AD” and CB’ are identified, 
and AB and DC are again left free, the result is a triangulation of the M6- 
bius band. Prove that in both cases the group A’ is infinite cyclic. 

Iexencise 2. Prove that the groups A,'(K), Ay (’), and Ay (A”) (where 
K, K’', K” are the triangulations of the torus, Klein bottle, and projective 
plane considered above) are of order 2 and that the 2nd Betti number (mod 
2) is in each case equal to 1. 

Exercise 3. Starting with a triangulation K of a cube analogous to the 
triangulation of the square ABCD of Fig. 116, prove that the 2nd Betti 
number of the 3-dimensional torus J/,° (I, 5.2, Example 6) is 3. The gen- 
erators of the group A’(J/,°) are the homology classes of the three 2-cycles 
resulting from the identification of opposite faces of the cube. 

The group A’(A/,’) is the free Abelian group of rank 3. The group A’(J/,°) 
is also the free Abelian group of rank 3. As its generators we may take the 
homology classes of the three 1-cyeles obtained by identifying the edges 
of the cube. 

It can be shown in an analogous way that the groups A’(1/*) and A°(AI°) 
of the manifold J/° defined as the topological product of a 1-sphere and a 
2-sphere (I, 5.2, Example 7) are infinite cyclic, so that the Ist and 2nd Betti 
numbers of this manifold are both equal to 1. 
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If we use the first model of this manifold (the region bounded by two 
concentric 2-spheres S° and s° with identification of the two spheres), we 
may take as the generator of A’(AL*) the homology class of the cycle 2p” 
obtained as follows: take a triangulation of any 2-sphere S,” concentric 
with the spheres S’ and s°, orient all the triangles of this triangulation 
(e.g., counterclockwise) and assign the chain zo the value 1 on all these 
triangles. 

As the generator of the group A’(A/*) we may take the homology class 
of the I-eyele z' obtained after the identification of S’ and s’ from the 
directed segment joining two corresponding points of the two spheres 
(I, 5.2, Fig. 6). 

Find cycles zo’ and 2 on the second model of J/* (doubled torus). 

EXERCISE 4. Prove that the a-complexes defined in VIT, 4.2, Examples 
1 and 2, have the same Betti groups as the triangulation of the torus 
considered in Example 5 above. Prove that the a-complex defined in VIT, 
4.2, Example 3 has the same Betti groups as the triangulation of the pro- 
jective plane considered in Example 7 above. Finally, show that the 
a-complex & of VII, 4.2, Example 4 has the following Betti groups: 

Ap (&) is infinite cyclic, 

Ao (&) is the cyclic group of order 6, 

Ao (&) is the null group, 

Ag (&) is the cyclic group of order 6. 

$1.5. Some elementary n-complexes and their Betti groups. 

1.51. Let the complex & consist of a single element, an n-simplex. The 
group A"(K, %) = Z"(K, % is isomorphic to the group %. The group 
A’(K, 20, 7 # n, is the null group. 

1.52. Let K = | T” |. The group A"(K, % = Z"(K, %) is the null group. 
A’(K, 2) (0 < r < n) is the null group (by VII, 9.2, Case 1). 

1.53. Let K = 7” = |T"|\.T*. By VII, 9.2, Case 3, a’(?", Y), 
0 <r<n—1,is the null group. We shall see in 4.1 that Aj” () is infi- 
nite cyclic (this could also be easily proved directly at this point). It is 
also casily shown that A” “(K, 90 is isomorphic to 9% for arbitrary % (sce 
4.1). 

1.54. Let O. be the star of a p-simplex T? in any n-dimensional triangu- 
lation K,. We shall assume that O, contains at least one element different 
from T?; hence, at least one (p + 1)-simplex 7?* of Ka. 

1.54 (7 < p). Ifr < p, A°XO., W) is the null group. 

Indeed, the complex O. contams no r-simplexes for r < p; hence 
L'(Oa, XH), ZO, MX), AO, 2) are null groups. 

lor r = p, T” is the only r-simplex of O.. If T” is given an arbitrary 
orientation ¢? and the orientation (?*" is chosen so that (¢?*7:4") = 1, then 
A,t?** = t?, where A, is the boundary operator in O, . Hence Z?(O,, %) = 
H’(O., M%) and A?(O, ,%) is the null group. We therefore have 
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1.54). The group A°(O. , %) of the star O. of an arbitrary element of a 
triangulation K, is different from the null group only if the star O. con- 
sists of a single vertex of Ka 

1.54 (n, n — 1). Let K, be an n-complex and let the number of n-sim- 
plexes of K, having a given (n — 1)-simplex 7” € Ka, as a face be k. 
Then Ao"(O.) is the free Abelian group of rank k — 1. 

Proof. Let 71", --- , T,,” be all the n-simplexes of K. which have 7” 
on their boundaries. Let fae have an arbitrary orientation t”” and orient 
the simplexes 7';”, 7 = 1, 2, --- ,k, so that (1,":¢"') = 1. The chains 
cee 1) 4= 259) 478k, 


a= t;” 
are integral cycles of the n-complex O, . Since the simplexes 72”, --- , T;," 
are distinct, the chains 2", --- , 2” are linearly independent elements of 
the group Z)"(O.) and therefore belong to linearly independent cosets of 
the group Ao"(O.). It remains to be proved that they form a system of 
generators of Zo"(O.). We shall consider the case k = 1 first. Then there 
are no cycles 2,” and it is required to prove that Zo"(O.) is the null group. 
This follows from the fact that on our assumptions every n-chain of O, 
is of the form at,", where a is an integer, and that for a + 0 none of these 
chains is a cycle, since A,at;" = at” (A. is the boundary operator in O,). 
We shall now assume that the assertion is true for k = m and prove it for 
k = m + 1. By our assumptions, every cycle 2” € Zp "(O.) in which the 


simplex tm4i" has coefficient zero is a linear combination of the cycles 2”, 


ee 
Now let 
oS Sat 20.) Ga 0: 
then 
Az” = (>of adt™? = 0 
and 
paar a= 
Setting 
2" = (2" — Ansitmar”) + Ansilr”, 

we get 


Az” = ( ae | = 0, 


i.e., 2’” is a cycle of Og and moreover obviously such that the coefficient of 
ims in 2’” is zero. Hence z’” is a linear combination with integral coeffi- 
cients of the cycles 29", +++ , 2m and the cycle 


n 


a Se teen So eS 2 te penl 
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is a linear combination with integral coefficients of the cycles 22", -+-, 
Zm41'. This is what we wished to show. 

1.55. Let Xv be a simplicial complex, T? € K, andr > p. Let Q = Ox(T’) 
and B = Bx(T”) (see IV, Def. 1.86). 

Suppose that K has the following property: if T” € Q, the face of T” 
opposite 1” is contained in K. Then the groups A’*'(Q, %) and A ?(B, X) 
are zsomorphice. 

Proof. With each simplex T” = (7?T"™ ?”) € Q of dimension m > 
p + 1 associate the simplex T” ’” € B which is the face of T” opposite 
T?; this establishes a (1—1) correspondence between the complex Q \, T? 
and B in which each simplex 7", h > 0, of the complex B is made to cor- 
respond to a unique simplex 7” = T’**") € Q. Let us choose a definite 
orientation t”? of T”; then to each orientation t” of T” there corresponds a 
unique orientation t” ?* = ft” of T”-?" such that 

Maa ae 
if 
t? = |e --- ep|, t™ = €| eo +++ Cppti * + Cm |, e= +1, 
then 
| ae im ae ee =a ee |. 

Hence f is a (1—1) mapping of the set of all oriented simplexes of the 
complex Q \. T? onto the set of all oriented simplexes of the complex B. 
We shall prove that 


(1.551) Cg = Carr): 
If 
t” = €| 9 +++ Cpepy1 +++ Cm—t1lm | 
and 
t= cl | ey + CpOpar 6° Ceaerg1 °° Cm |; i>pt+1, 
then 


ft” = €| pti +++ Cmsem | 
and 
fer = | eps + Ce aeig ++ Cm |. 
Applying VII, (3.11), we get 
Gt) = (—Ditce’s (fe ft) = (- 1) ee’. 
Hence (1.551) follows. 
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Remark. We shall write f~ for the inverse of f, i.e., the mapping of B 


onto Q\ T?. 
Now letr > p+ 1. To each chain 


git a EO; 1) 
there corresponds the chain 
fe € L-?(B, XN) 


‘ . - 2 +] L,r- 
which, on each oriented simplex ¢” ? of B, has the value of «”™ on ft” ®. 
. +1 +d 
In other words, if #77? = >> a,t;’*’, then 


fart me oe afte*. 


Hence f is an isomorphism of the group L7*'(Q, %) onto L”?(B, W. 
We shall prove that 


(1.552) Aja’ = (—1)? "fae"? 
for every chain 2”? € L’~"(Q, %). It is sufficient to show that 
(1.5520) Aft = (-1)?*yar™ 


for an arbitrary oriented simplex t’** of the complex Q. 


To prove (1.5520) let us consider any oriented simplex ¢” ”’ of B and the 
simplex ¢’ = f(t”). We shall calculate the values of both chains Aft 
and fAt’™ on t ?”. 

If 

a ox pe 
then 
AN a Oe aa Say eee, 
(far? ate Zs bag -t") =, (Prt: 


This proves (1.5520), and hence (1.552). 

It follows from (1.552) that the isomorphism f of the group L’*"(Q, %1) 
onto L’”?(B, %) maps Z771(Q, 90 [H"™'(Q, 9D] onto Z"-?(B, W) [A ?7(B, I). 
Ilence f induces an isomorphism, denoted by the same letter, of the group 
A’*'(Q, 0) onto the group A” ?(B, 9). This is what we wished to show. 

ConrouuAry. Let A be a triangulation and let e be a vertex of A. The 
group A”*"(Oxe, 9) is isomorphic to A’(Bxe, %) for every r > 1. 

In Chapter XIII we shall need the following proposition which is a 
special case of the preceding theorem: 

1.550. Let Kk’ = ely be an open cone over a stmplicial complex K (see IV, 
2.3). The groups A’(K) and A™™*(eK) are isomorphic for r > 0. 

Indeed, in the cone <e/ > the open cone eX is the star and K is the outer 
boundary of the star of the vertex ¢ and the face of an arbitrary simplex 
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(eT) € eK opposite e is the simplex 7 € Kk. Ience all the hypotheses of 
Theorem 1.55 are satisfied (for p = 0, 7” = ¢), whence 1.550 follows. 
§1.6. The group A"(A, 1). (See Alexandroff-Hopf [A-H; V, §1, 5, p. 209]; 
Bibliography, Vol. 1. §1.6 is required for applications in Chapters XIV 
and XV, and its reading may be deferred till then.) In the sequel K is an 
unrestricted simplicial complex. 
The group A”(K, 9) is defined as: 


(1.61) AM (K, 1) = 2°(K, 2/H(K, %, 
where Z(K, %) is the group of all normal 0-cycles of K over 9. In virtue 


of 1.32, 
WK, 0 & ZK, W. 
Hence the factor group (1.61) has meaning. 

1.62. The group A”(K, % ts a direct sum of groups isomorphic to A whose 
number ts 1 less than the number of components of K. 

Proof (for the case of a finite number of components). The group A°(K, 90 
is the direct sum of s groups isomorphic to 9, where s is the number of com- 
ponents of A; that is, the group A°(K, 9) can be thought of as the group of 
linear forms z = ae a;t;1n § variables x; with coefficients in W. 

According to its definition, the group A”’(K, %) is isomorphic to the group 
of those linear forms >> 3-1 ai; for which }>3_1 a; = 0. Hence Theorem 1.62 
is a special case of the following general theorem of group theory: 

Lemma 1.63. Let M” be the group of all linear forms 


(1.63) z= dofuaz,; 


in n variables x; with coefficients in an Abelian group WU. Let B be the subgroup 
of MX consisting of all the linear forms (1.63) the sum of whose coefficients 
vanishes; then & is isomorphic to the group I" of linear forms y = Do fe ats 
in then — lvariables x2, +--+ ,%» with coefficients in A. 
For the proof we consider the mapping f of B into 9" which associates 
with cach element 
a iat Ai 


of & the element 
y= f@ = Sis An: 
of 97. The mapping f is onto 9". 
Indeed, if 


y = Dike bers 
is an arbitrary element of yr then f maps 
2=(—Diiedbju+yC B 
into y. 
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To prove that f is an isomorphism it is sufficient to show that the kernel 
of f is the identity of %. In fact, if 


y= Das bax; = 0, 


i.e., bo = b; vee b, = 0, and f(z) = y, then x2, 23, --- , an have in 
the representation of z the same coefficients as in that of y (that is, zero). 
Since the sum of all the coefficients of z is zero, the coefficient of x, in z is 
also zero and consequently z is zero. This completes the proof. 

1.64. The rank «(K) of the group A”(K) and the rank an°(K) (mod m) 
(m a prime) of the group An”(K) are both equal to the number of components 
of K less 1. 

Proof. The theorem follows from 1.62 if 1.62 is proved without the as- 
sumption that the number of components of K is finite. Since we have not 
proved Theorem 1.62 in such generality, we shall prove 1.64 directly. 

Let {K,} be the components of K, and denote (a definite) one of these by 
Ko . In each K, choose a vertex e, and consider the 0-cycles. 








0 
zy = & — bo, v #0. 


To prove 1.64 it is enough to show that: 

1°. Every normal 0-cycle 2° is homologous in K to a linear combination 
of cycles z,°. , 

2°. The cycles z,” are lirh (see VII, Def. 6.42). 

Proof of 1°. To begin with, 2° = >>, Kz’. Furthermore, in virtue of (1.34), 
K,z° ~ ae, in K, , so that 


(1.64) 2 = DV, K2~ Dae = do, ale, — @) + (>, a,)eo. 


Since z’ is a normal cycle and a cycle homologous to a normal cycle is also 
normal (in consequence of the Corollary to 1.32), the cycle >>, ae, is 
normal. Hence >>, a, = 0. Taking account of this in (1.64), we obtain the 
required homology 


ow >> a,(e, — 9). 
Proof of 2°. Let us assume that >>, a,z,° ~ 0, ie., 
ot a,(ey — Cy) ~ 0; 
then 
Ky >. aley — &) = ues ~ 0 


for an arbitrary component Kh, , » # 0. Hence a, = 0, which was to be 
proved. 

§1.7. Decomposition of the group A’(St, 9) into a direct sum over the 
components of the complex &. Let St be an arbitrary a-complex. We shall 
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prove the following theorem for a complex § with a finite number of com- 
ponents (the theorem is also true for a complex with an infinite number of 
components). 

1.71. The group A’(&, WX) ts the direct sum of the groups A(R, , 1), where 
the &, are the componcnts of St. 

This theorem follows easily from: 

1.72. If an a-complex R ts the union of two disjoint closed subcomplexes KR’ 
and &”, then 


(1.721) L'(®, W) = LR’, WD + L(K”, W, 
(1.722) Z(R, WN) = ZK’, WM + ZL”, W, 
(1.723) I'(&, W = I"(K’, W + HK” W, 
(1.724) A(R, 1 = A(R’, W + AK”, W), 


where the sums are direct sums. 

To prove (1.721) it suffices to note that 

x = Rx" + Ro a" 

for an arbitrary x” € L’(&, %). Hence L’(&, YW) is the sum of its subgroups 
L(&’, 2 and L'(K”, W. Since L'(R’, W) and L'(K”, WW), as subgroups of 
L’(, M1), have, in consequence of &’ an KR” = 0, only the element 0 in com- 
mon, L’(S, 9) is the direct sum of the subgroups L’(&’, 1) and L'(R”, W. 

If 2” € ZR) [2” € H7(8), 2 = Av’*’), then in virtue of the fact that S” 
and &” are open subcomplexes, we have (VII, Theorem 6.51) 

R27 € A(R) [AR'2" = RZ, RZ © HR) 
and 
Re a VAS OS [AR 27? = RZ, R27 (a H'(&”)), 
so that z” may be represented uniquely in the form 
Z=2' +2", 
where 2” € Z(R’), 2” © ZR”) fe” € Wk), 2”" € W'(K”)]). Since RX’ 
and St” are closed subcomplexes of 8, 
A(X) EAR), AK") € A(R), 
IT (&’) C H'(k), TERY) G(R). 

This proves (1.722) and (1.723), and (1.724) follows from these. 

§1.8. The homomorphism of the group A’(K,, %) into A’(K., %) in- 


duced by a simplicial mapping S," of a simplicial complex Kg into a sim- 
plicial complex K,. Let S,” be a simplicial mapping of a simplicial complex 
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Kg into a simplicial complex K.. We recall (VII, 8.2) that S,° induces a 
homomorphism (denoted by the same letter) of L’(Kg , 2%) into L'(K., YM) 
which maps Za’ (Kez, %) into Za"(Ka, 1) and Ha’ (Kg , %) into Ha’ (Ka, WM). 
Consequently (Appendix 2, 1.1), the homomorphism S,° of L’(Kz , 9) into 
L'(Kq , 0) induces a homomorphism of A’(ig , 9) into A’(K, , ), likewise 
denoted by S,° and referred to as the induced homomorphism of A’(Kp , X) 
into A'(K a, %) of the simplicial mapping S.° of Ke into Kg. 

Remark 1. Two simplicial mappings S.° and S.° of Kg into K, are said 
to be (r , 2-homologous if they induce identical homomorphisms of 
A’(Kg, W) into A(K., %). 

Two mappings, (7, 2)-homologous for arbitrary r (for arbitrary 2), are 
said to be YW-homologous (r-homologous). 

Finally, two simplicial mappings of Kg into A,, (r, %)-homologous for 
every rand 9, are said to be completely homologous. 

REMARK 2. Theorem 8.40 of Chapter VII implies the following proposi- 
tion: 

If Aq and Kg are unrestricted simplicial complexes, Aao C Ka and 
Kgo < Keg closed subcomplexes, S.° a simplicial mapping of Kg into K. 
such that S.°(Ka) G Kao, and Ga = Ke \ Kao, Gs = Ka \ Km, then 
the homomorphism GS." of L’(Gs, 9 into 17(G_, %) induces a homo- 
morphism (denoted by the same symbol) of A’(Gs , 9) into A’(G., %. 


§2. The groups Ag (S) 
[See Appendix 2, 4.] 


§2.1. The torsion groups. Let & bean arbitrary a-complex. The elements 
of finite order of Ap’ (st) form a subgroup of Ao (St); this subgroup, denoted 
by 0’(R), is called the r-dimenstonal (rth) torsion group of &; if the group 
O’(K) is not the null group, we shall say that & has r-dimensional (r-) 
torsion; if O’(§) is the null group, we shall say that # is r-torsion free. It 
follows from 1.37 that for an arbitrary unrestricted simplicial complex kK, 
©°(K) is the null group. 

If St is an 2-complex, Ao” (St) coincides with Zo"(S) and is therefore also 
a free group. Hence 

2.11. Kvery unrestricted simplicial complex is 0-torsion free. [This theorem 
is also true for simplicial complexes which are not unrestricted. It is left 
to the reader to prove this. On the other hand, the a-complex consisting 
of the cells #2’, 4? with incidence number (t':) = 2 has 0-torsion.] 

2.12. Mvery n-complexr ws n-torsion free. 

CorRoLLAny 2.13. 1-complexes are 1-torsion free. 

TcxAmMPueEs (see 1.4, Example 7). The projective plane and the Nlein 
bottle have 1-torsion; for both surfaces the 1st torsion group is the group 
of order 2. 
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Let us consider any triangulation of the Mébius band (for instance, the 
triangulation of 1.4, Exercise 1, or the simpler triangulation of III, 3.1). 
Let us delete from the triangulation all boundary elements of the surface 
(in the case of the triangulation of 1.4, all elements on the sides AB and 
DC). The Ist torsion group of the resulting open subeomplex of the tri- 
angulation A’ is of order 2. 

DEFINITION 2.14. If 2’ is an integral cycle of &, the order of 2” is the order 
of the homology class, as an clement of Ao’(®), containing 2’. 

Clearly, only cycles weakly homologous to zero have finite order; among 
these, the cycles homologous to zero have order 1. In other words, the 
homology classes of cycles weakly homologous to zero are elements of 
O’(R) Gn particular, the homology class of cycles homologous to zero is the 
identity of O'(&)). By assigning to each cycle weakly homologous to zero, 
i.c., to cach element w” of the group /7’(), the homology class which con- 
tains it, we obtain a homomorphism of f7’() onto O’(%); the kernel of 
this homomorphism is //’(S). 

Consequently, 

2.1. The groups O'(R) and H’(R)/H"(&) are isomorphic for every a-com- 
plex S. 

$2.2. The groups Ago (R). The factor group 


Ao (K)/O"() 


contains no nonzero element of finite order; this follows from the fact that 
O'(R) is, by definition, a division closed subgroup of Ag’(&). 

2.21. The groups Ao (R)/O'(R) and Aco (&) = Zo (R)/H'(X) are iso- 
morphic. 

Proof. Let us consider the homomorphism of Zo (St) onto Ao’ (&) which 
assigns to every cycle 2” € Z)(R) its homology class. Since H’(&) is the 
inverse image of O’(R) under this homomorphism, we have, by Appendix 2, 
Theorem 1.1, an isomorphism between 


Zo (K)/(R) and Ay'(®)/O"(®). 


This completes the proof. 

Since ©’(K) consists of elements of finite order, its rank is zero. Hence, 
by Appendix 2, 3.2, Ao’ (R) = Ap (R)/O"(K&) and Ay’(K) have the same 
rank a’ (St). 

Summing up, we have 

2.2. Let R be an arbitrary a-complex. The groups 


Ao’ (&)/O"'(%) and Ap(K) = Zo (K)/H(K) 


are tsomorphic; they contain no nonzero elements of finite order; thetr rank 1s 
the rth Betts number of St. 
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§2.3. Finite a-complexes. Homology bases. We shall now assume until 
the end of this section that 9 is a finite a-complex and that 2p’ is the num- 
ber of r-elements in &; in particular, if & is the complex of all the oriented 
elements of a simplicial complex (or a complex of convex polyhedral do- 
mains) K, then p’ is the number of r-elements of K; the groups Ly’ (8), 
Zo (R), Ho (&), Ao (&), etc. will be written simply as Lo’, Zo’, Ho’, Ao. 

The rank of Lo" is obviously p"; consequently the subgroups Z” and Hy’ 
of Lo and the factor group Ao of Z’ also have finite rank (see Appendix 
2, 3.2). Hence 

2.31. The Bettt numbers of a finite complex are finite. 

The group Zp’ and hence also Zp’, Ho’, and Ao have a finite number of 
generators: the chains ¢,7,7 = 1, 2, --- , p’, are the generators of J’. Since 
Ao, by Theorem 2.2, contains no nonzero elements of finite order and has 
rank 2’, we have 

2.32. If Ris a finite complex, Aq’ is the free Abelian group with x’ inde- 
pendent generators. 

Since all the elements of 0’ are of finite order and 0" has a finite number 
of generators, it follows that: 

2.33. The torsion groups of a finite a-complex are finite. 

Moreover, it follows from Appendix 2, Theorem 4.35, that 

2.34. The group Ao of a finite a-complex is the direct sum of the finite 
torsion group © and a free group of rank x’ isomorphic to Apo’. 

If & is a finite a-complex, the group Aj, as is the case with all Abclian 
groups with a finite number of generators, is uniquely determined by its 
rank x’ and its torsion coefficients (Appendix 2, Theorem 4.351). The 
torsion coefficients of Ap (&) are referred to as the torsion coefficients of the 
complex St. 

Finally, we shall introduce the following definition, which is frequently 
applied: 

2.35. A system of lirh (VI, Def. 6.42) integral r-cycles 


(2.35) ae re Ze 


of a complex St is called an r-dimensional homology basis, or a (J, })-basis, 
of §€ if the homology classes of the cycles z,;’ form a basis of the free group 
Ao (R) = Z'(8)/H'(S). 

The same definition may obviously also be expressed as follows: 

2.350. The lrh integral cycles (2.35) form a (J, 9t)-basis for & if every 
integral r-cycle 2” € Zo (R) can be written in the form 


Z=ut+ Dex, 


where wv" € f(t) and the coefficients c; are integers (uniquely determined, 
as 1S easily seen). 
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Remark. Let % be cither of the algebraic fields M or Jim, m a prime. 
Every maximal set of lirh r-cycles (2.35) of & over the coefficient ficld U ds 
called an r-dimensional homology basis of & over the coefficient field UX (Gf 
1 = Jm, we say homology basis (mod m)). It is easy to see that these bases 
can also be defined as systems of lirh cycles (2.35) (over the coefficient field 
%) with the property that every cyele 2” € Z’(, YW) is homologous to a 
linear combination >> aizi’, a: € MW, of cycles of the system (2.35), i.e, can 
be written in the form 2” = vw + DO az’, where wu” € H'(®, WD). 

EXERCISE. Construct examples of 1l-dimensional and 2-dimensional 
(J, #)-bases for the triangulations of the torus, Klein bottle, and projec- 
tive plane considered in 1.4. For the last two surfaces also construct ho- 
mology bases (mod 2) (for dimensions 1 and 2). 

§2.4. The Euler-Poincaré formula for a finite n-dimensional a-complex. 
In this subsection we shall take Y = J. 

DEFINITION 2.41. The number }>/2; (—1)’p" is called the Kuler charac- 
teristic of the complex &. [As always, 2p’ is the number of r-elements of the 
a-complex §; this means that in the fundamental case, when § is the com- 
plex of the oriented clements of a triangulation K, p’ is the number of r-sim- 
plexes of K.] 

THe EvLerR-PoIncarE FORMULA 1s 


(2.4) Seale See Ale 
To prove (2.4) we recall that: 

1°) p’ is the rank of the group Lo” = Ly (S): 
CAL p = plo); 

2°) Aisa homomorphism of Lo’ onto 7 0”; consequently, L"/Z," 
is isomorphic to Ho”. Hence they have the same rank: 
(2.42) p(L’/Zo") = plo”); 

3°) if A/B = C is true for three groups A, B, C, then 

pA = pB + pC 
[Appendix 2, (3.2)]. Hence, by (2.41) and (2.42), 
p = p(Zo) + p(Ho” ’) 

n; 1.€., 


r--1 
(2.43) p(Zo) =p plo )- 
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Moreover, according to the definitions, Lo? = Z = Hy,” is the null 
group, so that 

(2.44) p(Hy') = 0. 

On the other hand, z’ is the rank of the group Ay’ = Z'/Hy’'; hence, 
(2.45) m = p(Zo') — p(y’) (O<Sr<n). 


Inserting (2.43) into (2.45), we obtain the formula 


(2.46) Sp Spe (= pH (0 


lA 
ds 
lA 


n), 


which has independent interest. 
Since H,” is the null group, 


(2.47) p(Ho") = 0, 9" = p™ — p(H.””). 


Multiplymg both sides of (2.46) by (— 1)’, summing from r = 0 tor = n, 
and keeping (2.44) and (2.47) in mind, we obtain precisely (2.4). 

[Examples of the application of the Euler-Poincaré formula will be given 
in the following section. 


§3. Pseudomanifolds 


In this section we shall take K to be a finite simplicial complex whose 
oriented simplexes form an a-complex; in particular, A may be thought of 
as a triangulation or as an open subcomplex of a triangulation (the only 
two cases which will be considered in the sequel). 

§3.1. Pseudomanifolds. In what follows we shall use the terminology de- 
fined in VI, 5 (see VI, 5, Defs. 5.23 and 5.24). 

DEFINITION 3.11. A strongly connected n-complex K" 7s called an n-dimen- 
sional (combinatorial) pseudomanifold if every (n — 1)-simplex of K” ts a 
face of precisely two n-simplexes of K”. 

Remark. An unrestricted pseudomanifold is usually referred to as a 
closcd pscudomanifold. 

In addition to the pseudomanifolds of Def. 3.11, we shall also consider 
pscudomanifolds with boundary which are characterized by 

Derinition 3.12. A finite unrestricted strongly connected simplicial 
n-complex K” is called an n-dimensional (combinatorial) pseudomanifold 
with boundary if every (n—1)-simplex of K” is a face of either one or two 
n-simplexes of K”. The subeomplex of A” consisting of all the faces (proper 
or not) of the (n — 1)-simplexes of K” which are faces of precisely one 
n-simplex of A” is referred to as the boundary or edge of A”. 

Every closed pseudomanifold is a special case of a pscudomanifold with 
boundary: the boundary is in this case the empty set. 


~] 
tS 
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EXAMPLES OF PsEUDOMANIFoLDs. 1°. A simple closed broken line 
C2 7 + + Cg_Cs€y 


is an example of an unrestricted 1-dimensional pseudomanifold K. Here 
K consists of the vertices ¢, @, +--+, @: and the L-simplexes (ees), 
(@2¢s), +++, (@s-ats), (@s¢2). 

It is casily seen that this example (for s = 2, 3, ---+) exhausts, up to an 
isomorphism, all the unrestricted 1-dimensional pseudomanifolds. 

2°. An arbitrary triangulation of a closed surface (see Chapter IIT) is 
an example of a closed 2-dimensional pscudomanifold. In the same way, 


Fic. 121 Fic. 122 


the triangulations of surfaces with boundary are examples of 2-dimensional 
pseudomanifolds with boundary. 

3°. If we identify two opposite vertices of an octahedron (Fig. 121), we 
obtain a 2-dimensional curved polyhedron, whose triangulations are 
examples of 2-dimensional closed pseudomanifolds which are not triangu- 
lations of surfaces. The corresponding 3-dimensional figure (considered in 
some triangulation) is a 3-dimensional pscudomanifold with boundary. 

4°. If, on the contrary, we identify two vertices of a pair of tetrahedra 
(Fig. 122), the result is not even a pseudomanifold with boundary (why?). 

5°. An arbitrary subdivision of the complex | 7” |, where 7” is an n-sim- 
plex or in general an n-dimensional convex polyhedral domain, is an 
n-dimensional pseudomanifold with boundary (the strong connectedness of 
| 7" | follows from VI, 5.12 and 5.252). Moreover, the edge is an (n — 1)- 
dimensional closed pseudomanifold. 
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A complex consisting of a single n-simplex is an n-dimensional pseudo- 
manifold (for n > 0 it is obviously not closed). 

§3.2. Orientable pseudomanifolds. 

DerFtnition 3.21. 1f 7", 7,” are two n-simplexes with a common (n — 1)- 
face 7';"', and t;" is any orientation of 7';""', then the orientations 
t;” and t,” of T;", 7,” are said to be coherent if 


(t,” : i) i! i>) : 


This definition is clearly independent of the choice of t;” 7. 
Now let 


(3.21) y Bie a aren 


be the n-simplexes of an n-dimensional pseudomanifold A”. A set of orien- 
tations 


(3.22) i eae dy 


of the simplexes (3.21) is said to be coherent if the orientations ¢;" and ¢,” 
of an arbitrary pair of simplexes 7,”, T,” of (8.21) having a common 
(n — 1)-face are coherent. 

DEFINITION 3.22. Let A” be either an n-dimensional pseudomanifold or 
pseudomanifold with boundary. K” is said to be orientable if there is a set 
of coherent orientations of all the 7-simplexes of A”; in the contrary case, 
kK” is said to be nonorientable. 

Hence if A” is a nonorientable pscudomanifold (or a nonorientable 
pseudomanifold with edge), for every choice of a set of orientations of all 
the n-simplexes 7';" € A” there is at least one pair of noncoherent orienta- 
tions t;", ta” of two adjacent simplexes 7’;", 7”. 

Remark 1. If K” is a pseudomanifold with boundary and K"~ is its 
edge, it is easily seen that A” is orientable if, and only if, K” \. K"7? is 
orientable (the latter pseudomanifold is not closed). Hence all questions 
relating to the orientability of pseudomanifolds with boundary lead im- 
mediately to analogous questions for pseudomanifolds without edge (but 
not closed). 


Exampues. 1°. The edge of an n-simplex (that is, the complex 
Yee = | ye | a 7 


is an orientable (2 — 1)-dimensional pseudomanifold. To show this it is 
: : n : yn : . 
enough to choose any orientation ¢” of the simplex 7” and orientations 
-1 e -1 
t;"~ of its (n — 1)-faces such that (t":4,"—) = 1. 
2°. The triangulations of the nonorieutable closed surfaces (for instance, 
the projective plane and the Klein bottle) are nonorientable closed pseudo- 
manifolds. 
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3°. Let us take any triangulation of a nonorientable surface with edge 
(for instance, the Mobius band) and delete all the boundary elements of 
the triangulation. The result is a nonorientable pseudomanifold (not 
closed). 

EXERCISE. Prove the assertions in 2° and 3° (see III, 4). 

If (3.21) is the collection of all n-simplexes of an orientable pseudomani- 
fold A” and the orientations (3.22) are coherent, then the orientations 
—t)", +++, —t,” are obviously also coherent. 

On the other hand, if the orientations ¢;” and t,” of two simplexes 7';”, 
T,” with a common (n — 1)-face 7;""* are coherent, then the orientations 
t;" and —¢,” are noncoherent. Therefore, if a definite orientation ¢;” of any 
one simplex 7’;” is prescribed, the orientations coherent with ¢," of all the 
simplexes 7,” having a common (n — 1)-face with 7,” are uniquely defined. 
Consequently (because of the strong connectedness of K”), the coherent 
orientations of all the remaining simplexes of (8.21) are also determined 
uniquely. 

Hence 

3.23. There exist precisely two sets of coherent orientations of all the 
n-simplexes (3.21) of an n-dimensional orientable pseudomanifold K”: if 
(3.22) is one set of coherent orientations of the simplexes (3.21), the second 
set is 


n nr 
—4", +++, —t". 


3.24. Let (3.21) be the collection of all n-simplexes of an n-dimensional 
pseudomantfold K". The orientations (3.22) are coherent if, and only if, 


(3.24) 2" = >t,” 
ts a cycle. 


This is an immediate consequence of the fact that the value of the chain 

Az," on an arbitrary (;”~ is 

(hit) +), 
where | ¢;” | and | ¢,” | are the simplexes of K” which have | t;*""| as their 
common face. 

DEFINITION 3.25. If K” is an orientable pseudomanifold (or an orientable 
pseudomanifold with boundary K"”), and (3.22) is a set of coherent 
orientations of all the n-simplexes of K”, the cycle 2” = >> t,” is called an 
orientation of K". 

This definition and 3.23 imply 

3.26. If AK” is an orientable pseudomanifold or a pseudomanifold with 
boundary, and (3.22) is a set of coherent orientations of the n-simplexes of 
K”, then K” has precisely the two orientations 2" = >0;t," and —z," = 


»: — t,". 
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The fundamental theorems on orientability are Theorems 3.27 and 3.28. 

THEOREM 3.27. The group Ao"(K") = Zo"(K") of an orientable n-dimen- 
stonal pseudomanifold K” ts the infinite cyclic group generated by either one 
of the two orientations of K”. 

This proposition obviously follows from 

3.270. Every n-cycle 2” € Z"(K", %) of a pseudomanifold K" is of the 
form z” = az,", where 2,” is any orientation of K” and a € YW. 

To prove this it suffices to show that every cycle z” has the same value 
on all the coherent orientations 


nr n 
fe ee ve. 


This assertion is & consequence of the strong connectedness of K” and, to 
see that it is so, it is enough to show that it holds for two simplexes | ¢;” | 
and | ¢,” | with a common (n — 1)-face | t;""" |. However, since z” = >> ait,” 
is a cycle, 


0 = Az"(t;""") = adi; siz") + a we ls 
and since, in virtue of coherence, 
(te 2t;" |) = —(t:":t;"") ¥ 0, 


it follows that a, = a;. This completes the proof. 

REMARK 2. On the other hand, since, in the notation of 3.270, a chain 
az,” is a cycle, we have proved the following proposition: 

3.271. If K” is an orientable n-dimensional pseudomanifold, the group 
A*(K", 12) = Z"(k", W) is isomorphic to YW. 

REMARK 3. Using Theorem 3.27, we may now characterize an orientation 
of a pseudomanifold im the following terms: 

3.250. An orientation of an n-dimensional orientable pseudomanifold K” 
is any generator of the group Ao"(K") = Zy"(K"). 

TuEOREM 3.28. If K” cs a nonorientable pseudomantfold (with or without 
boundary), Zo" (K") ts the null group. 

We shall prove, indeed, that the existence on A” of a nonvanishing in- 
tegral cycle 
(3.28) 2 = drat,” 
implies both the absence of an edge and the orientability of A”. 

We shall show first that | a; | = | an | for arbitrary 2, h if the cycle (3.28) 
exists. It suffices to prove this equality on the assumption that 7',;" and 
7,” have a common face 7;”". But in that case 


0 = Az"(t;”') _ a(t; its) ne Wilh ie) 


a—L 





for an arbitrary orientation ¢;" of the common face; hence a; = +a. 
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Since 2" + 0, denoting by a the common value of all the | a; |, we obtain 
on Kk" the integral cycle 


oy = ae Ss a ets”, é=a/a= +1. 


rn 


Suppose that the edge of A” is nonempty and therefore contains an (n — 1)- 
simplex | "7 |. Let | ¢:"| be the unique n-simplex which has | ¢"~' | as a 
face. Then 





(Azg"t"") = eft") ¥ 0, 


which contradicts the fact that 2,” is a eyele. 
Hence A" has no edge. In order to prove that A” is an orientable pseudo- 


pn 


manifold, it suffices to set t/;” = e,¢;"; it is then immediately obvious that 


the cycle 
a = a et; = De 


is an orientation of KA”. This proves Theorem 3.28. 

$3.3. The groups A,,"(A") of a nonorientable n-dimensional pseudo- 
manifold. Disorienting sequences. 

THEOREM 3.31. The group As"(K") = Zs"(K") ts of order 2 for every 
pseudomantfold Kk”. 

Proof. fz” = >> adt;" € Z."(K"), then cither a; = 0 for all z, or a; = 1 
for all 7. Indeed, if a; = 0, a, = 1 for two distinct simplexes 0,”, t,” with a 
common face t;" *, then 

(Az™-t;""") = 1. 


Hence a; = a, for two simplexes ¢;”, t,” with a common face and the same 
follows for any two simplexes /,", fa” from the strong connectedness of K”. 
On the other hand, the chain z” = >> ¢,” is a cycle (mod 2) on an arbi- 
trary pscudomanifold A”, since every simplex |t;""| € K” is a face of 
precisely two simplexes | ¢;" | € A”, consequently, 
(Az™-t;""") = 1 + 1 = 0 (mod 2). 


CoroLtLARY. The nth Betti number (mod 2) of every n-dimensional 
pseudomanifold is 1. 

We shall give still another definition of the orientability of a pseudo- 
manifold which is convenient in certain cases. 

DEFINITION 3.32. A sequence of oriented n-simplexes 


; Pasa 
(2.32) ti, le , tz , aed 
is called a disorzenting sequence if: 
b| - e n 7 

1. The simplexes | ¢;" | and | t:4:" | have a common (n — 1)-face |e” 1 | 

fora = 1, 2, --* s — 1; and the simplexes | "| and | 4" | also have a 
a 

common face | te” — |. 
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2. The orientations ¢;" and t:4;” (1 <7 < s — 1) are coherent; the ori- 
entations é,” and 4", however, are noncoherent, so that (t;”!t,""7) 
Gs): 

3.33. In order that an n-dimensional pseudomanifold K" be nonorientable 
il is necessary and sufficient thal the set of oriented n-simplexes of K” contain 
al Icast one disorienting sequence. 

Indeed, suppose that (3.32) is a disorienting sequence. If 2” € Z*(K"), 
then it is easy to see that 


(2"-t,") = (z”+ty”) SS eee = (2"-ts”") = Qa. 


But then 
(Az”-t,”") = 2a 


and hence a = 0. Therefore, every cycle z” € Z”"(K") is 0 on the simplexes 
ty”, fo", «++, ts”. If K” were orientable, z* would define one of the orienta- 
tions of K” and 2” would not be 0 on any of the n-simplexes. Hence the 
existence of a disorienting sequence assures the nonorientability of AK”. 

Now let A” be nonorientable. We shall construct a disonenting sequence 
as follows: 

Let t,” be any orientation of the simplex 7," € K” and suppose that the 
oriented simplexes 4”, fe”, --:, &” are coherently oriented and that the 
simplexes | é:" |, --- , | &” | and their faces form a strongly connected com- 
plex, with each simplex after the first adjoming its predecessor in the se- 
quence. 

In consequence of the nonorientability of A”, the simplexes 


Ja" |, => | te" | 


cannot exhaust the set of n-simplexes of K”. Because AK” is strongly con- 
nected there is an n-simplex | t:4:” | in A” distinet from all the simplexes 
ae Peceaae |." | which has a face in common with at least one of 


Ja" |,--+, | te” | 


and such that |4"|, ---, | 4:41” | form a strongly connected complex. 
Two cases are possible: 
1°. There is an orientation ¢, 41” of the simplex | é4,” | coherent with the 








. . nr n 
orientations f°, «7+, . 
; : ; : 
2°. Such an orientation &41" does not exist. 


In virtue of the nonorientability of A", Case 2° will occur sooner or later. 
Then | tei” | will adjom (.e., have a face in common with) at least two 
previously chosen simplexes, say | ¢;” | and | tn” |,7 < h, im such a way that 
one of the orientations of | teyi”|, say tei”, is coherent with both 





7 
i,” and —t. 
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Then, connecting ¢;” and ¢,” with a chain of coherently oriented sim- 
plexes t; ; tyay’, ty”, ar tis)"; th”, with 91), 7(2), on ae 596) < k as Ls we 
obtain a disorienting sequence 


n n n n n n 
ti tia, tie tot tie thy ten. 
This proves 3.33. 
3.34. If X” is a nonorientable n-dimensional pseudomantfold and m is an 
odd integer, 
rng @ Gig ene rea @ 
1s the null group. 


In fact, if 2” € Z”(K") and (3.32) is a disorienting sequence, then it is 
easy to see that (see the proof of Theorem 3.270) 


rd) Sta ee oe 127”) SE as 
Hence 
O = (Az"-?,”*) = 2a. 


But since m is odd, 2a € Jm is equal to zero only if a = 0. This is what 
we wished to prove. 

Remark. In IX, Theorem 4.43, we shall show that if A” is a nonorientable 
n-dimensional pseudomanifold and m is even, then A,,”(K”) is the group 
of order 2. In IX, Theorem 1.7 we shall prove that a pscudomanifold K” 
is orientable if, and only if, 0” °(A”) is the null group and that if K” is 
nonorientable, O”"'(K”) is the group of order 2. 


§4. Addenda and examples 


§4.1. The Betti groups of the complexes | 7” | and 7” = | 7" | \ 7". 
The results of §§2 and 3 enable us to complete the investigation of the 
groups A’ of the complexes | 7” | and T” = | 77 | \. 7”. For, since 7” is 
an orientable pseudomanifold (3.2, Idxample 1°) and therefore a connected 
complex we have, by 1.35, 1.53, and 3.271, 

4.11. The groups A°(T", M) and A” *(7", YW) are isomorphic to X; the 
groups A(T", ) are null groups forO <<r<n—1. 

If t” is any orientation of 7”, At” is a generator of Zo” ‘(7") and the 
group Z." (7, %) consists of cycles of the form aAt", with a € Y%. Since 
all such cycles are homologous to zero in | 7” | (as boundaries of chains at”), 
we have 

4.12. The groups A°(| 7” |, U) are isomorphic to W; the groups A'(| T” |, 2) 
are null groups for r > 0. 

Corouuary. The Oth and (n — 1)st Betti numbers of 7” are equal to 1; 
the remaining Betti numbers of 7” are zero. All the Betti numbers of 
| 7" | @vith the exception of the Oth, which is obviously 1) are 0. 
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§4.2. Surfaces. A triangulation K? of a closed (orientable) surface is a 
2-dimensional closed (orientable) pseudomanifold. Hence 

a(K’) = 1, 
while 
w(K’) = 1, if K” is orientable 
and 
«(K*’) = 0, _ if K’ is nonorientable. 


Let p be the genus of the surface (if the surface is orientable, p is the 
number of its handles; if the surface is nonorientable, p- is 1 less than the 
number of holes fitted with Mébius bands (see III, Def. 7.11). Then (see 
III, 7.1) 


x(K°) = 2 — 2p 
for orientable surfaces and 
x(K*) =1-—p 


for nonorientable surfaces. 
On the other hand, since we always have 


X(K*) = aK) — (KR) + 0), 
then 
1— w(K’) +1 =2 — 2p, 
1.€., 
x(k") = 2p 
for orientable surfaces, and 
Pag) O = hp, 
i.e., 
r(K*) = p 


for nonorientable surfaces. 


Hence 
AON. EF K° is a triangulation of a closed orientable surface of genus p, then 


mK) =1, w(K) =2, w(K) =1. 
If K° is a triangulation of a closed nonorientable surface of genus p, then 


mK) =1, w(K)=p,  7W(K’) =0. 
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Using this and the expression for the genus of a surface in terms of its 
connectivity (see III, 7.1) we obtain 

4.22. The connectivity of an orientable surface is equal to its 1st Betti 
number; the connectivity of a nonoricntable surface 1s 1 greater than its 1st 
Betti number. 

By means of IIJ, Theorem 7.21 and 4.21 above, we may fmally express 
the fundamental theorem of surface topology as 

4.23. Two closed surfaces are homeomorphic if, and only «af, their cor- 
responding Betti numbers are equal. 

$4.3. Simple pseudomanifolds. Elementary triangulations. 

Derinition 4.31. A combinatorial n-dimensional pseudomanifold Q” is 
said to be simple if it is orientable and Ao’(Q") (0 < r < n) is the null 
group. 

A triangulation A is said to be elementary if it can be represented in the 
form 


K=Quk), Qn Ko = 0, 


where Q is a simple n-dimensional pseudomanifold and Ko is a triangulation 
each simplex of which is a proper face of at least one simplex of Q (hence 
Ko has dimension <n — 1). 

ReMArK. With these conditions, the pseudomanifold Q is obviously an 
open subcomplex of K. 

Let x" be any orientation of Q and let J, be the subgroup of Zo” ‘(Ko) 
consisting of all the cycles cAr”, with c an integer. We note that 


Zo" (Ko) = do” "(Ko), 


so that J, may also be thought of as a subgroup of Ao” (Ko). 

We may then assert 

4.32. The groups Ao (K) and Ao'(Ko) are isomorphic for r <n — 2; the 
group Qo" '(K) is isomorphic to the factor growp Zo" '(Ko)/Jz2 3 as for the 
group Ao (A), two cases are possible: 

a) Av” = 0; then Ay"(K) = Zo"(K) consists of all the chains cx”, c an 
integer, that ts, it 1s infinite cyclic. 

b) Ax” + 0; then Ao” (KX) is the null group. 

Proof. Suppose r < n — 1. Every homology class 30° € Ao (Ko) is con- 
tained in a homology class 3° = f(30.) € Ao (); hence f is a homomorphism 
of Ao (Ko) into Ap (K). The homomorphism f maps Ao (Ko) onto Ao (K). To 
see this, it ts enough to prove that every cycle 2” € Zo (K) is homologous to a 
cycle zy © Zo (Ko) in K. 

We shall prove the last assertion. 
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By hypothesis, there exists a chain x9’*’ € L’*’(Q) such that 
On a Reg 
whence it follows that (we write Avg’ instead of Agee’ *’) 
(4.321) Arg *? = Qe" + yo, 
where 
yo = Kode" € In'(Ko). 
From (4.321) we obtain 
Avg = Qe + yo = (Qze” + Koa’) — (Ko2” — yo’) = 2" — 2, 
with 
Zo = Koz” — yo € Ly (Ko), 
zo = 2" — Ax,” € Z'(K), 


so that 20° € Zo’ (Ko), and the assertion is proved. 

Hence f if a homomorphism of Ag’(Ko) onto Ao (K). 

The kernel of f is the set of all homology classes 39 € Ao (Ko) which are con- 
tained in the identity of Ao (K), that is, which consist of the cycles 


(4.322) 20. € Zo (Ko) n Hy (K). 


We now complete the proof of the theorem in three steps. 
To begin with, suppose r < n — 2. If 


es at gt e LUD, 
then Qx"*? € Z"*"(Q) and consequently 
Oat SAgre ae ea PO). 
Hence 
Az’? = Qe + y7™, yo € Lo (K,). 
Since AQz™*? + Ay”*? = AAry’” = 0, 
hoe aah 
1.¢., 
zo = Ad’ = AQv + AKo’ = A(Ko7t — hig se Hy (Ko). 


Therefore, zo" € Zo’ (Xo) a Ho'(A‘) implies that 20° € Ho’ (Ko), so that the 
kernel of f is the identity of Ao’ (Xo). This means that if r < n — 2,fisan 
isomorphism. 

Suppose r = n — 1. If 2" € Zo” (Ko) n Ho” (K), ie., if 277 = Ay” 


3 
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y” € Lo"(K), then (since Ay has no n-simplexes) y” € Zo"(Q). Hence 
y” = ex” and 2” = cAx” € J;. Therefore, the kernel of the homo- 
morphism f of Ay” (Ko) onto Ao” (K) is Jz and we have proved that 
Ay” (Ko) /Jz is isomorphic to Ap” “(K). 

It remains to consider the case r = n. 

Suppose z” € Z"(A‘). Since Ay has no n-simplexes, 2” € L"(Q) and so 
z” € Zo"(Q), that is, z” = cx”, c an integer. But a chain cx” is a cycle of K 
if, and only if, Ax” = 0. This completes the proof. 

Now let S.° be a simplicial mapping of an elementary triangulation 
Kg = Qg uv Kg onto a triangulation K, with the further assumption that 
S.’ restricted to Qg is an isomorphism in the following sense: 

1°. Every simplex 7's’ € Qs is mapped onto a simplex S.’7's" € K. of 
the same dimension r. 

2°. If 

Ps — STs, T. z Qs, 
then 7’ is the unique simplex of Ks mapped by S,° onto 7..’. 

Remark. Since S,” is a simplicial mapping, the relation proper face of 
between simplexes is of course preserved by S,°. 

Simplicial mappings S.” satisfying these conditions will be called ad- 
missvble. 

4.33. Let Sq” be an admissible simplicial mapping of an clementary tri- 
angulation Kg = Qg u Kg onto a triangulation K, . Then K, is an elementary 
triangulation; moreover, if Qe = Sa’Qs, Kav = Sa’ Ka , thenKa = QauKao, 
and Qa, Kan satisfy Def. 4.31. 

Proposition 4.33 follows from the fact that Q2 n Kao = 0 and that S.P 
obviously induces an isomorphism of the cell complex of all the oricnted 
simplexes of Qg onto the cell complex of all the oriented simplexes of Qz. . 

§4.4. Applications to projective spaces. We shall adopt the following no- 
tation. Ago” will designate the second order barycentric subdivision of the 
boundary S” of the regular (n + 1)-dimensional octahedron £2”** whose 
vertices are the points 7%, 0’, , k = 0,1, ---, 2, of R”*', where v;(v’,) has 
all coordinates equal to zero except the kth, which is equal to 1 (—1) (see 
IV, 6.2). The triangulation Kg” is symmetric with respect to the origin of 
coordinates o. We denote by Kao” the triangulation of the projective space 
P” obtained by identifying the simplexes of Kg.” symmetric relative to o. 

We shall designate the second order barycentric subdivision of the closed 
n-dimensional octahedron £” (in R”) by Kai"; Kar” is symmetric relative 
to the origin of coordinates o in PR”. The corresponding triangulation of its 
boundary S”* is then Kg” * C Kg,". Identification of the simplexes of 
Kao” * symmetric relative to the origin of coordinates o (in R”) transforms 
Kg” into a triangulation K..” of the projective space P”. It is clear that 
Kg” and Ka” are elementary triangulations and that the identification 
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carrying Kg,” into K.” is an admissible simplicial mapping S.° of Kay” 
onto Ka". We see also that 


Qs” = Ka” Se Kw" = ae x Ko a oO. 


is a second order barycentric subdivision of the open octahedron. 
Remark. We shall use the following theorem on the invariance of the 
Betti groups (proved in Chapter X): All triangulations of the same or of 
homeomorphic polyhedra have isomorphic Betti groups. 
TuEoreM 4.41. Supposen > 1. The Betti groups of an arbitrary triangula- 
tion K” of the projective n-space are: 


Ay (K") = 0, ifriseenandO<r<n. 
Ap (K") & Je, ifrisoddandO <r<n. 
Ao (K") = 0, if n ts even. 


Ao (K") J, if n ts odd. 


CoroLLary. The odd-dimensional projective spaces are ortentable; the 
even-dimensional projective spaces are nonorientable. 
Lemma 4.411. Let 2g” be an orientation of the pseudomanifold 


Qa,” = Ka" EC Bega: 
Let z be the reflection of Kg,” onto itself relative to 0. Let 
Tai" = (€0 ++ @n-1) 


be any (n — 1)-simplex of Kao” and set 


ee, = Wey (O<h-< 7 = 1); 
so that 7’a;""' = (e’y «++ @’n-1) is antipodal to the simplex 73," °. Finally, 
let ta: ' = |e +++ en_1| be the orientation of T's;"' such that 


(Axp”- ta” *) = +1. 
Then 
(Azp"- mai") = (—1)". 
Indeed, the reflection 
(4.411) vn = —@h, h=1,---,n2, 


of #” relative to the origin of coordinates o (which we shall hkewise denote 
by 7) has determinant (—1)"; whence, recalling that Ag,” is symmetric 
relative to 0, it is easy to deduce that arg” = (—1)"xg” (here arg” denotes 
the image of the chain ag” under the simplicial mapping 7 of Ng.” onto 
itself). 
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Since m is an isomorphic mapping of the cell complex of the oriented 
simplexes of Kg," onto itself, 
(Amxp”-atp;"*) = (Axp"-tai””), 
whence 
(Avg: mtg”) = (A(—1)" wag" + tg:" ”) 
= (—1)"(Amrs"-mtgi”) = (—1)"(Are" ta") = (—1)". 


This proves the assertion. 
—-) — » . _ — 
4.412. If tg;"", t’a;” ’ are orientations of 7's;" and Tg," * such that 


(Axg”-ta:” ) = (Arg”-t’g;” ) = 1, 
then 
Sa t's” = (—1)"Se'ts;” 


Indeed, if ect = [€-** Cry 
Lemma 4.411, 


n— 





1 
and t's; = | e' x0) sos €' k(n—1) ls then by 


“en Gane vee a a se 
But 
Sifts? =| Safes os Sea, 
Star = | Sabena) «++ SaXe'n(n—n |- 


The assertion follows. 

From VII, (8.22) and 4.412 above we obtain 

4.413. If tes” = Sabtg;7 7? = (—1)"S.°t's,"— is an oriented simplex of 
the complex Kao”) = Sa°Kgo” and z_” = 2g” is an orientation of the pseu- 
domanifold Q.” = Qs”, then 


(Agta” tas”) = (Agtp”-tpi” ") + (Apte”-(—1)"t's:” ”) 
1 ag (-1)’, 


ie., if n is odd, Aare” = 0; and if m is even, Agta” = 222”, where 
n-1 n—1 
Za = ae lai 


is an orientation of the pseudomanifold Ko” (orientable for n even), and 
where we have written A.(Ag) to denote the boundary in K.(Kg). 

Proof of Theorem 4.41. We may now carry out the proof of 4.41 by in- 
duction on n. The theorem is true for n = 1: P* = || K* || is homeomorphic 
to a circumference; hence (see 1.4, Example 2), Ay (K') is infinite cyclic. 
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We shall now suppose the theorem proved for P” and, in particular, for 
the triangulation (sce the Remark just before Theorem 4.41) Kao” of the 
polyhedron P””’ and prove it for P”. We must therefore show that Theorem 
4.41 is true for K” = K,,". Forr <n — 2, this follows immediately from 
4.32 and from the inductive hypothesis. For r = n — 1 and r = n, the 
theorem follows from 4.32, 4.418, and the inductive hypothesis (in applying 
Theorem 4.32 for n even it is necessary to keep in mind that the group J; 
consists of cycles 2cz,”"', where c is an integer, so that Ay” ‘(Ka1”), iso- 
morphic to Zo” '(Kao)/J2 by 4.32, is of order 2). 


§5. Simplicial mappings of pseudomanifolds 


§5.1. The degree of a mapping. Let Ks and K, be n-dimensional orien- 
table pseudomanifolds. We recall that the groups 


Ao"(Ks) = Zo"(s), Ao" (Ka) = Zo"(Ka) 
are in this case infinite cyclic with generators 
ae Dita: “a SD aler 


where >); f3;", Doi fai” are orientations of Kg and K,. 
In virtue of VII, Theorem 8.31, 


S.fzs” G Zo (Ka), 


1.¢., 

(5.11) Saez” = y2a". 
Since (Ze “tar ) = 1; 

(5.12) (Sareg”-tes") = ¥; 


where y is an integer (positive, zero, or negative). The integer y is uniquely 
determined by the simplicial mapping S,” and the chosen orientations 
S05 bs;", Soi lai” of Kg, Ka. lt is referred to as the degree of the simplicial 
mapping Sa’ of the pseudomanifold Kg into the pseudomanifold Ka . 
§5.2. The original definition of the degree of a simplicial mapping. I*or- 
mula (8.22) of VII yields [if xg" = zs”, ae" = Za", and (zg” + ts;") = 1] 


(SaPeg”-tas”) = >>; (Saete;" tes”), 
whence, by (5.12), 
(5.21) Yr >F (Sates tat): 


If we denote by 7; the number of | tg;” | for which Sa°ts;" = ta”, and by 
y, the number of | és;" | such that SaPts;" = —lai”, We arrive at 





(5.22) ie acme ee 


Hence 
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5.21. Let 2." = Dostai”, 2" = D2; tas” be orientations of the orientable 
pseudomanifolds Kq and Kg, and let Sa’ be a simplicial mapping of Ka 
into Ka. Then m; — v; (with r; and »; defined as above) ts independent of 1 
and is equal to the degree of the simplicial mapping Sa’. 

In this formulation we have the original definition of Brouwer of the 
degree of a simplicial mapping. 

5.22. If Sa’ Ke ~ Ka (thatis, Sa’ gy C K4), then the degree of the mapping 
Sa’ is 0. 

In fact, if | ta:” | is not in S.°Ag, then (Sa°te;”-tai”) = O for arbitrary 7 
and y = 0 by (5.21). 

Remark 1. The degree of a simplicial mapping 8.” of an orientable 
pseudomanifold Ag into an orientable pseudomanifold A, depends on the 
choice of the orientations of Ag and A, . It is easy to see that if the given 
orientation of any one of the pseudomanifolds Kg or K. is replaced by its 
opposite, the degree of the mapping remains unchanged in absolute value, 
but changes its sign. 

REMARK 2. Now let Ag and A, again be n-dimensional pseudomanifolds, 
but not necessarily orientable. The groups 


Ao” (Kg) a Zo" (Ke), Ae” (K a) — Zo" (K a) 


each consist of two elements; the identity and zs” = >> T;", 20" = >. Tai”, 
respectively. Therefore, cither S.°zs” = 0, or Sq°zg” = 2a”. 

We shall say that the parity of S.° is 0 in the first case, and 1 in the 
second. In the first case, the number of 7's;” € Kg mapped onto T.,;” for a 
prescribed 7',," € K, is even, in the second case it is odd. The parity of a 
simplicial mapping is sometimes referred to as the “‘degree (mod 2)” of 
the mapping. 

Remark 3. Exampies. Let Kae be a closed m-polygon whose vertices 
a, °'*, @m are enumerated in some order, say counterclockwise. Let + 
be a natural number and let Kg be a closed ym-polygon with its vertices 


Gir, °** » Qim;, G41, °°* , Gan5 °° 5 Ay, * + 5 Aym 


also indexed counterclockwise. If we orient both 1-dimensional pseudo- 
manifolds K,. and Kg counterclockwise and set 


B : & Stes 
Sa Giz = a;, t= 1) eg GS Ny 8 Gey 


we obtain a simplicial mapping Sa’ of Kg onto Ka whose degree is y. Re- 
versing the orientation of one of these pseudomanifolds yields a mapping 
of degree —y. In Fig. 123, m = 3, y = 2. 

The simplicial mapping 8.” obtained above has (for n = 1) the following 
property: 7; = y, »; = O for all n-simplexes 7,;" € K,.” (that is, as a 
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result of the mapping S,” each oriented n-simplex of K,” is covered by the 
images of precisely | y | uniquely oriented simplexes of Kg”, where y is the 
degree of S.°). 

Now let n be a natural number; we shall assume that the n-dimensional 
orientable pseudomanifolds K,” and Kg” are triangulations in R”** of 
polyhedra homeomorphic to the n-sphere S” and that S,” is a simplicial 
mapping of K,” onto K,” of degree y, satisfying the condition formulated 
above. Let us imbed R”*" in R”* and choose two points o and o’ in 


| eee Face 


on different sides of the plane R””’. We then consider the cones <oK,">, 


<0’K,.">; <oKg">, <o'’Kg">. Each pair of cones 
K.""' = <oK,"> vu <o’K,">, 
K,z"* = <oK,"> vu <o'K,"> 


O22 Qe) 


Q, Qe 
Fic. 123 


is an orientable closed (n + 1)-dimensional pseudomanifold, and the poly- 
hedron corresponding to each is homeomorphic to S”™’. 

Let us now extend the simplicial mapping S.” of Kg” to all of Ks” by 
setting S.°(0) = 0, Sa°(o’) = o’. We obtain a simplicial mapping of K,”"* 
onto K,”*' with the property that 7; = y, x; = O forall Ta." € KA"). 
Hence the mapping is of degree y. Thus we have triangulations A.", 3” 
of polyhedra homeomorphic to the »-sphere and a simplicial mapping of 
degree y of Kg” into A,” for arbitrary natural number n and integer y # 0. 
We note, finally, that to obtain a mapping of degree zero it suffices to map 
all of the complex Ag” onto a single vertex of K.”. Hence 

5.24. There exists a simplieial mapping of degree y of one triangulation of 
the n-sphere into another for arbitrary natural number n and integer y. 

Remark 4. The ease n = 0. A pair of points ¢o , @1 18 called a O-sphere. 
The normal 0-cycles e, — e and ¢) — é; are called orientations of the O-sphere. 
Hence a 0-sphere, as is the case with the n-sphere for n > 1, has precisely 
two orientations. However, there is no pseudomanifold corresponding to 
the 0-sphere, since it 1s not connected. 
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Let S.” = {€a0,@a} and Ss = {eg , em} be two 0-spheres. The following 
four mappings cxhaust all the possible mappings of Sg’ into S,°: 
1) Ci(ego) = Cilesi) = Cao ; 2) Coleg) = Co(em) = Car ; 
3) Cs(ego) = €a0, Cs(ep1) = Car ; 4) Cs(epo) = ar, Ca(€pi) = Cao. 


Let us now choose any orientations z_’ and zg’ of the spheres S,’ and Sg’, 
0 
SAY Za = Cal — Cao alld zg = eg: — ego. Then 


Ci(zs’) = Co(ze) = 0,  Calzp’) = za, Cale’) = —2a 


It is natural to say that the degree of the first two mappings is 0; the 
degree of the third is 1, and the degree of the fourth is —1. 


Chapter 1X 


THE OPERATOR v AND THE GROUPS V(&, %). 
CANONICAL BASES. CALCULATION OF THE 
GROUPS a’(g&, M AND V(&, 2 BY MEANS 
OF THE GROUPS 4) (&) 


§1. The operator V 


§1.1. Definition of the chain Vz’. Let & be an a-complex. We shall 
define an (r + 1)-chain Vgz’, called the V-boundary or upper boundary or 
coboundary of the chain x’, for every r-chain 2” € L'(&, %). In each pair 
of opposite cells of & denote any one of the cells by ¢; and define the value 
of the chain Vex’ on the (r + 1)-cell i.’*’ in accordance with the formula 


(ll), Vex (i) = Dos (te Tae )2" (2), 


where the sum is extended over all ¢,’. 
Tor comparison, we recall the definition 


(1.1)a Agx’ (t," *) = > (t7:t7')x" (te). 


Remark. If the a-complex § is the complex consisting of the oriented 
elements of a simplicial or polyhedral complex A, we shall write Vx instead 
of Ve. Lf there can be no misunderstanding, we shall write simply V in place 
of Ve (or Vx). 

Txampeues. 1°. Let K be the complex consisting of all the edges and 
vertices of a tetrahedron (oc,ee3), and consider the 0-chain z° which is 1 
on the vertex o and 0 on the rest of the vertices of A. The chain V2" is 1 
on the oriented scgments | e,0 |, 7 = 1, 2, 3 (Pig. 124) and 0 on the remain- 
ing l-clements of K. If we denote V2° by 2’, then ¥z' = 0. 

2°, Let the complex K consist of the two triangles (e:¢2¢,) and (e2¢3¢4) of 
Tig. 125, and their sides and vertices. The chain 2’, by definition, is 1 on 
the oriented simplexes | ees |, | exes |, | esey |, and | eye: | and O on | ese, |. 
The chain Vz' is 2 on the oriented triangles | erese, | and | eseseg | (Pig. 125). 

3°. Fig. 126 and Tig. 127 show a torus divided into curvilinear rec- 
tangles (opposite sides of the square ABCD are to be identified). The 
complex A consists of the curvilinear rectangles, their sides, and vertices. 
The chain 2’ is, by definition, | on the l-elements of KX (the horizontal and 
vertical segments) oriented as indicated; then ¥2' = 0. The same result 
is obtained if 2 is set equal to 1 only on the horizontal segments and 0 on 
the vertical segments, or conversely. 

If we xet 2° | eye | = 27 | eves | = 2" | eseg| = 2" | eve, | = 1 (Pig. 128) and 
z equal to 0 on the remaining segments, then Vz" is the 2-chain which is 
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e, 
Fria. 124 liq. 125 


<< 


Fig. 126 —— 127 





Fic. 128 Fia. 129 


0 on the hatched squares (I’ig. 128) and 1 on the rest of the squares ori- 
ented by arrows as indicated. 

4°, In Fig. 129 the plane has been divided into congruent squares. ‘The 
complex K consists of these squares, their sides, and vertices. Let the chain 
x be 1 on the segments marked with arrows and oriented as indicated by 
the arrows, and 0 on all the rest of the 1-elements of A. Then V2 = 0. 
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§1.2. The chain Vz’ as a linear form. If the chain 2’ is written as a linear 
form 


x = » al;, 
it is also convenient to write the chain Vz’ as a linear form. Since Vz’ has 
the value >>; (0777:4,)a; on ty” *’ by Def. (1.1), , we may write 


(1.21), Va = don ae (eo ste )aity 
For comparison we rewrite the analogous formula for Az’: 
(1.21), ae > Pee Git; als. 


In particular, if 7” = ¢,’, that is, if a; = 6% , then (1.21), becomes 
Vu, = Don Gate ie e 
Comparing this formula with 


Abo = Dee Goa, 


and examining the incidence matrix © = || en” {| = || (77':6) ||: 
ty e-+ te e+ bay 
yt 
| 
pot . Bet 
+ 
om ) 


we obtain the following rule: 


Each column of the matrix G' ts the Y-boundary of the simplca t.” appearing 
al the head of the column; each row of G' is the A-boundary of the simplex 
tit heading the row. In other words, the number eng” = (ty *':t:") is the valuc 
of Vt" on ti and also the value of At, ** on ty’. 

§1.3. The operators A and V are dual homomorphisms (see Appendix 2, 
5.4) of the module L'(&) into the module L’”'(R) and of L™'(&) into L(S), 
respectively. 

Indeed, for arbitrary 


vt = dati € L(S8) 
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and 
yo = Dba; € LR), 
(Ax) = DO; Dis (ta ads = Dis (Wt ad; , 
(a Vy") = Dis asde; (i 2t7 Yb; = Das (ttf ad; , 
that is, 
(1.31) (Aa"-y™™) = (a+ Vy"). 


This completes the proof. 
Replacing y”* by x” and x” by y"* in (1.31), we get (Ay™™-2’) = 
(y+ Va"), or 
(1.310) (Vay) = (27+ Ay’t), 
Irom this we deduce the fundamental identity 
(1.32) VVz' = 0 


for an arbitrary chain x’ of an arbitrary a-complex &. 
We prove this identity by calculating the value of VVz" on any ( € &: 


(VVa"-t?) = (Va"- Vi) = (2’- AAT’) = 0. 


§1.4. The groups Z,"(8, Y), H,"(®, MW), V (KR, W. Def. (1.1), implies 
that 


Vay + 22) = Va + Var’. 


Consequently, the assignment to every chain 2’ of its V-boundary yields a 
homomorphism V of L’(S, %) into L7"(&, %). The kernel of this homo- 
morphism is the group Z,(%, 20) consisting of all the r-dimensional V-cycles 
(r-cocycles), that is, of all the r-chains whose V-boundary is 0. The image of 
L'(&, %) under V is the subgroup H,77*(®, 2) of L7*7(&, 2 of all (r + 1)- 
chains which are V-boundaries of r-chains 2 € L’(S, %f). 

A consequence of the fundamental identity (1.32) is: 

The coboundary of every chain is a cocycle. Hence H,’(&, X) is a subgroup 
of Z,'(R, MX) for arbitrary r. 

The elements 2’ of H,"(S, 2) are said to be V-homologous to zero in & 
over %& (cohomologous to zero in & over 2). We shall write this relation as: 


z ~~ 0 (in & over Qf). 


If a’ € ZL (KR, W, a’ € Z,"(K, UW), and a’ — a2’ € Hy'(R, Y), the co- 
cycles z;' and z’ are said to be V-homologous (cohomologous) in & over Y: 


a & 22 (in & over Wf). 
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Remark 1. The cohomclogy symbol “‘~”’ possesses all the properties of 
the homology symbol ““~”’ enumerated in VII, 6.4. 
Derinition 1.4. The group 


V'(8, U) = Z,"(K, M/Hy(, W 


is called the r-dimensional V-group (r-dimensional cohomology group), the 
r-dimenstonal upper Betti group (rth coBetti group), or simply the group 
V’ of & (over YM). 

Remark 2. The coboundary of every n-chain of an n-complex &” is 0 
that is, in an n-complex all n-chains are cocycles: 


Zy"(K", M) = LK", W). 


On the other hand, the coboundary of the only element (the identity) of 
L'(&, 2%) is the 0-chain identically equal to zero. Hence H,°(&, %) is the 
null group, so that V°(®, %) = Zy(X, W. 

Remark 3. The group V’(&, J) will be written as Vo'(%), and the group 
V'(R, Im) aS Vn (®); instead of V'(R, 2) we shall often write V’(%), etc. 

§1.5. Chains restricted to a subcomplex. Let x” € L’(®) and let Dt be a 
closed subcomplex of the complex §. The fact that 3 is closed implies 
that 

(VaDtr"- 4) = (Vmr"-t'*), (MVax" tt) = (V—x"-t’*) 

for every t"*' € Mt. Hence 

1.51. For x’ € L'(&) and arbitrary closed subcomplex Nt of &, 
(1.51) Vana” = MVer’. 
In particular, if x” € Z,"(&), then Mx" € Z,"(M). 

§1.6. The groups V°(8%, X%) = Z,°(®, W). Since H,°(, W) is the null 
group, 


) 


VR, W = ZK, W, 
and to compute V°(®, %) we must find those 0-chains which are cocycles. 
We shall restrict ourselves to the case that § is the complex of the oriented 
simplexes of an unrestricted simplicial complex A. 

First, let K be a connected complex and z’ a 0-cocycle of K. We shall 
prove that z’ has the same value on all the vertices ¢; of K. 

Since K is connected, it suffices to show that 2° has the same value on 
any two vertices &, ¢ which are the endpoints of a segment (ese) € K. 
But this assertion follows from the fact that Vz’ has the value 2"(e1) = 2"(e0) 
on | e0¢1 |. Conversely, if x” has the same value on all the vertices, then 
yz? has the value 

(ein) — 2(¢i) = 0 


on every segment | c@i41 |, so that V2° = 0. Hence 
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1.611. A O-cocycle of a connected unrestricted simplicial complex K may be 
defined as a O-chain which is constant on K, that is, a chain which has the same 
value on all the vertices of K. 

This at once implies 

1.621. If K is a connected unrestricted simplicial complex, V°(K, 9) is 
isomorphic to YI. 

On the other hand, 1.611 implies 

1.61. A O-cocycle of an arbitrary unrestricted simplicial complex K is a 
0-chain constant on each component of Kk. 

1.62. If K ts an arbitrary unrestricted stmplicial complex, VK, %) is 
the direct sum of m copies of %, where m is the number of components of K. 
Consequently, V°(K, 1) is isomorphic to A°(K, %). 

Remark. Theorem 4.2 is a generalization of 1.62. 

§1.7. The groups V"(A", /) of n-dimensional pseudomanifolds. In this 
article A” is an n-dimensional closed pseudomanifold. We shall consider 
only integral chains. 

Let t” be any oriented n-simplex of AK”. Then the integral chain ¢", as is 
the case with every n-chain of K”, is a cocycle. 

1.71. The cocycle t” is not cohomologous to zero in K", i.e., there is no 
integral (n — 1)-chain 2” ’ of K” such that 


Ae ian 


To prove this it is enough to note 

1.710. The sum of the coefficients of every n-cocycle z”, cohomologous 
to zero on A”, is even. 

Proof. Since every n-cocycle cohomologous to zero on A” is of the form 
Va" = So a;Vt;"", where x™7 € L™ 7(K"), it is enough to prove 1.710 
for cocycles of the form Vé," *. But if | tsa)" | and | te)” | are the two sim- 
plexes having | t;”"’ | as a face, and liqy”, ti” are arbitrary orientations of 
these simplexes, then 


—1 
Vis” = etiay” + eaticay”, 


where €, €2 = +1. Hence ¢; + & = 0 or +2. This completes the proof. 
If K” is orientable, 1.710 may be strengthened to 
1.720. If >0 t;" is any orientation of an orientable n-dimensional pseudo- 
manifold K” and 2” = >> ai,” is a cocycle 40 on K”, then >> a; = 0. 
In fact, 


—1 
Vt.” = tia)” — tian” 


n—l 


for an arbitrary ¢;”, where | tia)” | and | tig” | are the simplexes with 
| 4,7" | as a face. Hence 1.720 holds for every cocycle of the form Vt," 
and thus for every cocycle of the form Vz" 
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1.720 implies 

1.72. If |¢”| € K” and K” is orientable, then at” ~ 0 on K” only if 
a = 0. 

Now let A” be an arbitrary n-dimensional pseudomanifold. 

1.73. If ¢;” and 4,” are two oriented n-simplexes of K”, 


i> +6," in K". 


In virtue of the strong connectedness of K” it is enough to prove 1.73 
for two simplexes | 1;" | and | ¢,” | having a common (n — 1)-face | ¢,"7" J. 
But in that case 


(1.73) Vie = Gl a? + a". 





Since 
G2") = 21, (6°; ") = +1, 


i,” + t" — 0. This proves the assertion. 
Remark. If é;” and ¢,” are coherently oriented, (é;":t;"') = —(t":t;"") 
and 1.73 becomes Vi;” > = +#(;" — &”), that is, 7 — t,”. It follows that 
1.74. If K” is nonorientable, 


oe ey 0 


for an arbitrary oriented simplex ¢,”. 
Proof. If t)", 4”, --- , ts” is any disorienting sequence of A”, 


2) 
n n n n 
b “ bo mere wi, m—t, 


i.e., 
i “_ —t" and Ds i ~n 0. 


Since t;” — +t, for every | t;" | € K”, 2¢;" — 0. This is what we wished to 
prove. 

A further consequence of 1.73 is 

1.75. If 2” is an arbitrary integral n-cocycle of A’, 


zeal’, 


where | ¢” | is an arbitrary n-simplex of A” and a is an integer. 

From 1.75, 1.72, aud 1.74 we obtain the 

FunpvamMentaL TuroremM 1.7. Let A” be an n-dimensional pscudomanifold ; 
if K” is orientable, Va"(K") ts infinite cyclic; if K" is nonorientable, Vo"(K") 
is of ordcr 2. 

We shall derive still another property of closed pseudomanifolds from 
the propositions proved in this subsection. 

1.76. If Ko is a closed proper subcomplex of an n-dimensional closed 
pseudomanifold Kk", then Vo"(Ko) is the null group. 
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Proof. Let t” be an oriented n-simplex of Ay. It is enough to prove that 
the n-cocycle ¢” is cohomologous to zero in Ky. 

Let | "| € K” \ Ko ; let 4” be any one of its orientations. In virtue of 
ve; 


tM et,” in K", —e= +1. 
Hence there is a chain x”? ¢ Lo” (K") such that 
V0" = i” — El”, 


where V, denotes the coboundary in A”. Since Ao is a closed subcomplex of 
kK”, we have, by Theorem 1.51, 


Woke” | = KoVav” ' = Kot” — Koct,” = t’, 
where VY, denotes the coboundary in Ky. This means that 
’A0 in Ko, 
which was to be proved. 
§2. Bases of the modules Ly (®) 


§2.1. Preliminary remarks. From now on till the end of this chapter we 
shall assume that & is a finite n-dimensional a-complex. 
The matrices of the homomorphisms A relative to the initial bases 


ba x 
bp eyes f= OL sgh, 


of the modules Lo’ (%) (see Appendix 2, 2.7 and 5.2) are the incidence 
matrices 


lai a a | 7 a ( 
Let X° = fay, +++, tea}; 
(2.11) a =) teat; h=1,2,+-+, 9, 
be any basis of Z’(&) and let 
(2.12) Ar,” = oem’ 2, h=1,2,-+-,9. 
Then every boundary 
(2.13) Ag’ = ul, w= ae 


is a linear combination with coefficients a, of the boundaries (2.12). Hence, 
if X” is the matrix |! a,’ ||, the matrix 6"! = || mu" || is given by 


Coie = retry. 
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§2.2. Dual bases of Ly (R). Let 
(WW = fw’, +++, Wen'h, 


(2.21) iW 


W = (ti, +++, Ow); 
(2:22) Saad ae A 
W — { wy : ieee, Wo(r—1) rt 


be two pairs of dual bases (Appendix 2, 5.3) of Lo(&) and Ly” *(&), respec- 
tively. Let $77 = || 9:7 || be the matrix of the homomorphism 


(2.23) Awi = Doing ws 


of Lo'(®) into Lo” *(&) relative to the bases W’, 17’. Since the homo- 
morphisms A and V are dual, 


(2.24) VO; = doin wi 


-1 -1 r-1 
“ ~ {wy y 00% y Worl) jy 


by Appendix 2, Theorem 5.4. 
Hence if the rows of §” are the A-boundaries of the elements of the 
basis IV" heading these rows in the table 


r-1 r—1 r—1 
wW1 Cree) W; 5. oase: Wop (r—1) 
SS 
Wi 
r r—1 
Wi eo + © Nj . 
Tr 

Wo(r) ’ 


the columns of 5"? are the coboundaries of the elements of the basis F 
appearing at the head of the columns in the table 


r-] 


— rl — rT 


1 ats r—1 
Wi 78 WD; *0 Worl) 





Wi sort May 


—_ b 
Wor) 
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—] - 7 = en a te : 

Hence 7; is the coefficient of w,” in Aw,’; it is also the coefficient of 
-T? - r—l 
wow, in Vw; . 


In accordance with the Remark following Theorem 5.4 of Appendix 2, 


r 


ni; ‘May also be interpreted as the jth contravariant component of 
Aws € Lo” 1(&) relative to the basis I" and also as the 7th covariant 
component of Vi, relative to the basis W’. 

§2.3. The elements of the group L’(S, 9) expressed in terms of a basis 
of the module Ly’ (%). 

THEOREM 2.5. Let 


TE a 
X= ie, <2) Se) t 


be a basis of Lo (&), and let W be an arbitrary Abelian growp. Then cvery 
chain x” € L'(&, 1) may be uniquely written in the form 


T T 
sf Ce De aiX; , 


with ai € a. 
Proof. If 


T Tr Tr Tv 
wi = Dijaity, by = DLindawr’, 


the matrices || a;; |! and || b,, || are unimodular and inverse to each other. 
Hence 


0G #k), 
jQibx = ba = 
Deseo te eae 
Every chain x” = > ;0,t7 € L’(®, %0, b; € 4%, is of the form 
> jk b bjt = > OK: an = D4 b;bsx : 


To prove uniqueness it is enough to show that >>, as,’ = 0 implies that 
a; = 0. This is easily done. If 


De aw, a 0, 
then 
Di dats = 0, 


and therefore >); a.a:; = 0 (for arbitrary 7). Multiplying by b, and sum- 
ming over 7, we get 


Ds Adib = >>: ad, = a, = O (for arbitrary k). 
This completes the proof. 
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§3. Canonical systems of bases. The groups Vo (St) 

§3.1. Preliminary remarks. In this section, for brevity, we shall write 
L' for L"(®, J); and Za", Ha", 1", Z,", «++ for Za(&, J), Ha (&, J), H'(&, J), 
Zy'(&, J), rte. 

3.11. The group Za’ 1s a division elosed subgroup of L’. 

In fact, fora € J,a ¥ 0, 


x ée€L, ax’ € ZA 


imply that 
Aaa” = adv’ = 0 
Hence 
Ac’ = 0 
and 
x € Zy’. 


Since L’/Z," is isomorphic to H4"’, Theorem 2.61 of Appendix 2 implies 
3.12. The group L’ is a direct sum 


(3.12) Ly = Y'4+ Zs, 

where the subgroup Y" of L" is isomorphie to Hy" ’. 
§3.2. Canonical bases of the groups Z,’. Setting 

U — Ax 


in Theorem 2.52 of Appendix 2, we obtain 
3.21. The group Z,' has a basis 


Tr rT, r rT, r 
(3.21) 21, °° ° y &ar) 5 Uy ttt, Urey 3 Uy," , Vacs) 


with the following properties: 
a) vy", +++, tag) are elements of Hg"; the order of the element u;,i = 1 
2,:°°:, 7, relative to HI,’ 1s a natural number 0, > 1, with 


6;, = 0 (mod 6;4)’). 


) 


b) The eyeles O70", +++ 5 Oram Ur@m’5 U1 +++ y Coe’ form a basis for H,". 

c) The eyeles uy, +++ , Us 3 U1, +++ 4 Vey’ form a basis for I’. 

DEFINITION 3.22. A basis (3.21) of Z4" with properties a), b), c) is called 
a eanonieal basis of Za’ . 

3.23. The numbers 6; are the rth torsion numbers of ® and hence are 
uniquely determincd; mw’ is the rth Betti number of &. 

Proof. Denote by 4,', Us’, V; the infinite cyclic groups generated by 
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r Tr T : 4 : ta : 
Zr, Ui, vj, respectively. Then we have the following decompositions into 
direct sums: 


ies LoS Der Ze Se ee 
Hy’ = Le ee Oe Ve. 

Consequently (Appendix 2, Theorem 1.52) 

(3.23) Ag (8) & DU? Zi" + DN (Us/07U2), 


where denotes isomorphism. The groups U,’/6,,U, are finite cyclic of 
order 6;, while the groups Z;” are infinite cyclic; the number a’ is the rank 
of Ao (&), that is, the rth Betti number of &. The direct sum >> (U,7/6,7U 7) 
consists of all the elements of finite order of Ao’ (S) and hence coincides (up 
to an isomorphism) with the rth torsion group O'(&) of &: 


(3.24) O78) = 32 (Us /67U8). 


Since the finite group 07(&) is the direct sum of 7’ cyclic subgroups of 
order 6,” and 6;, = 0 (mod 6;4:'), the numbers 6,’ and 7’ are uniquely 
determined by 0"(8): the numbers 6,’ are the torsion numbers of 0’() 
(see Appendix 2, 4.3). Hence they are also the torsion numbers of Ap (S). 
This is what we wished to prove. 

$3.3. Canonical homology bases. Let 2’ be an arbitrary integral cycle. 
Then, since Z4" = >> Z,” + D> Us + > VJ, 2” can be uniquely repre- 
sented as a linear combination 


> anzr + > bu; + b> Cp; 
Since 
T T 
{Oy"ur', ee 65 (r) Ur(r) Vp, °°" 4 Va(r) } 


isa basis of Hs’, v7” = >. ann’ + D> dus + D> cw is contained in H,’ if, 
and only if, 


> Anzn + >»; bus + bs civ; = > d:0; Us + x Cj; 


This condition, in view of the linear independence of the chains 2,7, w’, 
vy, is satisfied only if 


Hence 
3.31. Every integral cycle x" € Z,’ is uniquely representable in the form 


(3.31) v= > Anen ate oe byus + Ds Ci; . 
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A cycle x" is homologous to zero if, and only 7, 


a= 0, b; =0 (mod 6;) 
in (Sel): 
It follows that 
3.32. Every integral cycle 1s homologous to a cycle 


> anzn + > bus’, 


where the coefficients a, are uniquely determined and the coefficients b; are 
determincd up to multiples of the corresponding 0,’. 

Corouuary. The elements 2)", -:* , 2x" of a canonical basis of Z,” form 
an r-dimensional (/, Jt)-basis of &. 

The converse follows from Appendix 2, Theorem 2.63: 

3.33. Every r-dimensional (J, St)-basis of & can be extended to a canonical 
basis of Za’. 

§3.4. A system of canonical bases of the groups L’. Suppose that a 
definite canonical basis (3.21) of Z’(§) has been chosen for each r, 
r = 0, ---, n. The isomorphism A between L'/Z,’ and H a’ associates 
with the basis 


a a Pants Deeg ees n, rg Veta)” 
of the group H,” * the basis 
Bry tty Eee’ by a een, 
of the group L’/Z,a’, where 
Avs = 67 ui", Ay; =v; ° 


for arbitrary x; € ts, yj € y;. Let us choose fixed chains “iC Ui, Y; EN;. 
In view of Appendix 2, Theorem 2.64, the chains 
5 Lan Tv 1 T rT. 
Ty °° * y Ur(r—-l) 5 Yr °° * y Yor) 3 21, °° ' Sar) 5 
Tr Tr, T : 
UW, tty Uren 3 Ve ee US 


form a basis for L’. 
We have the following fundamental result: 
TreorneM AND Derinition 3.4. Let & be a finite n-dimensional a-complex. 


It is possible, for every r = 0, 1, 2, «++ , n, to construct a basis 
‘ T Lae T T 
(3.4) V1, °° 5 Ur(r—-1) 5 Yr, °°" y Yor 5 
T Lae T rT. Tr T 
Zr, °°" y w(x) 3 U1, °° y Ure) 5 Vi, 77" 5 Vocr) 


for L’, with the following properties: 
u Tr 
a) the chains 21", +++, 2ec) 3 My 187s Uren vy, +++, Vary are cycles and 
. yt 
form a basis for Za ; 
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b) the cycles wu", +++ , Ueqy"3 U1, «** , Yow form a basis of 14’; 

c) for every 1 = 1, +++, 7’, the order of u; relative to Hy” is a natural 
number 0; > 1, where 0,” = 0 (mod 6;4;') and the cycles O'uy", «++ , Or(r) Urey 5 
vy, +++, Vee) forma basis for Hy’; 

d) Av.” = 6.7 us", Ay” = v1 (so that the chains x1, +++ , %q—y’ and 
Yi, *** 4 Yotr-1) are not cycles). 

The bases (8.4), constructed for every r = 0, 1, ---, n and satisfying 
a)-d) for every r, form, by definition, a system of canonical bases of L’. 












































! | 
r~l r-1 r-1 -1 Wf—l r—1 r—l r—1 r—1 r—1 
Ty ae "Zr (,_9) Yr ae *Yo(r—2) £) ee "Zr (r-1) Uy oe “Ur (rt) vy oa * UG (r-1) 
| ao — = 
Fal a 
; 0 0 0 0 
fr r—l 
Ty (r-1) 95 (r—1) 
yi 1 
: 0 0 0 0 
Yo(r-t) 1 
(3.41) Zi 
0 0 0 0 0 
Fr 
2 r(r) 
¥. 
Ul 
; 0 0 0 0 0 
r 
Ur(r) 
F 
vy 
: 0 0 0 0 0 
- 
User) 








———_-__—_! 





Remark. We recall that 7’ is the rth Betti number and the 6; are the 
rth torsion numbers of &. 

Conditions a)-d) enable us to write the matrix of the homomorphism A 
of L’ into L’’ relative to the canonical bases (3.4). This matrix is given in 
Table (3.41). 

Each row in the matrix is the A-boundary of the chain heading the row. 

The matrix of the homomorphism A of L’*' into L’ is given by Table 
(8.42). 

Examp_eE | (see VII, 4.2, Examples 1-3 and VIII, 1.4, Exercise 4). 
Let K be the complex consisting of the three sides and the three vertices 
of a triangle (e:e.e3). We construct a system of canonical bases for K as 
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r 
a See Yar Yoray | 21°72 eer) UL Use) 01 U5 er) 
1 
zit 6; 
: 0 0 0 0 
r+l 
Xr) GF try 
1 
yi 1 
: 0 0 0 0 . 
rH 
Yor) 1 
(3.42) ait 
; 0 0 0 0 0 
r41 
om (r41) 
1 
uit 
: 0 0 0 0 0 
r+l1 
Ur (nga) 
1 
vit 
: 0 0 0 0 0 
r41 
Ug (741) 
follows: 
0 0 0 
v, = €3 — @2, Vo = €) — @, 21 = 63, 
1 1 1 gl 1,1 1 1 1 
y =k = |ees|, Ye =b = jea|l, a2 =a tk +h, & = | e2e, |. 


EXAMPLE 2 (see the references given for Example 1). & is the a-complex 
consisting of the elements 


pe ti, = tb, ti,’, 
with 
(2:t) = (t7:6') = 0,  (a':4°) = (t2:4°) = 0. 
A system of canonical bases is 
zy = th’, 2 = 4, ze = ts, a = ty. 

EXAMPLE 3 (see the references given for Example 1). St is an a-complex 

with the elements 
th, th, 4 

whose incidence numbers are 


(a7:t') = 2,  (4':4,°) = 0. 
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A system of canonical bases is 
2 => i, uw => i, X= i 
§3.5. A system of V-bases for 9; the groups Vo'(%). Let 


(3.51) = [Big 22 ee Oi yc 828 G Yotr—ay 3 By ee 5 Oe 
UT ty Urey 5 Dry 8+ Voeey | 
(r = 0,1, --- , ») be a canonical system of bases for St. 
A system of bases for L’, r = 0, 1, ---, », dual to the bases (3.51) is 
called a system of V-bases or cohomology bases of the complex &. The elements 
of these bases dual to the elements 


T x T. T Ty T TT, 
Bry 0% * y Ve(r—-1) 5 Yi, °° * 9 Yor) 5 215°" * 5 Sx(r) 3 
Lian Tv Tr 
Uy 0 5 Urry) 5 YM, °°" 5 Vo(r) 


are denoted by 


— 7 


—_ TF -_ T = T 
(3.52) U1, °°" , Ur(r-r) 5 Vy 8 * , Vol) 5 


=f T 


= Tr, . r. re = Ty 
Z15 °°" 5 &a(r) 5 Ty, ttt y Ler) 5 Yi, °° Yo 


respectively. a 
The basis (3.52) itself we denote by W’. Recalling that the homomorphism 








—1 















































-T—1l -T—l -r—l Tf. =7r-l -r—1 -r—l -r—l -r-—l =r—l 
Ur tt Uggeay | Vl Vg (pay (F1earny) F1 Tia) |Y + * ‘Us r-1) 
ay 67? 
0 0 0 0 

Tr ral 

Uz (7-1) 6, (r=-1) 

oH 1 

‘ 0 0 0 0 

mg 

Vo (7-1) 1 
(3.537) | 2 

0 0 0 0 0 

-7 

2m (r) 

of 

2) 

: 0 0 0 0 0 

=f 

Ts (r) 

=_f 

Y1 

0 0 0 0 0 

—_? 

Yor) 
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=f+l . 
Vocry 1 





(3.53741) | 274 





-r4l 
2m (r+1) 











-T+1 
Rt 





° ’ 
arti! 
Zr, (r+1) 








=_T+1 
Y1 





; 0 0 0 0 0 
Wed Y; : 


A of L’ into L’' (of L’” into L’) is represented by Table (3.41) [(3.42)], 
and applying the rule of 2.2, we see that the homomorphism V of L’™ into 
L’ (of L’ into L’*’) is represented by Table (3.53’) [(3.53""’)]. Each column 
in these tables represents the V-boundary of the element at the head of the 
column. 

It is therefore clear that the chains a,’, 0;, and 2,’ are cocycles, but that 
the chains z,’ and 7,’ are not cocycles: 











: Va = Oi", Vg = ar, 
(3.54) : : : 
Vi; = V0; = Vix = 0. 
EXAMPLES OF CoHoMmoLoGy Bases. We shall consider the examples of 
canonical bases constructed in 3.4, and find corresponding cohomology 
bases. lor Example 1 we obtain 


0 ~ 0 = 0 -0 | 
Y= —-&, Y= 4, 2A=a tetej/V~A = ny 


- 1 -1 


1 1 1 
yn =h — ty, v, = th 


peers is zy = i Vir = V2. 
In Example 2 of 3.4 the system of canonical bases is self-dual, that is, it 
coincides with the corresponding system of cohomology bases. 
In Example 3, we have the system of cohomology bases 


-0 0 a 1 
Z =, a =k, tw =, 
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where 
-l1 
Vi => Qty 


Since (3.52) is a basis for L’, every chain 2” € L’ can be uniquely written 
in the form 


= Padi + Voss + Va + Daa’ + Ved’, 
with 
(3.55) Va" 


DiaVas + ¥20,Va7 + Dave” + DdVe” + Devel 
= Ss d.Vi, + yy evi = i dk 6, ty, ois + wiy ew. 


Hence 2’ is a cocycle if, and only if, 
Bee 2e eee pas 
dk = 0, é; = 0 


in (3.55). 
In other words, the elements 
4=1,2,-:-,77 7, 
MesDi pee AI SUZ eee SG 
| a ere al 
of (3.52) form a basis for Z," 


Moreover, since W’ and W 
spectively, every coboundary 


"1 sre bases of the groups L’ and L""’, re- 


r 


Ve t=2 
is a linear combination of coboundaries 


r—-l_fr 


Vii = 6; t, 
vgs =3;. 
But this means that a cocycle 
(3.56) = Daas + da7 + Den 
is in H,’ if, and only if, 
ce = 0, a; = 0 (mod 6;"”) 
forallh = 1,2, --:,7;3 17=1,2,---,7 


in (3.56). Hence the cocycles 


t—lL-r tl r, T ~ T 
Oy Uy, t+ Bray Ura) 5 01, °° y Us(r—1) 


108 THE OPERATOR V AND THE GROUPS V'(, 2%) [cH. Ix 


form a basis for H,’. Therefore, if 

Xv, Yi, Z,U7, Vi 
are, respectively, the infinite cyclic subgroups of L’ generated by the ele- 
ments 

ei Bn hee Us 5 
we have the following decompositions into direct sums: 
aOR Oy a Sa ee eee 
ZS 7 a + See Uy + mal Vi, 
Hy’ = Pe Orme 6, Us a oe 
Hence (see Appendix 2, Theorem 1.52) 

= Z/HS = DIP 2 + DST”? Ui/0r 702). 


r—1 


Here U,7/6;'U, is the infinite cyclic group of order 6,’, so that, by 
(3.23), DV? (UZ /67 "U;z) is isomorphic to the (r — 1)st torsion group 
e(®). 

The groups Z;,’ are infinite cyclic. Hence the group Set ? 7," is obviously 
isomorphic to Ago (&). 

Consequently: 

TukoreM 3.51. The group Vo (&) is isomorphic to the direct sum of the 
(r — 1)st torsion group ©” (8) and the free Abelian group of rank 1’ (S). 

Let K” be an orientable pseudomanifold. Then, by Theorem 1.7, Vo"(K”) 
is infinite cyclic, so that r"(K”) = 1 and 0”‘(A”) is the null group. 

But if A” is a nonorientable pseudomanifold, then, by Theorem 1.7, 
Vo"(K") is of order 2; consequently, "(K") = 0 and 0""'(K") is of order 2. 

Hence 

Theorem 3.52. An ortentable n-dimensional pseudomantfold is (n — 1)- 
torsion free; the (n — 1)st torsion group of an n-dimensional nonorientable 
pseudomanifold is the group of order 2. 

Moreover, we have from Theorems 3.51 and 1.76: 

3.53. If Ko is a proper closed subcomplex of an n-dimensional closed pseu- 
domanifold K, then Ko 1s (n — 1)-torsion free. 

For, by Theorem 3.51, Vo"(A‘o) is isomorphic to the direct sum of 9" (Ko) 
and Ag"(Ko). But by Theorem 1.76, VYo"(4o) is the null group. Hence both 
0" "(Ko) and Ag”(Ko) are null groups. 

EXampues OF Grours V(&). Let us return to the examples at the end of 
3.4. In the first two examples the V-groups are isomorphic to the V-groups 
of the same dimensions. In the third example Vo is the null group, while 
Vo is of order 2. 
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Exercise. Determine the V-groups of the various complexes considered 
in VIII, 1.4 both by a direct calculation and by application of Theorem 
3.51. 


$4. Calculation of the groups A’(S, %) and V’(®, %) by 
means of the groups Ap (%) 


§4.1. Calculation of the groups A’(S?, 9). Let 


Ale : r, r r. 

(4.11) Try 08% y Urey 5 Yr, ° °° 5 Yowr—-1 5 
r Lane Tv Ts T T 
Z1y °°" y 2a(ry 5 My tty Uw 3 Di, ''* 5 Vo(r) y 

=! —1 —1 
Ary. = 6, Uy ) Ayt => ve } r= 1, 2, soe yn, 


be a canonical system of bases for L’, and let 2’ € ZL’. The representation 
(4.12) = Pos AntK + > biyi + De Crh ae = du, de > eV; , 
a © YU, by € Al, geome. ad; € Al, é,6 2 
is unique by Theorem 2.3. The boundary 
Ay = oe ar Ax. + LD bAyl + > CrAzZ), + a d;Au,; + >> e;Av; 
Se bo atin > Be y bw? 
is zero if, and only if, 
9." "an = 0, eae A a a i 
(4.13) 1 
b, = 0, b= 162i 40° 4 


Hence, in order that 2” € L’(R, Y) be a cycle, it is necessary and sufficient 
that the coefficients a, and b; of (4.12) satisfy (4.18). 

We may, therefore, say that 

All cycles 2" © Za" (RK, XW), and only cycles, are representable in the form 


(4.180) Z = Daan’ + DS cree + Do du’ + Yes 


where cn, di, €; are arbitrary elements of X and every a, is an arbitrary ele- 
ment of the group ic % (we recall that ,% is the subgroup of % consisting 


i 


) 


of alla € M such that ma = 0). In the sequel we shall write this group as 

H[6,""]. If @ appears without subscripts or superscripts, we shall write 2. 
Remark. If all the a, = 0 in (4.130), the cycle 2’ is said to be a cycle of 

the first kind. In the contrary case, 2’ is called a cycle of the second kind. 
Let us now consider the direct sum 


(4.14) GS = DEV ?ala *]) + Pm + Ow + YO a,, 
where %, = UW: = A; = YW. A unique cycle 
DY apa + Dena + Do dus + Loews 
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corresponds to each element 
(4.15) (Gi, 07% Geen 3 Cry 088 Oxi 3 Et, ++ Urey 5 Cry 77%» Coen) 


of the group S. Conversely, we have just seen that a unique element (4.15) 
of the group GS corresponds to each cycle (4.12) in virtue of (4.13). Hence: 
The group Zs'(&, 9) is isomorphic to the group (4.14). 

Now let 


(4.12’) v= Dae’ + cree” + Doda’ + Deas 
be a cycle and let 
= Dales" + Dibsys? + Dd een 
+ Sdfugt! + ¥ eet! 


be a chain. We shall find necessary and sufficient conditions that Ax 
x’. We have 


Ad = dla/dad™ + di bfays™ + do ev Aa’ + Do di’Aw” 
+ ys ey Avy" 
= ee 6/a/us + ~ re 


etl 


In order that Az"*? = 2’, it is obviously necessary and sufficient that 
d; = 6/a/, 7=1,2,---,7, 
tees e; = b/, fe Deas, te, 
a, = 0, [el ie eee ea, ate 
Ca = 0, h= 1,2, +++, 9". 
Therefore, 


The cycles homologous to zero, t.e., chains x € Ha'(, %), are uniquely 
representable an the form 


ro Str) o(r) 
a= DU? dau’ + DOS? ews, 


where d; € 07%, e; © U; and conversely. 
Consider now the direct sum 


(4.14’) S = Vax t+ Ou, A= 
To each element 
(4.16) (d; yg PES sy ds (r) 71,77", €s(r))s d; > 0,4; 


(a € W arbitrary) of the group G’ there corresponds the chain 


= se dus + > C30; 
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which is the boundary of the chain 


SS ea by eS a aa ea 


with a,’, b,’ given by (4.13’) and c,’, d;’, e/, completely arbitrary. 

Hence a unique element 2” of H47(8, 9) corresponds to each element 
(4.16) of G’. Conversely, if 2” € H4’(®, 9) and 2” = Ax”, then (4.12) 
satisfies (4.13’) and the element 


(di, , any pay 7 O15 -** 5 Ce) 


of GS’ corresponds to the cycle 2’. Hence 
The group H4'(&, X) ts isomorphic to the group S' defined in (4.14"). 
lrom this it is easy to derive 
THeorem 4.1. The group A’(®, 9 is isomorphic to the direct sum 


Di? Wer + VIP We + VV W/W, We = A. 


Theorem 4.1 follows from the definition A’(®, %) = Za’(R, W/Ha' (R, W), 
from Theorem 1.52 of Appendix 2, and from the fact that the groups 
Za(K, MW) and H,’(K, W) are isomorphic to the groups (4.14), (4.14’), re- 
spectively. 

§4.2. Calculation of the groups V’(®, 1). The calculation of these groups 
is effected by means of reasoning similar to that immediately preceding. 
However, instead of starting with canonical A-bases, it is now necessary 
to begin with V-bases. 

If 2’ € L'(&, W) is arbitrary, then 


= 2 and), oe eek 1 bit + es onda” 
+ dit,” ae ye ej; 


where the representation is in terms of the elements of a cohomology basis. 
Hence, by (8.54), 


= DEY ada” + Di? Uivg! = i aaa + DIP bar”. 
Therefore, V2" = 0 if, and only if, 


(4.21) 


I 


Oy, Ox 0, koe dT, 2s eS Tig 


b; = 0, l= 1 


(4.22) 


Hence, as in 4.1, we arrive at 


4.21. The group Z,"(&, %) is tsomorphic to the direct swm 


r(r) wr 
yea 1 (6,"| \+ peas (r) , aa eee I, a DS ie H;, 
where Un, Wi, Uy, are all equal to y. 
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Given a cocycle (4.21) and a chain 
w= Lalftit + bsg7' + Vela? + Vida’? + Dela, 
then 
Vat = alvag | + d0b/ vgs? = Yo oF Calas + >, ba; . 


ae 


Consequently 2” = Vz’ ~ if, and only if, 
(4.220) e; = by, 


Asin 4.1, it follows that 
4.22. The group H,'(&, %) is isomorphic to the direct sum 


Dea oF A+ Ws, = OG = 
The following theorem now follows from the definition V’(R, 9) = 


Zy (&, 0 /y'(&, X), from 4.21, 4.22, and from Appendix 2, Theorem 1.52: 
TurorEM 4.2. The group V'(&, YW) is isomorphic to the direct sum 


SE? Mey) eo oC SS 80/0 0; 


where >." is the direct sum of x" terms each equal to I. 

§4.3. The coefficient domains J, ‘Jt, Jt, . We shall consider several special 
cases of Theorems 4.1 and 4.2. 

a) & = J. Since J is the null group for 6 > 1, while the group J/6J is 
the cyclic group of order 6, Theorem 4.1 gives for % = J the already 
known result (see (3.23), (3.24)): 


Ac(@) = PF + DIP JG) = DO" J + O(8), 


where J(6,) = Jo;,, = J/6/J. We shall use this notation in the sequel, 
whenever 6 appears with subscripts or superscripts. 
For {= J, Theorein 4.2 yields 


A(R) = DO + DEP I) = LO + OW). 


This result was obtained in Theorem 3.51. 
b) WM = M. Since oI is the null group and 6x = M for 6 an arbitrary 
natural number, it follows that 


ARIS So OR, 
VO So ae 
Hence 


The groups A'(S, MN) and V'(K, N) are isomorphic and completely determine 
the rth Betlt number of &. 
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Remark. Theorems +.1 and 4.2 imply that if & is both r- and (r — 1)- 
torsion free, then the groups A’(M, 2), VCR, YW) are direct sums of 7” 
groups isomorphic to the group 9% for arbitrary coefficient domain QM. 
Consequently, they completely determine a unique invariant: the rth 
Betti number of &. 

ce) % = 91. For arbitrary natural number 86, 


i & J(6), =O = Mh. 

Therefore 

M) = DE? JO) +O = OTM + VO 
(R94) = DP TO) + OP oh = OT) + OY OD. 


§4.4. The groups A,,’ (st) and V.n’(&) (see Appendix 2, 4.5, Remark 2). 
Let XY = Jn. For arbitrary @ > 1, 


6] m = (Je)m = JS cm, 6) 5 
dpf Od gp =O We = sd as 
Hence [writing V,’(&) instead of V’(&, Jin)] 
An) = DLE? Tene FTO Tm Diet Jom » 
Fe Qo] Sa deat at oe Tony 
where a = 6; ', 8 = 0,. Then, in particular, 
(4.410) Ain (2) = Vn GR); 


We formulate (4.41) as 
Theorem 4.41. The groups An’ (%) and Vm (&) are isomorphic to the direct 
sum of x" cyclic groups of order m, 7’ cyclic groups of order (m, 6, NG =1, 
r”), and 7° cyclic groups of order (m, 67) (@ = 1, +++, 7’). 
The folowing remarks supplement this result: 


Since Jim) = (Jem and 3? Jp = O'(R), 


DP Tema = LIP Ja)m = (LAL Js)m = (OR) 5 
So Eee Ole 


(4.31) 


(4.41) 


Hence 
(4.411) An (R) = DE? Jem + LP Jem + DU Tm 
= (O'R) m + (O'R) m + OP Tm 
Finally, noting that 
(O'(R) mF DT? In = (OR) + DVO Dm = (A(R) ms 


114 THE OPERATOR V AND THE GROUPS V'(R, %) [CH. IX 


Wwe may write 
(4.412) Am (®) = Vn'(X) = (O'(L))m + (A(R) mn - 

Remark 1. Let us return to (4.41) and assume that m is divisible by all 
the 6,7" and @,' [for this it is enough, in particular, to have m divisible by 
the orders of the groups 9” '(K) and ©’(K)]. Then 

(m, 67") = 67", — (m, 07) = 6 
and 
Let Jey = LI J. = O(N), 
Dist Jing) = Dist Ja = O(R). 
Hence 

TuEoreM 4.42. If m is divisible by all the 6, and 6, * {in particular, if m 

1s divisible by the orders of the groups O'(R) and O"'(K)], then 
Vn (X) = Vn (8) = OUR) + O(R) + VP In 


3.52 and 4.42 imply 

4.43. If K” ts a nonorientable pseudomanifold and m is even, then 
Am’ (K") = Vn"(K") is. the group of order 2. 

REMARK 2. If mis prime and 6 is an arbitrary natural number, 


(m, 9) = m, if 6 = 0 (mod ™), 
(m, 9) = 1, if @ 40 (mod m). 
For arbitrary r denote the number of torsion numbers 6,’ which are divisible 
by m by bn’. 
Then 4.41 implies 
4.44, For m prime the groups Am (S) and Vn'(®) are direct sums of x" + 
bn’ + 8m’ cyclic groups of order m, so that the rth Betti number (mod m) is 
(4.42) ie =e ton bon: 
Multiplying both sides of (4.42) by (—1)’ and summing over r from r = 0 
tor = n, and noting that 6,” = 6,” = 0, we obtain 
Doro (— Lan = Doren (-1)'r" = dete (-1)". 
The formula 
(4.43) Doro (—1) tm” = Doe (-1)'0" 


is called the Luler-Poincaré formula (mod m), m a prime. 
$4.5. Integral chains and homologies (mod mm). 
Derinition 4.51. Let 2” = >> ad € L’ be an integral chain. 
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Set 
Bt = SS ait, 


where a,” is the residue of a; (mod m). If Bna” € Za’(X, Jm), we shall say 
that 2 is a cycle (mod m). 

DeFINITION 4.52. We say that an integral cycle 2” € Za’ is homologous to 
zero (mod m), x” ~ 0 (mod m), if 


So E Hs’ (8, 5 


THEOREM 4.53. An integral cycle 2” ~ 0 (mod m) if, and only if, there 
exists y’ € Zs such that 


x — my € Ay’. 
Necessity. If 
Brx € Ha (RK, Jn), 
there is a chain 2m)" € Zs"(®, Jm) for which 
Vint” = Arum. 
Now suppose that 2’ is any integral chain such that 
R271 = aa 


Then 


that is, 
Bn(z” — Ax*') = 0; 
r+l 


x — Av” = my’; y EL. 


: +1 . 7 : 
Since 2”" and 2’ are integral cycles, my’, and hence j/’, is an integral cycle 
and 


1 
zo — my = Ax’ € Hy’. 


ry. - < 
This proves necessity. 
Sufficiency. If 


ori a my" = Av, 
then 
1 
Vit = B,Ax™” = AB 2*, 


and the sufficiency is proved. 
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THEOREM 4.54. Let 


(4.541) w= Doe’ + Dau’ + bys 
be an integral cycle. Then x" ~ 0 (mod m) tf, and only if, 
(4.542) Cr = 0 (mod m); a; = 0 (mod (m, 6,')) 


for all h and 7 in (4.541). 
For, if 2” ~ 0 (mod m), then by the preceding theorem 


zg’ = Axe? + my’, y © Zor. 
Let 
y = dente’ + Datu + D> b0,, 
et = Vales + Mosye" + Yala’ + YS dla + Devs. 
Then 
Ag = SialAni™ + D7 bfAys" = Do alesud + Do djv;. 

Hence 
DS cnen” + DS aud + oS bv; 

= >) menten” + D> (ma* + O7a/)u7 + dS (mdb + b,)0/, 
that is, 
(4.543) cy, = me*; a; = ma* + 6/a/; b; = mb#* + by’. 


The first two equalities of (4.543) imply (4.542) and prove the necessity 
of this condition. 
Now suppose that (4.542) is satisfied. Then 


Ch = ™Myn, a; = (m, 6; )a” = amt B65 
for integers yn , ai, B:, and (4.541) becomes 
x= moyen” + mDau? + Becud + dy; 
mde + Dian’) + A (Dba + DV by i"), 


that is, 
2” ~ 0 (mod 2). 
Tnrorem +.55. Lf an integral cycle x" ts not homologous to zero (over the 
integers), it cannot be homologous to zcro (mod m) for any m. 


We shall prove a stronger proposition: 
4.551. If x” € Ha’, but x” € Ha’, then x” ~ 0 (mod m) for any natural 
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number m divisible by the order of the group O'(&). If bothx € Hs anda ¢ 
Hy", then x ~ 0 (mod m) for every sufficiently large m. 

Indeed, let x € Hy” and suppose that m is divisible by the order of 
©’(S&), that is, by all the 6,7. Then (m, 6,7) = 6,7. Hence if 2” ~ 0 (mod m), 
it follows from (4.542) that 


a; = 0 (mod 6,7), ie, a; = 6/a:”, 
a,” an integer. Then (4.541) becomes 
w= Dean + Do a”Are + > bys" 
= > Cazr + A (>> alae + os b,y;7'). 
But x € H4" implies that all the c, are zero, so that 
ane (avr? 4 bai) ea ae 


Now suppose 2” ¢ Ay”. Then in (4.541) not all the c; vanish. If, for in- 
stance, c, ¥ 0, taking m > | «| we see that the first condition of (4.542) 
cannot be satisfied. Hence 2” ~ 0 (mod m). 


(4.543) 


$5. Calculation of the groups A’(t, 2) and V’(%, %) by means of the 
groups A’(%, 9t,) and V,,’ (%) 


$5.1. In the preceding section we derived formulas for the calculation 
of the groups A’(®, 2%) and V’(&, YM) over an arbitrary coefficient domain 2 
from the groups Ao (%) and Ay” “(R). However, it is sometimes expedient 
to reduce the calculation of A’(8%, 1) and V’(8, 2) to the groups A’(&, 91) 
[or V(X, 9t)] and particularly to A,,’(&) instead of Ao (&). To achieve this 
it is enough to reduce Ay (%) to these groups. 

THEOREM 5.1 (the proof given here is due to H. Hopf). /f the groups 
A’(®, 3x) are known for all r =0,1, +++ , so are the groups Ao (XR), r = 0, 1, 

- , and hence the groups A(R, 2) and V'(R, MW) for arbitrary A. Further- 
more, the group Ao (%) may be calculated from V'(&, Ii). 

Both assertions of Theorem 5.1 follow from (4.31) and the following 
lemma: 

Lemma 5.11. Zf a group @ ts the direct sum of a finite group Z and of a 
finite number of subgroups G,, --- , Gp of ©, each of which 1s tsomorphic to 
M1 , then both p and T are uniquely determined (the latter up toan isomorphism). 

Proof of the Lemma. Suppose 


(5.11) G=T4+G,:-:-+G,. 
We shall prove first that the subgroup 
S=G+---+6, 
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consists of precisely those elements x of © which satisfy the followmg con- 
dition: 
For every natural number m there exists y € © such that my = zx. 
Indeed, if x € Gand m > 1, then 


T=M +: +2, rw € G;. 
But there is a y; € G; such that my; = x;, and putting 


ao a ase 
it follows that my = z. 

Conversely, suppose that for every x € Gand m > 1 there existsay € G 
(with y depending on m) such that my = x. Choose m so that it is the 
order of &. 

If 


x= my, y=tt+s, te, sé S, 
then 
x=my =m+msc€ GS, 


and this proves the assertion. 

Hence the elements of © are independent of the decomposition (5.11), 
that is, S always consists of the same elements of © no matter how the lat- 
ter is decomposed into a direct sum. It follows that the group & is uniquely 
determined up to an isomorphism: it is isomorphic to G/S. It remains to 
be shown that the number p= in 


S=GQt+---+G,, 


where all the @; are isomorphic to 9t,, is uniquely determined. To prove 
this it is enough to show that 7 is defined by the equation 2? = NV, where VY 
is the number of elements 2 of © such that 27 = 0. 

Ife =a+ --- + 2, (a: € G&,) satisfies this condition, then 2x; = 0 for 
every 2. But there are precisely two elements 2; in St; for which 22; = 0, 
namely, 7; = 0 and x; = 4; hence the number of elements x € © for which 
2x2 = 0 is indeed equal to 2”. 

This proves Lemma 5.11 and hence Theorem 5.1. 

§5.2. Trrorrn 5.2. If ® is a complex, there exists a natural number m > 1 
with the following property: if the groups Am (&) are known for allr = 0, 1, 2, 
-++ , then all the groups Aq (&) are also known and consequently also all the 
groups A(R, ), VR, W) for every Wl. 

Proof. Tet mp be a natural number divisible by the orders of all the 
groups O'(&) (if some 9’(@) is the null group, its order is 1). 

We shall show that Theorem 5.2 holds for arbitrary natural number 
m = kmo, where k is an integer > 2. 
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Indeed, by Theorem 4.42, 
(5.21) An (®) = O'(8) + O'R) + DO? Ian 
Hence, recalling that 2.0’(®) and m0" "(®) are null groups, we obtain 
moAm (®) = moO'(®) + moO (8) + O7? molm = D7? mod m 

for the subgroups moAn (®) & An'(K). But 

Mid n= De; 
where & = m/mo, so that 

nigh (hh) = Sn 


Hence 7’, the rth Betti number of S*, may be defined as the number of cyclic 
groups of order k = m/mp which appear in the direct sum decomposition 
of the group 7mAm(); hence 7’ is known. We must now determine the 
groups O7(@). 

@°(@) is the null group. Suppose that the group 6” ‘(&) has been deter- 
mined up to anisomorphism. Then, since x” is known, the group 0” “() + 
ane J mis also known up to an isomorphism. But then, by (5.21), the group 


O'(R) = An (R/(O" 1B) + 7? Fn) 
is also defined up to an isomorphism. Hence, the groups 0’(%) are deter- 
mined. 
§6. The homomorphism S;° of L’(K., 2%) into L’(Kg, %) induced by a 
simplicial mapping S." of a complex Kz into a complex K. 


§6.1. Definition of the homomorphism S,*. Let K, and Kg be unrestricted 
simplicial complexes and suppose that S,° is a simplicial mapping of Kg 
into K,. 

We define the homomorphism S,* of L’(K., %) into L’(Kg, %) as fol- 
lows: for an arbitrary chain x, € L’(K., %) and an arbitrary oriented sim- 
plex ts; of Kg we set 


(6.1) (55°20 : tp; ) = Gy ° Sites); 


that is, the value of the chain S,°x,” on ¢g;’ is, by definition, the value of 
the chain x,” on the simplex Sa'tg;, if Sa°ts,”/ ¥ 0, and is 0, if S.°ts7 = 0. 
If X = Jor U = Jmand zs = >. a,jtas € L'(Ke, 1), then by (6.1) 


(Sp2ra" sxe) = (Sp°ra"> Do Gita) = Do a;(Sp*r0' «tp;’) 
= Di a;(ra-Saita;) = Dy (ta'- Sa a;tg;’) 
= (ta" Dd) ajSa'ta;) = (va SaPas'). 
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Hence 


6.11. The homomorphisms Sg* and S.° are dual. 
§6.2. Commutativity of the operators V and S,°. We shall prove the 
identity 


(6.2) VSe"t0" = Ss°Vz." 


for any chain x, € L'(K., %). This identity is analogous to VII, (8.3). 
In virtue of (6.1) and the fact that (V2"-y'™) = (27- Ay’) [(1.310)], 
we have 


(Be" Vice tpi") = (Vaa"- Sata") = (ta ASa'tg;"”), 
(VSs"e" tej) = (Bp%xte"+ Alps") = (ta Sa’ Alp; ’). 


Since AS.°tg7* = S.°Atg;7™, the assertion is proved. 

The reader will find examples of homomorphisms in X, 3.2, which may 
be read at this time. 

§6.3. THroreM 6.3. Let Kg and K,. be finite unrestricted simplicial com- 
plexes and let S.°, 8’? be two simplicial mappings of Kg into K,. If SP 
and 8’, induce the same homomorphism of the group An'(Kg) into An’ (Ka) 
for arbitrary dimension r and arbitrary m = 0, 2, 3, --- , then the homo- 
morphisms S,* and S’s° of V'(Ka, NX) into V'(Kg, %) also coincide for arbi- 
trary coefficient domain % and arbitrary dimension r. 

Proof. Let 


T Tv T T ‘ 
tah » Yah y Sah y tah » Vah 


T T T T T Tr 

We = {xpi, Yai, Zar, Upi, Yai}, Wa 
be a canonical system of bases and 

Ti -— FT -— FT = FT — FF — Tir OT - T-=- F es F = TF -— F 

We" = {tg.’, 0p.’ Zs, Ta: , Yas}, Wal = (than, Dan's Zany Lah'y Gar } 


a dual system for Kg and K,. 

Let us consider the matrices of the homomorphisms S,° and 8’,° of 
Lo’ (Kg) into Ly’(K.) relative to the bases JV," and W’,’ ; every row of a ma- 
trix consists of the coefficients of the linear combination of the elements 
of W.,' into which S,”° maps the element of 1,” heading the given row. 

Since S.° maps cycles into cycles and bounding cycles into bounding 
cycles, Sq°zg;” is a linear combination of the elements Zax", Wan’, Van) Sata 
is a linear combination of the elements wan’, Van’; and S,°v¢,;" is a linear com- 
bination of @an"tan’, Van. The same is true, of course, for S’,”. 

Hence the matrix of S,° has the form shown in Table (6.3) (only the ele- 
ments in which we are interested at the moment are written out explicitly). 
The matrix of S’,” has the same structure; we shall not exhibit it, but merely 
note that its elements will be denoted by the same letters as the correspond- 
ing elements of the matrix of S.°, marked, however, with primes. 


§6] 


(6.3) 
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cd Var | Zien lah Vor | 
¥ 
78; Qih din Cih 
Yai Sin 
-| 

ZB; 0 0 Cih Pih 
'  Uegs 0 0 ! 0 bin 

vg; 0 0 0 Gan Gir | 
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Since the homomorphisms S,° and S’,” induce the same homomorphism 
of Ao’(Kg) into Ay’ (K,), 


Sarees — S! Pegs” in Ka 


for arbitrary 7 = 1,2, --- , 7°; that is, 


Saheae = Sy 


is a linear combination solely of the cycles @anU%an and va. Hence 


(6.31) Cy, = Cin! 
for arbitrary 7 = 1,2, ---,7,h = 1,2,---, 7a. 
Furthermore, 


—] 
Arg: = Oa: ugs 


d 


so that xg,” is a cycle (mod m; = 6g;~"). Since S.° and S’,° induce identical 
homomorphisms of A,’(Kg) into A, (Kq) for arbitrary m and in particular 
form = m,;, if the operator &,, has the same meaning as in Def. 4.51, we 


get 


Bnj(SaPtar re? S! Pag") = Ha'(Ka, J m:) 


Therefore, by the last two equations of (4.13’), 


that is, 
(6.32) 
(6.33) 


Vin Gin — a — 0, 


iis mr Vn Din’ = 0, 
ain — An! = 0 (mod 6,7"), 
din — ax’ = 0 (mod 6,7"); 
or, for suitable integers pai, vin: 
—] 7 as 
Qin — Gin’ = winder’, t= 1,--+, 78 ,h=1,+++, 7e 


—1 . 1 
din — din’ = vinder ) a= 1,---, wg ge Sly Fp tee 
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Let us now consider the homomorphism S,* relative to the bases W,’, 
W,". Since Ss* and S,° are dual, applying Theorem 5.4 of Appendix 2 we 
obtain 


Sp*tian’ = ><: Gintig;,” + a linear combination of the dg/, 
Se"Zen = >i dintig’ + Dos cin3e° + a lincar combination of the og,7, 
and analogously 

B'3°Gan” = >>: an'tig,, + a lincar combination of the 3,;, 
Ss’ ao TF >: din'tias” : f=..T . bi 7 f i Pas 

gp Za = idintias + iC Zs: + a linear combination of the dg; . 

[It is suggested that the matrix (6.3) be rewritten with the left-hand column 
Lai, Yai, Zar, Usi, Vp: replaced by tg:, dg:, Zs:, Fe: , Yar, respectively, and 
the upper row Lan, Yah, Zak, Uah, Van, DY Wah, Dah, Zahy Lah Yan, TeSpec- 
tively.] 


Recalling that Vis,’ = 03; ‘tg, and Vg; | = dg,, we get from (6.31), 
(6.32), (6.33): 


eas Sattar — S'e°tian = >.s winds: ‘tia’ + a linear combination of 
6.34 
the 397 = >>: yinVes' + a lincar combination of the Vi." ", 
6.35) Sp*Zan — S'a°Zan = > 2 vinbai tas + a linear combination of 
. oO 

the 3g° = >>: v%VEs" ' + a linear combination of the Vii" 7, 
or 

Se than™ aN S' stan in Ks, for h => 1, Orr en Ta’, 
(6.36) GO a Tr Gi a Tr : r r 

Sp Zan — S’g Zan in Ng fork = 1,°-*,ma- 


Since every integral r-cocycle of A, is cohomologous to a linear combina- 
tion of cocycles tan, Zan’ and since Ss*, S’s* preserve cohomologies, it 
follows that 

Spa" mn B's°Za in Wg 
for arbitrary %" © Zy’(Kg, J). This means that Ss“ and S’g* induce identical 
homomorphisms of Vo (A.) into Vo (Kg). 

To show that the simplicial mappings S.” and S’,” induce identical 
homomorphisms of the groups V’(A,, %) into (Ag, %) over an arbitrary 
coefficient domain %, we note that according to 4.2 every cocycle Z,’ € 
Zy (Ka, %) has a unique representation 


2a me > OnE an” =f os ChZ ah. ae 3 Dither Tr Ds CnDah y 


§6] THE NOMOMORPHISM Ss” or L'(Ka, 9) mnto L'(Ks, %) [23 


where ada, ci, di, e, € Wand ay satisfies the condition 
(6.37) Bar", = O. 
In virtue of (6.36) we obviously need merely prove that 
(6.38) Spartan ~~ S'sdnEan’ (in Kg over 9). 
To this end, we return to Table (6.3) and write 
Seta. = Ds Cantigy + DiSadade 
+ Doi pated + Doi vinta” + Ys Gen" ginger’ 


Since 

Sazes ~ S' Pes (in K, over J), 
(6.39) p Din = pin’ (mod Oar’). 
Since 

Sarugi ~ S' eugi (in K, over J), 
(6.39) bin = bi’ (mod Ban’). 


Setting em — ¢i’ = Aj, and keeping (6.37) in mind, we obtain 
Santen — S's ten = : Anditig’ + ye (fin — Sa )ander 


from (6.39), and (6.39), . Since dg;, — O (in Kg over J), the proof reduces 
to showing that 


(6.39) SA ntntis’ - 0 (in Kg over Qf). 
To this end we recall that zg/ is a cycle (mod m; = 0; °) and that 
Bn (Sater — Slafag.”) € Ha (Ka, Im); 


Saag’ — S'aPaa? = >> Aiton” + a linear combination of the chains 
Lah Yah Zah, Van. According to the first equation of (4.13’), 


BmAin = Ooh Min 
for some pian € Jm; Or 
Ai — MitO ah (mod m:) 
for some integer my, , or finally 
An = Minbar + nine 
for suitable integers ma, niu. Hence 


= Te ee. r—1 of 
So; A nantigs” = > Minar Atlas + doi MnO: Antle; . 
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Applying (6.37), 
Doi Aintntia? = Doi nina,” ta’ — 0. 


This completes the proof. 

Theorem 6.3 and VII, Theorem 9.4 yield the following result, required 
in Chapter XIV: 

Coro.tiary To TuEorEM 6.3. Let S.° and S’.° be simplicial mappings 
of Kg into K,, where both Kg and K, are finite unrestricted simplicial 
complexes. Suppose that for every simplex 7's € Kg there exists a simplex 
T. € Kq having both 8.°7's and S’.°7's as faces. Then S,° and S’,” induce 
identical homomorphisms Ss* = S’,* of the groups V(A., %%) into 
V'(Ke, 2. 


Chapter X 
INVARIANCE OF THE BETTI GROUPS 


In this chapter we shall prove that the Betti groups of all the triangula- 
tions of homeomorphic polyhedra are isomorphic. 

In §1 we discuss our method of attacking the proof of this theorem, 
which is finally realized in §6. 

§2 contains a proof of the invariance of the Betti groups under bary- 
centric subdivisions of triangulations. 

§$$3 and 5 are devoted to a discussion of normal and canonical displace- 
ments, as well as to e-displacements in compacta and polyhedra, which 
form the basis of a considerable part of this and the next chapter. 

In $4 we treat certain auxiliary concepts, which are related to those de- 
veloped in §3, but are not required until Chapter XIV; consequently, this 
section may be read in conjunction with Chapter XIV. 

§6 contains a proof of the fundamental invariance theorem based on 
$§2, 3, and 5. 

In §7 we prove the invariance of the pseudomanifolds, that is, we prove 
that if a triangulation of a polyhedron is a combinatorial pseudomanifold, 
then every triangulation of the polyhedron (or of any polyhedron homeo- 
morphic to the given polyhedron) has the same property. 


§1. Formulation of the invariance theorems 


§1.1. Definition of the numbers b’(#). Let © be a compactum and r an 
integer > 0. 

DEFINITION 1.1 We denote by b’(®) the Ieast integer & with the following 
property: 

For every open covering w of ® there exists a closed refinement a of w 
with nerve A. such that 7’(A.) = k. [By a closed refinement of w we mean 
a closed covering @ of @ with the property that every element of @ is con- 
tained in some element of w (see I, Def. 8.11). For the definition of nerve 
see IV, 2.1.] 

If there is no integer / with this property, we set D'(6) = «. 

If b'(&) = ~, for every k there exists an open covering w of © such that, 
for every closed refinement a of w, (Ka) > k. 

The following theorem is a consequence of I, Theorem 8.35: 

1.11. The number b'(®) is the least integer k satisfying the condition: for 
every « > 0 there exists a closed e-covering of ® such that the rth Bettt number 
of its nerve ts k. 

Remark. Let m be a prime. The numbers b» (&) are defined in complete 
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analogy with the numbers b’() by considering the Betti numbers (mod m) 
of the nerves K, of closed coverings a of ®. 
Clearly, if the compacta @ and &’ are homeomorphic, then 


b(@) = UE’), bm (&) = bn (®), 


that is, both sets of numbers are topological invariants. 

§1.2. Definition of the groups @’(#). 

ALGEBRAIC Lemma. If A and B are Abelian groups with a finite number 
of generators and A is isomorphic to a subgroup of B, while B is isomorphic 
to a subgroup of A, then A and B are isomorphie. 

Jor a proof see Appendix 2, Theorem 4.41. 

We shall now define a sect (perhaps empty) &’(®) of Abelian groups for 
every compactum © and integer r > 0. 

The set @’(®) consists, by definition, of all Abelian groups $ (defined up 
to an isomorphism) with the following property: 

For every open covering w of ® there exists a closed refinement @ of w 
such that $ is isomorphic to the group Ao (K.), where K« is the nerve of a. 

In consequence of I, 8.35, we may now say that 

@'(®) can be defined as the set of all groups 8 with the following property: 

For every « > 0 there exists a closed e-covering of ® such that Ao (Ka) 7s 
isomorphic to B. 

A group So € &'(®) is said to be a minimal group of the system B'(®) if 
every group 8 € @’(®) contains a subgroup isomorphic to Bo . 

The system &’(®) may contain no minimal group in the above sense; but 
if @'(&) does contain a minimal group, it contains just one (according to 
the Algebraic Lemma). 

DEFINITION 1.2. The minimal group (if it exists) of the system B®) zs 
denoted by 8'(®). 

Remark. Clearly, if Q7(@) exists, so does B'(%’) for every ’ homeo- 
morphic to ®, and ¥B’(#) is isomorphic to 8’(#’). Hence the groups 8’(®) 
are topological invariants. 

§1.3. Formulation of the invariance theorems. The basic purpose of this 
chapter is to prove the following theorems (and incidentally to give another 
proof of the Pflastersatz): 

TuHroreM 1.31. The equalities 


(bd) = w(K), bm (®) = tm (K) 
hold for every triangulation K of a polyhedron ®. 


TukorEM 1.32. If & is a polyhedron and K is a triangulation of &, the 
group B'(®) exists and is isomorphic to Ay (K). 

In virtue of the topological invariance of b’(@) and 8’(&), these theorems 
imply 

TuEoREM 1.33. If K and K’ are, respectively, triangulations of two homco- 
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morphic polyhedra & and ®', the groups Ao’ (K) and Ao'(K’) arc isomorphic 
and a’ (K) = w(K’), 

[The cquality of w(K) and 2'(A") is an obvious consequence of the iso- 
morphism of the groups Ao (KX) and Ao’ (K’).] 

Theorem 1.33 is called the invariance theorem for the Betti groups and was 
first proved in 1916 by Alexander. The term invariance in the name of the 
theorem is to be taken in the sense that any two triangulations of two 
homeomorphic polyhedra have isomorphic Betti groups. This invariance 
may also, of course, be understood in the sense that any two triangulations 
of the same polyhedron have isomorphic Betti groups. Indeed, in accordance 
with IV, 6.1, Remark 2, we may also formulate Theorems 1.31-1.35 in the 
following way: 

1.34. The groups Ao (K) are isomorphic for all topological triangulations of 
a topological polyhedron ® (sce IV, 6.1), since they are all isomorphic to 
3"(@), and the numbers 7(K) are all equal to b'(®). 

Since the groups ;(A’) completely determine the groups A’(K, Wf) and 
v'(K, %) over an arbitrary coefficient domain Y (see IX, 4.1 and a2), 
1.33 imphes the 

GENERAL INVARIANCE THEOREM FOR THE Berti Groups 1.35. If K and 
K’ are triangulations of two homeomorphic polyhedra & and ©’, respectively, 
then the groups A'(K, % [V'(K, %W] are isomorphic to A’(K’, M) [V'(K’, W] 
for arbitrary r > 0 and arbitrary coefficient domain I. 


§2. Subdivision of chains. Fundamental systems of subcomplexes and 
chains. Invariance of the A- and V-groups under elementary and 
barycentric subdivisions 


§2.1. The isomorphism sg”. Throughout this section K., Kg will denote 
triangulations or open subcomplexes of triangulations. 

Let Kg be a subdivision of a complex K. . Choose a definite orientation 
ta” for every element J,” of Ka. We shall call T's’ € Kg a principal element 
if 7's" is contained (sct-theoretically) in some T,’ € Ka of the same dimen- 
sion r. Of the two orientations of a principal clement 7's" € Kg we denote 
by ts’ that which is coherent with the orientation t, of the carrier 7'." of 
T,’. lf Ts’ is not a principal clement, ts’ will denote either one of its orienta- 
tions. Moreover, for brevity, we shall now write La’, Ls’, Za’, Zs’, Aa’, Ap’, 
ete. in place of L(Ka, UX), L(Ka, WU), Za"(Ka, %), Za'(Ka, 0), A (Ka, %), 
A’(Kg , U), ete. The elements of La’ (Lg') are denoted by 2_"(as"), and addi- 
tional indices are used whenever necessary. 

Derrnition 2.11. I’or every chain x," we shall define a chain 2” as 


follows: = 2 
a) if Te is a principal clement contained in 7’,”, then 


(xp"-te’) = (44" ta’); 
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b) if 7's” is not a principal element, then 
T Tr 
(ag'-és’) = 0. 
We denote the chain x3" by sg*x.' and call it the subdivision of the chain 
Le an Kg . 
Remark. If x,’ = ¢,’ is a monomial chain, then obviously 


(2.111) Ste = Dots, Tas Gta, 
Tor an arbitrary chain 2.” = ar, Wailer 
(2.112) Saha = >: Gaisetes. 


Assigning the chain sg°z,” to every chain 2,’ € L,.’, we obtain a homo- 
morphism of LZ.” into Lg’; in fact, it is easy to see that 


Sg (fa + Ya) = Se Xa + SB Ya: 
Moreover, if x. ~ 0, then sg*x, # 0. Hence sg* ts an isomorphism of 
La into Lg’. 
THEOREM 2.12. 


(2.12) Asp"tq = Sg Ata. 
Proof. In consequence of (2.112) it is enough to show that 
Asg*ta = Ss°At,. 
If 7's’ is arbitrary and is contained in 7',’, there exist precisely two 


r ‘ —J is P 5 
elements T'g.” and Tg,’ of Kg having T,’ as a face. Since the orientations 
tan and tg,’ are coherent 

B 8 ? 


(tpn ts") = — (tay: ts”) 
for an arbitrary choice of ts” *. Hence by (2.111) and the definition of A 


(Asp"talts"*) = (ADD tests) = (Atal -te) (Ait) 
= (tpn tts”) + (tee tts”) = 0. 


Since Ts”) C T.’ is not a principal clement, sg“At,’ is zero on ts”. There- 
fore, if Ts” C Ta’, both Asgta’ and sgAta’ vanish on ts”. 

Now suppose that 7's” 7 is contained in a face T.”) € Ka of Ta’ € Ka. 
Then only one simplex 7’,° © 7'.” has 7’3”" as a face. Let us denote by 
R'(R™") the carrying space of the simplex 7'.’(7'.""), and by C the affine 
mapping of 2” onto itself which carries the oriented simplex ft,’ into the 
oriented simplex ts’. We shall denote the restriction of C to R77) by C’. 
Since 7',” and 7's) = C7’,’ lie on the same side of the plane R7* = CR™, 
putting «© = +1 im Theorem 1.521 of Appendix 1, we obtain 


? 


sgn C-sgn C’ = +1. 
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. . s T 
Since the orientations ¢,’ and ¢g’ are coherent, sgn C = +1. Hence sgn C’ = 
+1, so that 


Co = Cie? =. is 
and 
(2.121) Gs ts) SCR 1) = tte: 


But (ta’ita) is the value of At,” on f.”' and it is also the value of ss*Ate 
on ts”. On the other hand, Asg%t.” and Ats” have the same value (¢g": ts” ’) 
on tg’. In view of (2.121), this proves Theorem 2.12. 

$2.2. Fundamental systems of subcomplexes of a complex K. As we 
indicated at the beginning of 2.1, A, A. , Kg will denote triangulations or 
open subcomplexes of triangulations in this section. 

DEFINITION 2.21. A system of subcomplexes U;7 C A of various dimen- 
sions (from zero to the dimension 7 of K) satisfying the following condi- 
tions will be called a fundamental system of subcomplexes of K: 

1°. All the U,’ are disjoint simple pseudomanifolds and their union is 
kK. (An r-dimensional pseudomanifold U’ is said to be simple if it is orient- 
able and if all its A?-groups are null groups for 0 < p < r.) 

2°. For every UZ the complex B;’ ’ consisting of all the simplexcs T € K 
which do not belong to U; and which are faces of at least one simplex of 
U, is an (r — 1)-complex and is the union of pseudomanifolds U;’, 0 < 
Ce dea 

Remark. Setting U;) < U/ if U2 C BJ", we see that the set of all 
U, is partially ordered. We shall denote it by K. If we assign to every 
U,’ € Ka dimension number which is the same as its dimension as a sub- 
complex of K, we can then look upon K as an abstract complex in the 
sense of IV, 1.7. We shall make use of this remark in the sequel. 

We shall designate the sct of all Uj; < Uy by B,”. It is clear that 
B;”” is a closed subcomplex of K; the union of all the complexes U;* which 
are clements of B,”~ is B/. 

From 2° it follows easily that: 

2.22. The union of the subcomplexes U; which are elements of a sub- 
complex Ko of K is a closed subcomplex Ko of K if, and only if, Ko is a 
closed subcomplex of K. 

From 2.22 we obtain an analogous proposition for open subcomplexes. 

2.23. The set of all U,’, s < r, is a closed subcomplex of K denoted by 
K’. Hence K = K”. The union of all the elements of the complex K" (that 
is, the union of all the complexes U;’ which are clements of K’) is a closed 
subcomplex of A denoted by K’. 

We shall require the following casily proved theorem in the sequel: 

2.94. If U2" < UZ, U,"” is an open subcomplex of B/’. 

For, since U;’’, because of its dimension, is not less than any clement 


r 
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of B;, the set of all clements of B,™ different from U;"™' is a closed sub- 
complex Ko of B,' and the union of all the elements of Ko is a closed sub- 
complex Ko of B~. Therefore, U;" = Bi \ Ko is an open subcomplex 
of B,’. This completes the proof. 

Similarly, 

2.95. Every U,’ is an open subcomplex of A’. 

EXAMPLES OF FUNDAMENTAL SYSTEMS OF SUBCOMPLEXES. 

1. Let K be the triangulation of the torus discussed in VIII, 1.4, Example 
5 (Fig. 116). Denote by U,’ the subcomplex of K consisting of the elements 
of K inside the square ABCD (Fig. 116), and let Us'(U2') be the subcomplex 
of K made up of the elements of K on the open segment AB = DC (on 
AD = BC). Vinally, let U, consist of the vertex A = B = C = D. The 
complexes Uy’, U fue Ore Uy form a fundamental system of subcomplexes 
of K. 

Exercise. Prove the last assertion of Example 1 by using arguments 
analogous to those of VIII, 1.4, Example 5. 

2. Let K be the triangulation of the projective plane of VIII, 1.4, Ex- 
ample 7 (Fig. 116; the second diagonal of the square is not shown in this 
figure). Let Uy’ be the subcomplex of K consisting of all the elements of K 
inside the square ABCD; let U;' be the subcomplex made up of the seg- 
ments |f'| = [é'|, |@ | = lis], || = [6], [& | = [ao |, [ts | = 
| éu' |, [te | = [te | and of the vertices of these segments cxcept for 
A = C;and let U,’ consist of the vertex A = C. The complexes by; 
U,’ form a fundamental system of subcomplexes of K. 

3. We state the following gencral theorem [we shall need only the spe- 
cial case 2.26 (see below)]: 

2.261. Suppose that K, is a subdivision of a complex K. If T7, 7 = 1, 
2,+++,m;t = 1,2, ---, p, are the elements of K and U;’ is the subcomplex 
of Ky consisting of the elements whose carricr is T,’, then the complexes U7, 
r=1,2,:'-,m;i=1,2,---, 9, forma fundamental system of subcom- 
plexes of Ky. 

Theorem 2.261 may be proved most simply by the methods of 6.2, ouce 
the invariance of the Betti groups has been established (which depends only 
on Theorem 2.26). The proof of Theorem 2.261 for the case when Ay is a 
barycentric subdivision of A is left to the reader as an exercise. A direct 
proof of 2.261 in its general form may be found in Alexandroff-Hopf [A-H; 
Chapter VI, §3] (see Bibliography at the cud of Vol. 1). 

Theorem 2.261 makes the value of a fundamental system of subcomplexes 
quite clear. As we pointed out above, we shall not use this theorem in all 
its generality; but a special case of the theorem, dealing with clementary 
subdivisions, is essential for the proof of the invariance of the Betti groups. 
We shall now state and prove this special case. 
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2.26. Let Ky be an elementary subdivision (see IV, 4.3) of a complex Kk 
relative toa simplex T © K. Denote by K the set of all subcomplexes Us of Ky 
which arc subdivisions of simplexes T;) € K. (Mach of the complexes U/ 
consists either of just one nonsubdivided simplex of A, which then appears 
in A, in unchanged form, or of an elementary subdivision of a simplex of 
Kk.) The set K is a fundamental system of subcomplexes of K. 

Proof. In consequence of VII, Theorem 9.22 it is enough to show that an 
elementary subdivision Avg of a simplex 7',” is an orientable pseudomani- 
fold. It is not hard to show by induction over the dimension number of 
T. that Kg is a strongly connected complex, each of whose (n — 1)-ele- 
ments is a face of precisely two n-simplexes, that is, that Kg is a pseudo- 
manifold. An orientation of Ag is obtained by taking an orientation ¢,” of 
T,” and constructing the chain sg“te", as in 2.1. The chain sg*é,” is then 
obviously an n-cycle of Ave. 

§2.3. Fundamental systems of chains. 

DEFINITION 2.31. A system of integral chains ug,’ (of various dimensions) 
of a complex Kg is said to be a fundamental system of chains of Kg if the 
following conditions are satisfied: 

1°. Asug, ts a linear combination (with integral coefficients) of the chains 
ug; (Ag is the boundary operator in Kg). 

2°. The chains ug; are linearly independent. 

3°. Each homology class 3g € Ao (Keg) contains cycles which are linear 
combinations of the chains up; 

4°. Tf xe’ € Ha’ (Kg, J) and xg’ is a linear combination of the chains 

7 
Upi: 


rT T 
te = Doi biugi, 
there exists a linear combination 


+1 41 
tg = Den anugn 
such that 
Ane =! re 


The importance of the concept of a fundamental system of chains is 
based on Theorems 2.32 and 2.35, which follow. 

THEOREM 2.32. Let Ug; be a fundamental system of subcomplexes of an 
n-complex Kg. If ug: is a definite orientation of the pseudomanifold Usi’, 
the system of all chains ug; ts a fundamental system of chains of Kg . 

Proof. We shall retain the notation of 2.2, at the same time inserting the 
index 8 to obtain Ug,’, Bg.’, Ka’, ete. 

We shall show that the chains ug,’ satisfy all the Conditions 1°-4° of 
Def. 2.31. 


132 INVARIANCE OF THE BETTI GROUPS [cH. x 


Condition 1°. Since ug, is a cycle on the orientable pseudomanifold 
Uzi, Asus: can be different from zero only on (r — 1)-simplexes of the 
complex Bs; = | Us. | \ Ug’. But Bg’ is a union of terms U,;’ of 
dimensions s < r — 1. Consequently, if Agug,’ does not vanish on a simplex 
ie, then 


[tee | E Us, Cc Bae. 


Since Ug,’ (by 2.24) is an open subcomplex of Bg,” (which contains the 
cycle Agug:’), Us,’ Agus; is a cycle of the pseudomanifold Up;"', that is, 
it is of the form c,,;ug;, ci; an integer. 

Since Agug;’ is the sum of its restrictions to distinct subcomplexes Ug | ik 
Bai *, Agua’ = >. cijug;’'. This proves that Condition 1° is satisfied. 

Condition 2° is an immediate consequence of the fact that the chain 
ug: is contained in Ug,’ and that two distinct pseudomanifolds Ug,’ are 
disjoint (as complexes). 

To show that 3° and 4° are also satisfied, we shall prove two lemmas. 

LemMa 2.33. Let Kg" be the union of all the Ug;, s < r. If a chain xg € 
Ly'(Kg) is on Kg’ and its boundary is on Kg’, then xg' is a linear combina- 
tion of the chains ug; . 

Indeed, by 2.25, Ug;: is an open subcomplex of Ks’; therefore, in view of 
the fact that Agzg’ is on Ks”, we may write 


Ai-Ugi xe = Us: Age’ = 0, 


where A,, is the boundary in Ug, and Ag is the boundary in Kz. Hence 
Usgize is a cycle on the oriented pseudomanifold Us,’, so that Ug;xs" = 
CiUpi and 


te = doi Upias’ = Doi cups’. 


Corouuary. Every r-cycle on Kg’ is of the form >>; ciug,’. 
In particular, every n-cycle of Kg is of the form >>; c,ug;”. 
Lemna 2.34. Let 


ap € Lo (Ke), Apap” € Zo’ (Ke"’). 


Denote by q = q(ae') the maximum integer such that Ug."rs’ ~ 0 for some 
Ugs" € K. Then, if q > 1, there exists a chain yg’ € Lo (Kg) satisfying the 
following conditions: 


a) tp — ys © Ho(Kg),  Apup’ = Apys’; 
b) ays’) < q(xs’). 


Proof. According to the definition of the number g > 7, the chain 2,’ is 
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on Kg? but not on Kg". The pseudomanifolds Ug;! ar S ces 
8 not on 1e pseudomanifolds Ug," are open subcomplexes 
of Kg", so that 
Aig ai'r8" = U'g;"Agrg” = 0. 


FQ i og aie x i . 
Hence Ug;7x" is a cyele on Us;7. Since r < q and Us," isa simple pseudo- 
manifold, U's,’ ~ 0 on Usz,!. 
_ at mrt sear fe pias. aie 
Suppose that vi" € L'* (l’,;") satisfies the condition 


Aigtee = U'g,"v9. 
Then 
Aste; = Usi'xe” on Usi', 
Agta: = 0 on Kg \ (Up: u Bat’). 
Setting 
ysi =O on Us’ andon Kg \ ai uv Bai”), 
Yai = Agta; on Bai", 


we have 


Agtai = Uss'as’ + yet 
and 
tg’ — Kg* ‘aa’ = Do: Unitas = As dite — Diver, 
or 
(2.341) She ie So) Shea 


Since >); ya; is on aes the chain 
Kp" "ap — Dos ye’ = ye 

is on Ks" ’. Hence by (2.341) 

aa’ — ys = Op 2 tei € Hy'(Ka). 
Since a” — ye € Ho (Kg) C Zo (Ka), 

As(vs" — ys’) = Apts’ — Apys’ = 0, 
that is, 
(2.342) Apts’ = Apys’. 


This completes the proof of Lemma 2.34. 
— of Condition 3°. Let ze’ € Zo’ (Kg). Applying Lemma 2.34 » times, 
= g(xs)) — 7, with xe = 2%’, Agts' = 0, we obtain a cycle zpy on Kg’ 
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which is homologous to the cycle zs’ on Kg. By Lemma 2.33, zg,’ is of the 
form y C;Us:, Which was to be proved. 
Proof of Condition 4°. Let 


Zs = D> Citlps 

za = Apas’', 

gt! € Le). 
and suppose that 

give") > r +12. 


The boundary of x’ is on Kg’. Hence application of Lemma 2.34 to 
ag’*' yields a chain yg"*' satisfying the conditions 


q(ys*') < g(za"*"), 


+1 rtl r 
Asys = Apts’ = Ze. 
Applying Lemma, 2.34 as many times as necessary we finally obtain a chain 


ve’ such that 


qv") = 1, 


Avg’*" = re 


Hence, according to Lemma 2.33, the chain vg” is a linear combination of 
the chains ug,’*". This is what we wished to prove. 

From 2.26 and 2.32 we obtain 

2.350. If Kg is an elementary subdivision of a complex K,q, the chains 
Sa tai, Where the tai are the oriented simplexes of Ka, form a fundamental 
system of chains of Kg. 

We shall say (as in III, 2.4) that a subdivision Ag of a complex K, is a 
regular subdivision of K.q if it is the result of a finite number of successive 
elementary subdivisions of K.. 

2.35. (This theorem is true for an arbitrary subdivision Ag of Aa and 
follows from Theorem 2.261.) Jf Kg ts a regular subdivision of Ka and 
ta: are the orientcd simplexes of Kq, then the chains sg*tai form a funda- 
mental system of chains of Kp . 

The assertion is valid, in particular, if Ag is a barycentrie subdivision 
of Kq. 

Proof. We shall say that a regular subdivision Ag of A. has rank p if 
Ke, can be obtained from A, by means of p elementary subdivisions. We 
shall suppose that ‘Theorem 2.35 is true for all regular subdivisions of rank 
<p — 1 and show that it holds for a regular subdivision Kg = Wa, of 
rank p. Let 


Ke = Kea, Ka, ++, Kop 
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be a sequence of complexes each of which, beginning with the second, is 
an elementary subdivision of its predecessor. 

It is required to prove that the chains sapta: satisfy Conditions 1°—4° of 
Def. 2.31. This is obvious for 1° and 2°. Passing to Condition 3°, let 
Rap € Ao (Kap). It is required to find in 34, a cycle of the form >>; aiSap‘tai- 
Since Kap is an elementary subdivision of Kacp-1) , gap contains a cycle of 
the form 


r a(p—1) T 
Zap = py CiSap ba(p-i)i - 


Since A a(p-1) is a subdivision of rank p — 1 of K,, the cycle 


r r 
Za(p-l) = > fCtatp-ay4 


is homologous to a cycle of the form >>; aiSacp-1 tae’ on K acp—1). Hence 


r 


a(p-l) cs a, T 
fap = Sap Za(p—-l1) ™ SS GiSan tai On Kaz 
and consequently the cycle >>; aiSaptar is contained in jap. 
To prove Condition 4° let zap) € Ho (Kap) be of the form 
T a Tr 
Zap = di aiSap bot . 
+1 


It is required to show that z., is the boundary of a chain s )°%.'"; 
oh y r+tlysy- i es % <8 ~ 
where ta" € Lo (K). Since Kap is an elementary subdivision of K apy , 
—] . . 
the cycle zap” = Sap” >: 48a(p—1) tai is the boundary of a chain 


a(p—1) r+1 rtl t+1ly yr 7 
Sap Tapay» — Fapaty © Lo (Kat): 


(p—1) @ ae a(p-l) r+1 a(p—1) t+1 
han = San a AiSa(p-1) bai = ASap & a(p—l) = Sap AXa(p-1) 


a T a T r+1 
See a iQta = yi aSacpt) tas = AXacp-1) ' . 


Since Kap) is a subdivision of rank p — 1, the last equation imphies that 


Sia > aitet = Aes ett € ieee. 
Hence 
fa = ay >i Gitar = oi Sag De Gitar = Sig Ase ta 
ee ASap "La 


This completes the proof. 

§2.4. The a-complex defined by a given fundamental system of chains. 
Let war, 7 = 1,2, °++, 537 = 0,1, «++, m, be a fundamental system of 
chains of a complex Ke. 

We shall construct a cell complex & as follows: 

a) The elements of & are cells 


T 2 rT r 
U1, °°" 4» Up(r) 3 TU, 777» TUpr) 
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corresponding (1-1) to the chains +1g;7, where the element u,’ corresponds 
to the chain ug, and the element —u, to the chain —1g,’. The resulting 
(1-1) mapping of the set of all wu,” onto the sct of all chains +1; will be 
denoted by 8: 


Bu, = Us: B(—-Uz ) = — ug; . 


b) The ineidence numbers (+1, wu,” ’) are defined in the following way. 
By Def. 2.31, Condition 1° we have 


(2.41) Aus? = Qos nj Uses; 


—] . 
where the 7;;’ are integers. 
We shall put 


T. r=1 r—1 
(ugiuy ) = ni; 
and 


(us = u;) 


l 
3 
& 

4 
. 
“os 
| 
> 

S 

. 
s 
. 
= 
me 
_ 
7 

ll 

| 
3 
a 


Hence we may take 








TI rt r=, 
by ee Uj eee Up(r—1) 
Got ol t—1 rl r 
Uy M11 “NG “°° M1p(r—1) 
; T rl r—] r 
Ui |e "NG °° Nip(r—1) 
1 -1 





Tr . TT Tr bi 
Up(r) Ne(r)d —* *  Ne(r)y **Np(r)p(r—1) 


as the incidence matrix of the cell complex S. Accordingly, we have 
(2.42) Aus = do; nj uy: 
(2.43) Aus = Donan ou. 
2.4. The fundamental condition 
Adu; = 0 


is satisficd, so that & ts an a-complex. 
Indeed, in consequence of (2.42), (2.43), and (2.41), 


sat = Adi ns uy) = Dar ny Auj 
—] 9 9 7 eS - 
= Di ny > Njk We Pie >» ‘OR nis Mae ae 2 
Adug” = Die (20a mi” nin” uae” ®. 


. 1 ort ~2 . 
Since AAugs = 0, doe( 205 0637 ayn” *) use” = O and therefore the linear 
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independence of the chains wg." implies that Do; 277 'n”" = 0 for 
arbitrary 7, k. Tlence AAu,’ = 0. 

Therefore, the cell complex & is an a-complex. We shall refer to it as the 
a-complex defined by the given fundamental system of chains. 

REMARK 1. Let Ag be an elementary [the following proposition is true 
for an arbitrary subdivision A (see Theorems 2.35 and 2.261)] subdivision 
of a complex A,. Consider the fundamental system consisting of the 
chains sa*ta:, Where the ¢,,’ are the oriented simplexes of A. , and denote 
by & the a-complex defined by this fundamental system. Then & is iso- 
morphic to the a-complex &, consisting of the oriented simplexes of Ka . 

This proposition is an immediate consequence of Theorem 2.12 and the 
definition of &. 

Remark 2. Let us return to Examples 1 and 2 of 2.2 and consider the 
fundamental systems of subcomplexes of the complex K constructed there. 
In Example 1, A is a triangulation of the torus, and in Example 2 it is a 
triangulation of the projective plane. The oriented elements of these funda- 
mental systems of subcomplexes constitute, by 2.32, the fundamental 
system of chains 


2 1 1 0 
Usr Us , Use , UB ; 
respectively, 
2 1 0 
Us1 y Up , Ug « 
The corresponding a-complexes 
2 1 1 0 2 1 0 
ftuy, bu, bw, tu} and {+tw, tm, +m} 


are none other than the a-complexes considered in VII, 4.2, Examples 2 


and 3. 
§2.5. The isomorphism 6 of L’(S) into L’(Kg). Let us assign to every 


chain 
v= dau € L(R) 
the chain 
Be’ = > aya’ € L"(Ke). 


The resulting mapping 8 of L’(St) into L’(Kg) is obviously a homomorphism. 
But 6 is also an isomorphism, since 6’ = 0 implies, because of the linear 
independence of the chains ug,’, that all the a; = 0, 1.¢., 2” = 0. 

Moreover, 


a al —1 1 — 2 ee 
Apu = Atei = Ds Ups = Do ns Bus = BO ag uy = Baul! 
and 


(2.51) Aga’ = BAx" 
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for an arbitrary chain 2” € L'(&). Hence B maps Za’(&) into Za"(Kg) and 
Ia"(®) into H,’(Kag). It follows that 6 induces a homomorphism (denoted 
py the same letter) of A’(%) into A’(K). 

It follows further from Def. 2.31, Condition 3° that the homomorphism 
B of A’(&) into A’(Kg) is a homomorphism onto and hence by Condition 
4°, Bis an isomorphism of A’(). 

Consequently 

2.51. The isomorphism B of L'(&) into L’(K,) induces an isomorphism 
(denoted by the same letter B) of A’(K) onto A’(Kg). 

Because of this isomorphism of A’(S) and A’(Kg) and the results of LX, 
3, 4, we have: 

The groups V’(S) and V’(Kg) are also isomorphic. 

Fence 

2.5. The groups A(R, W [V (KR, WW] are tsomorphic to the groups 
A’(Ka, WU) [V's , %)] for every coefficient domain Y. 

REMARK 1. Let us recall the triangulations of the torus and the projec- 
tive plane of 2.2, Examples | and 2 and the fundamental systems of chains 
of these triangulations considered in 2.4, Remark 2. We saw there that the 
a-complexes defined by these fundamental systems are none other than the 
a-complexes which occurred in VII, 4.2, Examples 2 and 3 and in VIII, 
1.4, Exercise 4; the Betti groups of these complexes (noted in VIII, 1.4, 
Exercise 4) are isomorphic, by Theorem 2.5, to the Betti groups of the 
triangulation K of the torus and the projective plane, respectively. 

Remark 2, The isomorphic mapping 8 of L’(®) into L"(Kg) does not, in 
general, commute with V. In other words, V8v"’ may not be equal to BV2’. 

To see this, it is enough to consider the complex Ag consisting of the 
segments 


lt | = (AB), | tw» | = (BC) 
and their endpoints 
A=tr, Be=tr, C= tp’. 
Setting 


1 1 1 1 1 0 0 0 0 
tg) = | AB [ tgp = | BC ly Ug = tay -- to and Us = tai ylg2 = to 
and defining w’, 2’, uw in accordance with 2.4, we have 

0 0 1 
Buy = ta, Veuy = tai , Vu? = w, 


BVur = Bur => ug” => bai + tao’, 


1.¢, 


VBuy ¥~ BVu’. 
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§2.6. Isomorphism of the Betti groups under elementary and bary- 
centric subdivisions of a complex K. Let Kg be an clementary subdivision 
of a complex K, relative to a simplex 7 € | AK, |. Then, by Theorem 2.350, 
the chains wg, = sp°tai', Where the ta,’ are the oriented simplexes of K., 
form a fundamental system of chains of Kg. 

But the a-complex ®, made up of all the oriented simplexes of K, is 
isomorphic to the a-complex & defined by the fundamental system of chains 
ug: (2.4, Remark 1). Hence, by Theorem 2.5, the Betti groups of Kg are 
isomorphic to the Betti groups of S and therefore to the Betti groups of 
K., that is, to the Betti groups of K. . 

Hence 

2.60. The Betti groups of a complex Kg are isomorphic to the Betti groups 
of an elementary subdivision of Kk. relative to an arbitrary simplex T € | Ka |. 

Since a barycentric subdivision is the result of consecutive elementary 
subdivisions, we have the following fundamental theorem: 

THEOREM 2.61. (The theorem is also valid for an arbitrary subdivision 
Ktg of A.. If Ag is a triangulation, this assertion follows, for example, 
from 2.261 and the parenthetical remark to Theorem 2.35.) Let K, be a 
triangulation or an open subcomplex of a triangulation and let Kg be a barycen- 
tric or an arbitrary regular subdivision of K.. Then the group A’(K., 2%) is 
isomorphic to the growp A’(Kg, M) and the group V'(K., %) to the group 
V'(Keg, %) for every r and every coefficient domain M. 





§3. Normal and canonical displacements in polyhedra 


§3.1. Normal displacements of subdivisions of triangulations. Let Kg, 
be a subdivision of a triangulation K,. Every point of the polyhedron 
P = |' Kg || = || K. || is contained in a unique simplex of K, , the carrier 
of the point in K,. In particular, every vertex es; of Kg has its carrier in 
Ka 

Let us assign to every vertex es; of Kg a definite vertex ea; = Sa’es; of 
K, subject only to the condition that e.; 7s a vertex of the carrier of eg; in K q . 

We shall prove that this vertex mapping defines a simplicial mapping of 


Kg into Ka. Suppose that the vertices ego, -+: , és, form a skeleton in Kg 

and denote by 7’, the carrier (in K,) of the simplex (eg. --- e,) = T's. 

Since every vertex eg, is a limit point of the simplex (ego - -- eg) and hence 

of the simplex 74 D (go +--+ é-), all the vertices ego , «++ , eg are contained 

in T. . It follows that the carrier in K, of cach of the vertices eg , +++ , eg, 

is a face of T,. Hence S.°e—, +: , Sars, are vertices of Te. 
Consequently: 


The mapping Sq’ of the set of all vertices of Kg into the set of vertices of K q 
defines a simplicial mapping, also denoted by S.°, of Kg into Ke - 

Every simplicial mapping S,° of a subdivision Kg of a complex K, into 
kK, so constructed is called a normal mapping or a normal displacement. 
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Ag is the case, with every simplicial mapping (see VII, 8.2), a normal 
displacement Sq induces a homomorphism S.° of Le’ = L'(Ks, %) into 
Le = (Ka, %), referred to in this case as a normal homomorphism of 
Lg’ into Des 

It follows from the general results of VII, 8.31 and VII, 1.8 that a nor- 
mal homomorphism S.? induces a homomorphism (also referred to as a 
normal homomorphism) S,° of Aj’ = A'(Kg, %) into A.” = A’(Ka, %). 

3.11. A normal homomorphism Sa? of Lg into L.” is a mapping onto La’. 

This proposition obviously follows from the following fundamental 
identity which is valid for an arbitrary chain x.’ € Lq’ and an arbitrary 
normal homomorphism S.P: 

(3.11) SoPse*te" = La’, 
where S3°2%« is the subdivision of the chain x,’ in Kg. 

It suffices to prove (3.11) for a monomial chain zr.” = t.’. The proof is 
based on the following lemma: 

ALEXANDER’S Lemma. Let S be a simplicial mapping of a complex K into 
the complex | T” | consisting of a simplex T” and all its faces (we assume 
merely that K is a simplicial complex whose oriented simplexes form an 
a-complex). Let t" be any orientation of the simplex T". If 


SAx” = At” 
for an integral chain 2” € L"(K), then 


sao =2°: 





Proof. Sx” is an integral n-chain of | 7” | and since | 7” | contains exactly 
one n-simplex, 7”, Sx” is necessarily a monomial cham. Ience it is of the 
form ct", with ¢ and integer and |¢” | = 7". 

We shall prove that c = 1. Sx” = ct” implies that 





SArv” = ASx” = cAt”. 


Since SAx” = At” by hypothesis, ¢ = 1 and this proves the lemma. 

Remark 1. Alexander’s lemma and its proof remain valid if the coefficient 
domain is the ring J» . 

We shall now use Alexander’s lemma to prove the identity 
enous Sieiteat 
which immediately implies (3.11). 

; ae pe, Fl 7 0 0 : : 

(3.111) 1s valid for r = Osince ste’ = t2°, and S.° reduces in this case to 
the identity mapping of the vertex | ta’ | onto itself. 

Let us now assume that (3.111) is true for r = n — 1 and prove it for 


y= nn. 
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nT 


Choosing the orientations tao”, «++, tan” of all the (n — 1)-faces of 
oD ? 


T.” so that 
At.” = iat + ae + (8 
we have 
Sp Ata” = Sp%tao” |) + +++ + Sptan” 
Since 
Sieh? _ ie hee Set = fet 
by assumption, it follows that 
Sikes = Sie al,” Sto bo ee Pia eS ae 
Hence, by Alexander’s lemma (putting t” = ,”, 2” = sta”, S = S8.°), 
SaPss"ta” = t,". 
This completes the proof. 

ReMaARK 2. If the coefficient domain is J2, it is easy to see that (3.111) 
becomes Sperner’s lemma (sce V, 2.1). 

The identity (3.11) immediately leads to a series of important corol- 
laries: 

3.12. A normal mapping S.° is a mapping of the complex Kg onto the 
complex Ka . 

Indeed, let T.; be an arbitrary simplex of K., let ta:’ be its orientation, 
and let 7's", --- , T's, be the r-simplexes of Kg of which 7T,.,’ is the carrier. 
S.° maps at least one of the simplexes Ts,’7,7 = 1, 2, --- , g, onto Tai, 
since in the contrary case we would have S,°s“tav = 0 and not 


Sos tie a as 


We shall now assume until the end of this section that K, is a triangula- 
tion. 

3.13. A homomorphism S.° of Lg onto Le” maps Zs onto Z.’ and Hg 
onto H,’. 

Proposition 3.13 follows immediately from (3.11). 

In consequence of 3.13, the homomorphism S.° of dg’ = A’(Keg, 90) into 
Aa (Ka, % induced by a homomorphism S,° of Lg” onto L,” is a homo- 
morphism onto all of A,’. 

We shall prove that S,° 7s an isomorphism of Ag’ onto A,’. The reader may 
carry out the proof of this proposition given below under the assumption 
of various degrees of generality for the subdivision Kg : he may restrict 
himself to the case of Kg an elementary subdivision of the triangulation 
K. ; or he may assume that Kg is a regular subdivision of K, (see 2.350, 
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2.35); this case includes, in particular, the case of Kg a barycentric sub- 
division of K, (even the case of Kg a higher order barycentric subdivision) ; 
finally, he may assume that Kg is an arbitrary subdivision of K, . In ac- 
cordance with the chosen degree of generality it will be necessary to refer 
to 2.350 or to 2.35 or finally to the parenthetical remark to Theorem 2.35. 
In the sequel we shall use only regular subdivisions (and almost exclusively 
first order or higher order barycentric subdivisions). 

We shall therefore prove 

3.14. A normal mapping S.° of a subdivision Kg of a triangulation K.q 
onto Kq induces an isomorphism S.° of Ag’ onto A.” (inverse to the isomor- 
phism sg*). 

It is sufficient to prove the following lemma: 

3.15. Lf ze" € Ze" and S.Pzs" € H.', then zs © He’. 

To prove 3.15 we note that by 2.350 (or 2.35 or the parenthetical remark 
to 2.35), there are chains 2s’"*’ € Lg’ and z.” € Z," such that 


(3.15) Axa” = ze” — Sp°Za 
Hence 
ASPar5"* = SPAcs = SaPzg” = SaPsg°Za" 


= Sarzg” ee 


that is, Sa’zs” — za” € H.’. Therefore, if Sq°zs" € H.", then zo” € H.’. 
Consequently sg*z. € Hg’, i.c., by (3.15), zs) € H,’. This completes the 
proof. 

Remark. The normal homomorphism S,* of L.” into Lg’ dual to (see 
IX, 6.1) a normal homomorphism S,° induces a homomorphism S,* of 
V'(Ka, 2) into V’(Kg, %). The latter homomorphism is an isomorphism 
of V(K,, UX) onto V’(Kg, %); we shall prove this proposition in the follow- 
ing section. 

§3.2. Examples of normal homomorphisms S,° and S;*. 

1°. Let K, = | 7.’ | be the complex consisting of a triangle, its sides, 
and vertices, and let A be a barycentric subdivision of A, . 

Let S,” be a simplicial mapping of Kg into A, obtained by assigning to 
every vertex of Ag a vertex of its carrier in A.. In Fig. 130, the letter in 
parentheses beside each vertex of Ag denotes the image of that vertex 
under the mapping S,. 

Denote by t,° the triangle abc oriented counterclockwise (as well as the 
chain assuming the value 1 on t.). 

Vor brevity, we put 7 = Al,’ and denote by 2%” the chain whose value 
is 1 on all the triangles, oriented counterclockwise, of Kg. (We could ob- 
viously write %° = s3%ta, with Avg’ = sg*At,. We shall not use the nota- 
tion sg“ here in order not to make difficulties for the reader who has come 
to 3.2 directly from LX, 6.2.) We shall denote the hatched triangle of Ag , 


9g 
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oriented counterclockwise, by ts”. Finally let xg be the chain of Ag whose 
value is 1 on all the heavily drawn segments of Ag oriented by arrows as 
indicated in lig. 130. 

We may immediately verify that 


Saxe = ta, SaPAxs’ = At’, 
in accordance with the general theorems. Furthermore, 
Vita = at: 
Se°ta = Xp Sta _ te’, 
Vig = 3ts, 
so that 
VSs"xta = Se"Via, 


in agreement with IX, 6.2. 





Cc (c) 
(c) ZR (b) 
a(a) le = b(b) 
Fic. 1380 Fia. 131 
2°. Again, let Ke = | Ta | and let Kg be the subdivision of K. indicated 


in Fig. 131. Here again, the letter in parentheses next to each vertex of Kg 
indicates its image under S,°. We adopt the following notation: t,’ is the 
triangle T.” oriented counterclockwise; zg is the chain whose value is 1 on 
all the triangles, oricnted counterclockwise, of Kg ; ys is the chain assuming 
on the counterclockwise oriented triangles of Kg the values indicated in 
Fig. 131; ye is the chain whose value is 1 on the heavily drawn segments 
of Kg (oriented by arrows as indicated) and 0 on all the remaining 1-sim- 
plexes of Kg. 


It is immediately verified that 


Saag” = be, SaPyp = Bt ie 
VAta = 3fe, 
Sp° Ala’ = Ye» Seta = Yp 


Ays' = 3ys. 
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§4. Canonical systems of bases for subdivisions Kg of a triangulation 
K.,. The homomorphism S,* dual to a normal homomorphism SP 


§4.1. Canonical systems of bases of Kg. In this section the reader may 
assume that Kg is either an elementary subdivision of a triangulation K, or 
an arbitrary regular subdivision of a triangulation A, or finally an arbi- 
trary subdivision of K,. Depending on the degree of generality chosen it 
will be necessary to use either Theorem 2.350 or Theorem 2.35, or finally 
the parenthetical remark to Theorem 2.35. For the applications which we 
have in mind, the case of an elementary subdivision is quite sufficient. 

Let & = J. Instead of Lo'(Ka), Zo (Ka), «++ , Zo (Ka), «++ we shall write 
Loe» Za pty Ge : 

We shall consider the subgroups Log’, Zog’, Hog’ of Lg’, Zs", He", respec- 
tively, consisting of chains of the form sg*x’, where x,’ belongs to L.’, 
Za, Ha’, respectively, and sg*, as usual, is the subdivision operator (see 
2.1). Obviously 

Zp = Los’ 9 Ze’, 


Hos" => Log" n Hs’, 
Hos => Los" n Ay’. 


The groups Zog", Log” are division closed in Ls’ (and of course Zo," is division 
closed in Zs’). Consequently Z3’/Zog’ is a free Abelian group and every 
basis of Zog” can be completed to a basis of Zs" by clements arbitrarily 
chosen from each one of the classes hg’ € Zs'/Zog'. 

4.11. Every class hs’ € Zs'/Zog’ contains at least onc clement hg’ € Hg’. 

Indeed, let zs” be an arbitrary clement of the class bs” € Zs"/Zos". By 
Theorem 2.350 (or 2.35 or the parenthetical remark to 2.35) there isa cycle 
‘aos = Sp°Za © Zos homologous to zg’ in Ag ; the cycle 


hg’ => zp. = ‘zog” € Hs’ 


is contained in the same class hg’ as 29". 
It follows therefore that: 
4.12. An arbitrary basis of Zos’ can be completed to a basis of Zs" with cycles 
hai chosen from each one of the classes Ys" € Zs'/Zos' and belonging to H,’. 
We now wish to construct a system of canonical bases for Ls’, r = 0, 


cee |e satisfying certain supplementary conditions having to do with 
the fact that Ag is a subdivision of A, . 
We shall first construct, for each r = 0,1, ---, m, a canonical basis 
an r Fr, a: * 
Zaly °° » Sarl) 3 iter y 2% 6 erty | er DOE 5 Maes, 


of Z.’. This construction defines a basis for Zo” consisting of the cycles 


ae a Lam r Qa Te 7 Te to a r 
Zon = Sp Zah 5 Uok = Sg Uak 5 Vor = Sp Val. 
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To this basis we adjoin cycles vj’ € LH, to obtain a canonical basis 


Tr r r T Tr rT. r r 
201 y “ty Zon(r) 3 Uo1 , sty Uor(r) 5 Vor, °° ° 9 Voo(r) 5 V1, nt Ver (ry 


Because of the isomorphism A between Lg"/Zs" and H,’ ’, the basis 


r—1 ral r—1 sat rl, 
Oy Uo tty Or(rty Morr) 5 Vor 98 Py Voges 


t—1 t—1 
Vr 5 °° 5 Vor (r-1) 


of Hg" ’ corresponds to the basis 


6. Tr my Tr, T Tr, T T 
Yor., °° y Vorer—y 3 Yor, °° 5 Yootri1) 3 Yr, °° ¢ 5 Yorn 


9 . —1 —1 —1 —1 1 = 
of La’ /Zg" and since 0; uo = 88°6;" Wai and v; | = sa; ', we 
- ae Tr a Tr T a roe T T : 
may choose chains to; = 83 Vai, Yor = Sp Yat M Yor, Yo;, respectively. 
Choosing such chains and also arbitrary chains y;’ € yy’ for all 7 = 1, 
hyp oa arr =] ‘ é 
-,7 ,J = 1,--+, 0,7’ = 1, -°-, 0” , we obtain the required 
system of canontcal bases 


T Te 
Xo1 ) aes > Vor (r—1) ? 
t T T Lae 
Yor, °° * 5 Yoo(r—t) 5 Yi, °° ° 5 Yori) 5 
T T 
(4.133) 7 = 0, +++, 420, ++, Zor} 
Tr te st Tv, 
Uo, °°" 5 Uorcr) Vor, °° ° > Voocr) 5 
T T 
yy °°" 5 Var (ry 


of the groups L,’ with the relations 


T rl t1 T t—1 T t—1 
Axor = 8§ Wor 3 — AYos = Voy 5 Ay = 05, 


(4.144) 
Azon” = Arion” = Avior” = Avy” = 0. 


The bases dual to the canonical system of bases above will be written as 


r 


- 7 = 7 a OF - 7 Tr - fT = 
(4.13,) toi’; Vos 3 dv; 5 Zon 5 Fo 5 You 5 ov 
and satisfy the conditions 


( ) (Vie = Vio; = Vo," = Vion” — 0, 
4.14 
are, =F ro r+ es — ttl Peat = rt] 
Vion = On or ; Voor = dor 5 Viv = by. 
: - . . —1 
Indeed, in Table (4.15) every row (regarded as a linear form in 2;", 
—1 —1 1 1 1 1 
Yor» Yay Zon , Won , Yor , Ye) represents the A-boundary of the 
r-element of the basis (4.134) heading the row; consequently, every column 
of Table (4.15) (regarded as a linear form in to;’, 00;', 07", Zon’, Zor, Yor» 


Gv’) represents the V-boundary of the (r — 1)-element of the basis (4.13,) 
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heading this column. We therefore have at once 


~- rl - rl — Tr] = Tol 
Ving = Vinj = Vi" = Vinx’ = 0, 


=. rl rl- +r a 


— T—1 — 7 - rl 
Vin. = O Un, Vijor == dor, Vor = Or. 


which becomes (4.14,) if r — 1 1s replaced by r. 
As in IX, 3.5, we easily verify that the cycles 


= 


Zon’, Yor’, dor VV 
form a basis of Zgy’ while the cycles 
r—-l-—- +f Se 
0, Ur dor vy 
are a basis of Hay’. 
84.2. Normal homomorphisms relative to canonical bases. Let us now 
consider the form which the matrix of a normal homomorphism S,” of Lg’ 


into L,’ takes on relative to a system of canonical bases of the complexes 
Kgand K,. 




































































- r-l{j- 7r—-l]-—- 7-ll/. rl - rl — rl PE sot | 
i Uoi |Yoj V5" Fon Tox Yot Yr 
Xo; Yoo yz" wont ite ae i 
aa al . — 4 ao. 
tio; Loi 0 0 0 0 0 0 
== O¢r—1) 
1 
inj lyo;| 0 | 0 | Oo | O 0 7 Ee 0 
PED) (Doe: (ee ee? ees 1 
‘1 
5;’ly71 0 | 0 | 0 | 0 0 0 
Chey tales 01) ee 1 
Zon 20h 0 0 0 0 0 0 0 
To, Uok 0 0 0 0 0 0 0 
Got Vor 0 0 0 0 0 0 0 
gry’) 0 | O | 0 | O 0 0 0 
| | | 
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We have 
SaPtos = Let, Sayos” = Yas 5 SaPzon” = Bans 
S Petey” = Uek 5 SaProt” => Val: 
Furthermore, let 
Sry i" = Di dy iter aig yi by Yas F Di CjthZah 
+ Doe dyttar’ + Di ej" Wal , 


where the coefficients on the right are integers. 

Finally, since vy” € He’, it follows that S.°vp’ € H,", that is, S.°v,” = 
Doe PrrOn ak + Dor qual, Where prz, gv. are integers. This may all be 
written in the form of Table (4.21), where every row (regarded as a linear 
form 1M 2ai, Yay) Zah) Wak, Val) represents the image under the homomor- 
phism S,” of the element of the basis (4.134) heading the row. 





















































7 ai | Daj Zan Fak Gat | 

Tas | Uae. | Zah | Wak Vat 
Moi Loi 1 | 0 | 0 0 0 | 

Dj ; Yor. 0 | 1 0 0 0 | 

(4.21) D5" yi" | A jts bj; Cith ds Cj 
20h Zon” 0 0 1 0 | 0 

Fox Uok 0 0 0 1 0 

You Vot ! 0 0 0 | 0 l 

er ee ee ee 








§4.3. The homomorphism dual to a normal homomorphism. Passing to 
the dual bases and recalling that S,° and S,* are dual homomorphisms, we 
remark that by Theorem 5.4, Appendix 2, every column of Table (4.21) 
(as a linear form in W,;’, 5;’, Bj", Zon’, Fox’, Yor, Jv) represents the image 
under Sg* of the clement of the basis {%,", Daj’, Zan, Tak, Yar} heading 
this column. 
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In particular, 
Setar = tor + Do ayy", t=1s',7 ; 
Sp°Zan = Zon’ + > C5ndjr, heed, es gor 
But 0,” € Hay’ and consequently 
(4.3) Savana: Seat 


Where fai’, ilo’, Jan’ on’ are, respectively, the cohomology classes of the 
elements Ga, tox’, Zan’, Zon; but the cohomology classes fai, jax’ form a 
basis of V’(.) and the cohomology classes Tto,”, Jon” form a basis of V’(ig). 
It follows from (4.3), that Sg* establishes a (1—1) correspondence be- 
tween these two bases, that is, Ss“ is an isomorphism of V"(K,) onto V’(Kg). 

Summing up the results of this section, we have 

4.3. Let S.° be a normal mapping of a subdivision Kg of a triangulation K . 
onto K, and let S,° also denote the corresponding homomorphism of the group 
Dg’ onto La’. If Sg" ts the dual homomorphism of L.” into Ls", Sg" induces an 
isomorphism S,* of the group V'(Ka) onto V'(Ka). 


§5. The complexes K(R, «). Small displacements in polyhedra and com- 
pacta. The Pflastersatz and the invariance of the Betti numbers 


§5.1. The complex A(R, ¢); e-chains of a metric space R. Let R bea 
metric space and ¢ a positive number. We shall call every finite set of points 
of I? whose diameter is <e an e-skeleton or an «simplex of R. It is clear 
that the e-skeletons of a space R form an unrestricted skeleton complex, 
we denote this complex by K(R, «); the chains of A(R, ©) will be referred 
to as e-chains of the metric space R. We may define the e-chains of FP as 
follows: an e-chain of the metric space R is a finite linear form x” = > citi, 
where the t; are oriented e-simplexes of R and the c; are elements of a given 
cocficient domain %. 

The cycles of the complex A(R, ¢«) will be called e-cycles of the metric 
space R. In other words, an echain 2 = >> c,ti is said to be an e-cycle of 
R if Az = do e;Ati = 0. 

If « < e’, every eskeleton is at the same time an ¢’-skeleton, so that 
A(R, 6) C KCK, &’). 

If an e-cyele 2’ is homologous to zero in A(R, ¢’), it is said to be ¢'-homolo- 
gous to zero in R. 

Otherwise stated, we say that an e-cycle z’ of R ts &’-homologous to zero in 
It and write 


zZ(e'-~) 0 ink 


: : F 1 ‘ . +1 
if there exists an é'-chain x"™' of R with 2 as its -boundary: Ax’ = 2’. 


T‘urthermore, the e-chains of ? [since they are, by definition, chains of 
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the complex A (2, ¢)] form a group L’[A (A, 6), YJ; hence addition and sub- 
traction of e-chains and, in particular, of e-eycles requires no further ex- 
planation. In connection with this, we note that two e-cycles 2)’ and zs" are 
said to be e’-homologous in R: 


a (€'-~) ze" in R 


if their difference is e’-homologous to zero in R. 

$5.2. e-displacements. Let Jf be a subset of a metric space R. Suppose 
that every point « € Af is assigned a point y = S(x) € R subject to the 
single condition that the distance between x and S(2) is less than a pre- 
scribed « > 0. A mapping S of the set A/ in R satisfying this condition is 
ealled an e-displacement of J/ in R. We make no assumptions about the 
continuity of the mapping S. 

Now suppose that « > 0, e’ > 0 and that S is an ¢’-displacement of AL 
in R. Then if p, p’ € AL and q = S(p), q’ = S(p’), we have 


og, g) S eg, p) + elp, pv’) + wl(p’, ’) < e(p, p’) + 2e. 


Hence S maps every e-skeleton of the subspace AZ C R into an (e + 2e’)- 
skeleton of R, that is, S induces a simplicial mapping of the complex K(R, e) 
into the complex A(?, « + 2e’). This mapping is called an e¢’-displacement 
of the complex A(R, e) and is also denoted by S. 

The simplicial mapping S maps every e-chain 


= ys Cte € LK (R, e)| 
into an (e + 2e’)-chain 
Sv’ = >> St’ € L'[K(R, ¢ + 2e’)); 


if t,, = |e --- e,|, then St? = | Seo --- Se,|. The chain Sa’ is called an 
e’-displacement of the chain 2’. 

§5.3. Canonical displacements. Let. 6 be a compactum (a case which 
occurs particularly often is that of 6 a closed bounded subset of the Muclid- 
ean space P"), 

Suppose that J/ is a subset of &, that 


(5.31) a= t AL, sens pelety A;u-::-uA, =®@ 


is a closed e-covering of 6, and that A, is the nerve of a@ realized in ®; or 
if C R”, we shall assume that K, is realized in a prescribed neighborhood 
of &. Then the vertex e; of the nerve K. corresponding to the element A; 
of the covering @ is a point of A;, ora point of R”, whose distance from A ; 
is less than some prescribed 6 > 0, which we will in all cases take to be so 
smal] that it is a Lebesgue number of a, so that 6(A;) + 6 < e for every 
t [6(A,) is the diameter of A;] (see IV, 2.1, Remark 4 and I, Def. 8.38). 
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We shall now define an e-displacement S,” of a set Mf C @ as follows. 
Let p be an arbitrary point of AZ and let 4; be an element of @ which con- 
tains p (if there are several sets A; with this property, choose a definite 
one). If e; is the vertex of the nerve corresponding to A; , set 


q= Sa’ (p) = &. 


Since both p and e; = S.°(p) are contained in the same set of diameter 
<e, Sa’ is an edisplacement of Af. The e-displacement obtained in this 
way is called a eanonieal displacement of M C ® relative to the eovering a of 
the compactum ®. 

Remark 1. In order to completely define a canonical displacement. of 
AI € relative to a given covering a of , it is necessary first to choose a 
definite realization of the nerve of the covering a and secondly to choose 
for each point p € M (which is contained in more than one set 4;) a definite 
set A; containing p. 

THEOREM AND DEFINITION 5.31. Let S.” be a canonical displacement of a 
compaetum ® relative to a closed e-eovering a of ® and let 6 be a Lebesgue 
number of a. Then S.° induces a simplicial mapping Sa° of the complex 
K(@, 6) into the nerve K . of a. 

The simplicial mapping S.°, as well as the homomorphism of the group 
L’|K(®, 6)] into the group L'(K 4) induced by it, will be referred to as a canonical 
displacement relative to the covering a. 


To prove Theorem 5.31 it is enough to note that if | t”| = (po +++ pr) is 
a 6 skeleton in ® and p, € Aig, then by the definition of the number 6, 
Ajo Nn -++ n Aw #0. Consequently, the vertices eo) = Sapo, +**, 
ia) = Sa*p, determine a simplex S.? | | of Ka. 


REMARK 2. Since 
Sa {Z'[K(@, 6)]} G Z'(Ka), Sa°{H'[K(®, 8)]} C H"(Ka) 


(see VII, Theorem 5.31), a canonical displacement maps every 6-cycle of a 
compactum into a cycle of the complex Ka and every 6-cycle, 6-homologous 
to zero, into a cycle homologous to zero in the complex A. . 

§5.4. The numbers 7(A). Canonical displacements in polyhedra. [ct 
be a polyhedron and Iet Ka be a triangulation of &: 


moe he'll: 


We denote by a a barycentric covering dual to the triangulation A, (see 
IV, 5.3). 

Whenever it is convenient we shall call a canonical displacement of 
M C || Kall relative to a covering a a canonieal displacement relative to the 
complex Ka. In the same way, Lebesgue numbers of @ will be called Le- 
besgue numbers of Ka . 
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We recall a property of the barycentric covering a: 

Let Tai € Ke; the closed simplex 7'.; intersects only those elements of 
a whose centers are vertices of 7'.;. Denote by «(K.) (as in IV, Theorem 
5.43) the minimum of the distances between any simplex 74: € Aa and 
the union of all the elements of a whose centers are not vertices of J'ai. 

Finally, we denote by n(4) any Lebesgue number of a which is less than 
e(K.). The nerve of a is the complex A. ; consequently, a canonical dis- 
placement of ® relative to @ induces a simplicial mapping of the complex 
K(@, 6) into K,, where 6 is a Lebesgue number of a. 

If AZ, in particular, is the set of all vertices of a subdivision Ag of a 
triangulation A, , a canonical displacement of AJ relative to K. maps each 
vertex ¢3 of Ag into the center of a closed barycentric star of A, containing 
this vertex, that is (see IV, Theorem 5.42), into a vertex of the carrier of 
eg in Ag. Hence every canonical displacement of the set of vertices of Kg 
relative to A, induces a normal displacement of Kg into K.. 

We state this result briefly as: 

5.41. Every canonical displacement of a subdivision Kg of a triangulation 
K, relative to Kis a normal displacement. 

We shall now state a stronger theorem which will find repeated applica- 
tion in the sequel. 

FUNDAMENTAL THEOREM 5.42. Let Ng be a subdivision of a triangulation 
K., of a polyhedron ® = || K,'| = || Ka |. Let » = n(Ka) and let de® be an 
n-displacement of the set M of all vertices of Kg in®. If S.° is a canonical 
displacement of ® relative to Ka, then S.°da° is a normal mapping of Kg onto 
K., 80 that 


(5.42) Sarde 83°ta" = t. 
for an arbitrary chain 2.7 € L'(Kaq) and, in particular, 
(5.420) Sos Sa ia = fis 


for an arbitrary oriented simplex ta of Ka. 

Proof. If es; is a vertex of Kg, then according to the definition of n(.), 
the point des; can be contained in only those elements of the barycentric 
covering a whose centers are vertices of the carrier of eg; in K, ; it follows 
at once that S.°de°cs; is a vertex of the carrier of es; in Ka. This com- 
pletes the proof. 

$6.5. The Pflastersatz. Invariance of the Betti numbers. We shall now 
show that both the Pflastersatz (see V, Theorems IT’ and II at the be- 
ginning of the chapter) and the equality 


(5.51) b(|| Ka t}) = a'(Ka) 


follow immediately from Theorem 5.42. 
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Proof of the Pflastersatz. Let K. be a triangulation of an n-dimensional 
polyhedron ¢:@ = || Kq ||]. Let us set « = n(K.) and prove that every 
closed ¢-covering 


p= {Ar , + 5Ay] 


of @ has order >n + 1. We shall denote the nerve of the covering g by K, . 

Let 6 be a Lebesgue number of the covering ¢ and consider a subdivision 
Kg of K, of mesh <6 (the mesh of a triangulation is the maximum of the 
diameters of its simplexes). Denote by d,’ a canonical displacement of Kg 
relative to g. dy’ is an «displacement; hence if S,° is a canonical displace- 
ment relative to A,, the hypotheses of Theorem 5.42 are satisfied and 
Sq dy’ is a normal simplicial mapping of Ags onto A... 

Ilence Aq is the image of the subcomplex d,°Ka of K, under S,* and it 
follows that the dimension number of d,’Kg, and consequently of A, , is 
>n. This completes the proof. 

Proof of (5.51). There exists a closed covering y of ® = || KX, || of arbi- 
trarily small mesh whose nerve K, satisfies the equality 7’(N,) = 2’(K,q). 
To obtain such a covering it is enough to define y as the barycentri¢ cover- 
ing (see IV, 5.3) dual to a barycentric subdivision A, of A, of sufficiently 
high order. Consequently 


b'(|Ka ||) < a'(Ka) 
and it merely remains to be proved that 
5.511) a (Ky) 2 (Ka) 
for every closed covering ¢ of = || A, || of sufficiently small mesh (where 
kK, denotes the nerve of ¢). To prove this inequality, let us again set 
e = (K4) 


and show that (5.511) holds for an arbitrary ¢-covering. 

Let A, be a barycentric subdivision of A. of order such that the mesh of 
Kg < 6, where 6 is a Lebesgue number of the prescribed ¢-covering. As in 
the proof of the Pflastersatz, denote by d,’ a canonical displacement of 
Kg relative to g and by S,° a canonical displacement relative to a. Then 
Sa°dy? is a normal simplicial mapping of Ag onto A... Let 


daly °° * y dan(r) 


be a set of linearly independent elements of Ao’ (A 2) and choose arbitrary 
cycles Za: € gai. These cycles are lirh, i.c., 


3 CZai ~O in AK,, 


where the c; are integers, if, and only if, all the ¢; are 0. 
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. $$, 8: . a 3 ‘ 
Since S, dg is a normal simplicial mapping, 
oo B_«@ r 
Sa dy 88 fai = re 
This implies that the cycles d,’sp“zai’ are lirh in K,. For, if there were a 
. +1 +1; 77 Z 5 A 
chain ty € Ly (Ky) bounded by a linear combination of the cycles 
a Tes 
dg sp fais 
a a nee Bia fr 
Aty = itis 88 Zai, 
it would follow that 
+1 boortl By rH ee ee 
Ate’ = ASa te = Sp Ate = ViscSa dy sp'tei = Lica, 
rtl ®  r+l ee ae r . 3 
where t, = Sa ty. However, since the cycles za; are lirh, the relation 


+1 
A = : Ceae 


implies that all the ¢; are equal to zero. 

Hence there are in Ky at least t = m'(Ka) cycles dg'ss"2ai lirh. This 
proves (5.511) and therefore (5.51). 

The invariance of the Euler characteristic follows from the invariance of 
the Betti numbers and the Euler-Poincaré formula: 

5.52. If the polyhedra ® = || K | and ® = || K’ || are homeomorphic, the 
triangulations kK and K' have the same Euler characteristic. 

This may also be stated as 

5.520. All topological triangulations of a topological polyhedron or of two 
homeomorphic topological polyhedra have the same Euler characteristtc. 

Remark. The proof of the equality 


bm’ (|| Ka Il) = in Neds ma prime 


can be carried out in exactly the same way as the proof of (5.51) and is 
left to the reader. 


$6. Invariance of the Betti groups 


§6.1. In this section we shall give a proof of Theorem 1.32. This will also 
prove Theorems 1.33-1.35, as well as the generalization of these theorems 
to the case of polyhedral complexes. It follows from the formulation of 
Theorem 1.32 and the definition of the groups B’(#) that to prove Theorem 
1.32 it is suficient to prove the following two propositions: 

6.11. If 6 = || K. || is a polyhedron, the system of groups B'(®) is non- 
emply. 

6.12. The group Ao (Ka) ts tsomorphic to a subgroup of B for every 
BE BS). 

To prove 6.11 it is enough to note that for every « > 0 there is a closed 
e-covering y with nerve K, such that Ao’ (K,) is isomorphic to Ap (K.). To 
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construct the covering y it suffices to choose a natural number h such that 
the closed barycentric stars of the barycentric subdivision Ka, of order h 
of KX, are of diameter <e. These stars form a closed e-covering of ® with 
nerve Ka, ; the group Ay (Kan) is isomorphic to the group Ao (K,). 

We shall now prove 6.12. Let 8 € @’(@) and put 7 = 4n(K.). Choose 
a closed n-covering A of ® such that % is isomorphic to Ao (Ky), with Ky the 
nerve of X. 

Let Kg be a barycentric subdivision of A. of sufficiently high order so 
that the mesh of Kg is less than a Lebesgue number of d. If 8," is a canonical 
displacement of the set of all vertices of Kg relative to \ and S,* is a ca- 
nonical displacement of the resulting set relative to A. , SS)? is a normal 
mapping of Kg onto K,. 

Let us assign to each chain 2,’ of K. the chain 


(6.11) SyPsp%ta" € Lo’ (Ky) 


(where sg“, as usual, is the subdivision operator). The result is a homo- 
morphism of Lo (K.) into Lo (Ky) and an induced homomorphism (also 
denoted by Sy°sg%) of Ao'(Ka) into Ao’(Ky). We shall show that the latter 
homomorphism is an isomorphism. To do this, it is enough to show that if 
Za € Zo (K.) and 


(6.12) S\sa7ze ~O in Ay, 


then z.”. ~ Oin K,. But (6.12) implies that there is a chain yy’ € Lo" (Ay) 
whose boundary is S)°sg*z. : 


Sy’sg%za’ = Ay’. 
Hence 
nN 
Sa Sy se"Za" = Say: 


4 or , , 7 es ; 
Since S,°S)° is a normal mapping of Ag onto K,, the left side of the last 
inequality is z., so that 


nN +1 A +1 
Za = Sa Ayn’ = AS« Yn” ) 


where Say"? € Lo (K.). This completes the proof. 

§6.2. Invariance of the Betti groups of polyhedral complexes. Let A be 
a polyhedral complex (see IV, 1.2). According to the results of VII, Adden- 
dum, the oriented elements of K form an a-complex; the Betti groups of 
this a-complex are, by definition, the Betti groups of the polyhedral com- 
plex A. 

THroren 6.2. The Betti groups of a polyhedral complex K are tsomorphre 
to the Betti groups of an arbitrary triangulation K’ of the polyhedron || K |! 

It is sufficient to prove that the Betti groups of a polyhedral complex A 
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are isomorphic to the Betti groups of a barycentric subdivision A, of A. 
To this end it is enough to show that if {7,’} are the elements of A and if 
{U.7} are their barycentrie subdivisions, then the set {U;7} is a fundamental 
system of subcomplexes of A,. The last assertion will obviously follow if 
we show that each Uy is a simple combinatorial pseudomanifold. 

The proof of the facet that U, is a pseudomanifold can be carried out 
very simply (¢.g., by induction over the dimension number) and may be 
left to the reader. The orientability of the pseudomanifold U; is immediate: 
it suffices to choose any orientation of the convex polyhedral domain 77; 
the corresponding orientations of all the r-simplexes of U,’ define an orienta- 
tion of Uj. Jt remains to be proved that every p-cycle z? € 4°(U;) is 
homologous to zero in U; for 0 < p < r. Denoting by Ai the boundary 
operator in Ay, we note that Ai? is a (p — 1)-eycle 2?” of the complex 


Boo 22 | un | Be Le 


—l . . 
and that the polyhedron || B;— || is homeomorphic to an (r — 1)-sphere. 
Hence 


1 . —I 
Pe an By. 


: é —] ‘, ry | 
Choosing a chain 2” € Io*(B;) which bounds 2?~, we sce that 
z? — 2? © Zy"(| Us |). Since UZ is a convex polyhedral domain and | U;,’ | 
is a triangulation of this domain, 2? — x” ~ 0 in | UZ’ |, so that there is a 


chain 
ptl ptl Tt 
x € Lo? (| Us |) 
which bounds z? — x”. Hence 


1 
Aja?* = 2”, 


where A; is the boundary operator in U,’. This completes the proof. 


§7. Invariance of pseudomanifolds 


§7.1. Formulation of the theorems. In this section we shall prove 

7.11. Lf a triangulation K of a polyhedron ® is a combinatorial pseudomani- 
fold, every triangulation of every polyhedron homeomorphic to ® is also a 
combinatorial pseudomanifold. 

This theorem leads naturally to the following definition: 

7.12. A polyhedron ® is said to be a pseudomanifold if some (and hence an 
arbitrary) triangulation of ® 1s a combinatorial pseudomanifold. 

To prove Theorem 7.11, we make the following definition: 

7.13. A point of an n-dimenstonal polyhedron ® is called a regular point 
of & if it has a neighborhood homeomorphic to /?”; in the contrary case, the 
point is said to be singular. 
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This definition implies that the set of all regular points of ® is open in es 
the set of singular points is closed. 
os orem 7.1] is obviously contained in the following proposition: 

’ . If at least one freangulation of an n-dimensional polyhedron ® is a 
combinatorial pseudomanifold, then ape 

1°) Pisa strongly conneeted compaetum (\ f,5.2)% 

9°) the dimension of the set of singular points of © s <n - 2. 

Conversely, tf 4 polyhedron ® satisfies Conditions 1°) and 2°), then every 
triangulation of ® is a combinatorial pseudomanifold. 

On the basis of Theorem 7.14 we may give Def. 7.12 of an n-dimensional 
pseudomanifold the following so called invariant form: . 

7.120. A polyhedron is ealled an n-dimensional pseudomanifold zf it is a 
strongly connected eompaetum of dimension n and its set of singular points 
has dimension <n — 2. 

We note finally that the invariance of the Betti groups (Theorem 1.33) 
and the definition of the orientability of a combinatorial pseudomanifold 
(VIII, 3.2) imply 

7.15. Lf a triangulation of a polyhedron © is an orientable (a nonorientable) 
eombinatorial pseudomantfold, then every triangulation of ® is an orientable 
(a nonorientable) eombinatorial pseudomanifold. 

Hence we have only to prove Theorem 7.14. 

§7.2. Proof of Theorem 7.14. Suppose that the triangulation A of the 
polyhedron ® is an n-dimensional combinatorial pseudomanifold. Then v 
is strongly connected and consequently ® is also strongly connected (VI, 
Theorem 5.251). Moreover, all points of whose carriers in A are of dimen- 
sion >n — | are obviously regular points of &; hence the singular points 
of ® form a closed set of dimension <n — 2. This proves the first half of 
Theorem 7.14. 

Now suppose that an n-dimensional polyhedron ® satisfies Conditions 
1° and 2° of Theorem 7.14; we must then show that an arbitrary triangu- 
lation AK of ® is an n-dimensional combinatorial pseudomanifold. 

Since ® is a strongly connected polyhedron, A is a strongly connected 
complex (VI, Theorem 5.252). It remains to be proved that every (n ~— 1)- 
simplex 7”? of K is a face of exactly two n-simplexes of A. This is a conse- 
quence of 

7.21. If an (n — 1)-simplex T"' of an n-dimensional triangulation K is q 
Jaee of only one or of at least three n-simplexcs of K, then every point p € T"7 
is a singular point of | K |. 

Proof. We shall consider two cases. 

1°. Suppose that 7" is a face of exactly one n-simplex 7” ¢ K; let 
V" be the carrying n-plane of T”. If p € 7T”™ had a neighborhood U* © yr 
relative to K, homeomorphic to R”, then U" would be open in y” (Vv, 
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Theorem 3.14) and hence p would be an interior point relative to V” of the 
simplex 7”. This is obviously impossible. 

2°. Suppose T”™ is a face of 71”, 72", Ts” € K (and perhaps of still 
other n-simplexes of A’). 

The set ©” = 7," vu T"” vu T,” is obviously homeomorphic to 2”. Let 
V" be a neighborhood of p € 7” relative to || A || and homeomorphic to 
Rk”; then, since p(p, ® \ ¥”) is positive, there exists a similitude with 
center p of the set I” into a subset U" CT" n V". Then U” is open in 
Vv" (VY, Theorem 3.140) and hence also in || A |'. This is a contradiction, 
since p is a limit point of 73” and 73" and U” are disjoint. 


Chapter XI 
THE A GROUPS OF COMPACTA 


§1. Definition of the groups A’ (4, 2) 
§1.1. Proper cycles. Let @ be a compactum. A sequence 
per cy p 


T T 
215225 °°" » @ay et ty 


where 2,” is an r-dimensional 6,-cycle (see X, 5.1, 5.2) of ® over A is called 
a proper (or truc) r-cycle of & over I if the following conditions are satisfied: 


‘bas limns0 6, = 0. 

2°. For every e > 0 there exists a natural number h(e) such that 
Zn (e~) 2” for h’ > h(e), h” > he). 

Proper cycles will be designated by 


T T Tr T 
(1.11) 3 = (2), 22, °°", 25 °°). 
The sum of two proper cycles 5) = (2u, 2e,°°°, Zn, ¢''), 52 = 
(Zar, 202, °** 5 Zan, +++) isthe proper cycle 5° = (zu) + Zar, 219° + 209, °°, 


Zn + Zan , es -). 

This definition of addition converts the set of all proper r-cycles of & over 
the coefficient domain 9% into a group Z’(@, 9). Indeed, the addition defined 
above is associative; the zero or null proper cycle (the identity) is obtained 
by putting z,’ = 0 in (1.11); and the cyele inverse to (1.11) is 

= = (S215 ats std is ce 3 


which therefore satisfies the condition 
6 ie oe Ga) at 
A proper cycle (1.11) is said to be homologus to zero (5° ~ 0) in & if for 
every e > 0 there is an A(e) such that 
zn (e-~)0 in & 


for all h > h(e). 
Two proper cycles 51’ and 52” are said to be homologous if their difference 
1s homologous to zcro. 


If the proper cycles 
: 2 T 7. T £ Tr T T 
Sr. Seng Sas So eg PA) 52 = (Zar, Zee, 07+) Zan 07) 


are each homologous to zcro in @, then their sum is also homologous to 
zero in ®, 
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Indeed, for arbitrary « > 0 and h > hi(e), h > ho(e) there are e-chains 
ain’ ** and wa,’ which are bounded by the cycles zy” and z2,”, respectively. 
Hence, if h > hy(e), ho(e), 


4] +1 
A(t ton) = tn + een’, 


and this proves the assertion. 

Moreover, since the null proper cycle is homologous to zero and since 
5 ~ 0 implies that (— 5”) ~ 0, it follows that the proper r-cycles homolo- 
gous to zero in & form a subgroup H’(#, 9%) of Z7(, %). 

Derinition 1.1. The factor group 


A'(6, %) = Z'(, W/H'(, 


is called the r-dimensional A-group (rth homology group) or simply the 
A’-group of the compactum © over the coefficient domain %; the elements 
of the group A’(#, %) are the homology classes of , that is, classes of 
homologous proper r-cycles. 

ReMARK 1. Since a proper cycle is defined as a sequence of 6,-cycles zn’, 
the term “subsequence of a proper cycle”? needs no explanation. It is also 
quite natural to refer to the cycles 2,’ as the “‘members”’ or elements of the 
proper cycle (1.11). 

It is clear that every subsequence of a proper cycle is itself a proper 
cycle. Condition 2° of the definition of a proper cycle immediately implies 
that every subsequence of a proper cycle 3’ is a proper cycle homologous 
bes, 

Remark 2. If 6’ C 4, every proper cycle of &’ is at the same time a 
proper cycle of 6; but a proper cycle (1.11) of need not be a proper cycle 
of &’, even if ’ C & contains the vertices of all the cycles z,’. [The vertices 
of a 6-chain 2” = >> c,t/ are the vertices of the simplexes ¢,’ appearing in 
the linear form x” = >> ¢., with nonvanishing coefficients (see VII, 5.2, 
Remark 3).] 

The following definition therefore makes sense: 

Let (1.11) be a proper cycle of a compactum &; every closed subset 
&’ | & such that (1.11) is also a proper cycle of &’ is called a carrier of 
(1.11) in &. Examples illustrating the concept of proper cycle and, in 
particular, the meaning of Remark 2 will be given in the following section. 


§2. Lemmas on e-displacements and e-homologies 


[See X, 5.1 and 5.2.] 


§2.1. Prisms and e-displacements. Let R be a metric space and let 
x” be an e-chain of 2. Suppose that S is an e’-displacement of the set of 
vertices of the chain x’ transforming 2’ into the chain 2” = Sz’. Having 
enumerated the vertices of x’ in a definite order, let us consider the prism 
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Koy over the skeleton complex A = | 2’ | (see IV, 2.4 and VII, 5.2, Re- 
mark 3). We shall define a mapping S’ of the set of all vertices of A {01 into 
PR as follows: if ¢; is a vertex of the lower base of Ayoy (that is, a vertex of 
the chain 2’), we shall put S’e; = e;; but if e;’ is a vertex of the upper 
base of JXjo) and e; is the corresponding vertex of the lower base, then we 
shall set S’e/ = Se;. 

If (eo’ +++ ee, «++ e,) is any skeleton of the prism K (a , its image under 
the mapping S’ is obviously the set {Seo,---, Sex, e,°->, e,} whose 
diameter is equal to the maximum of the numbers p(e;, ej), p(Se:, Se;), 
p(e:, Se;), with e;, ¢; any two vertices of the same skeleton of K,. 

Ilowever, 

ple: ’ €;) a 
p(Se;, Se;) < p(Sez, e:) + ples, e3) + ples, Se;) 
(2.11) <e tete’ =e + 2’, 
plex, Se;) S ples, es) + plex, Se;) < e+ é. 
Hence S’ maps every skeleton of Ayo into an (e + 2e’)-skeleton of F, i. ¢., 
S‘ is a simplicial mapping of A (oy into A(R, ¢ + 2e’). 

The simplicial mapping S’ of Ajo into A(R, « + 2e’) maps the prism 
ty over the chain x” (see VII, 9.3) into an (e + 2e’)-chain which we 
denote by IIsv” and call the prism spanned by the chain 2’ and its ¢’-dis- 
placement 2” = Sz’. In the same way S’ maps the prism 2jo)’ over the 
ehain 2” = Az’ (in the complex Kio) into the prism TsAz" spanned by 
Az’ and SAz’. 


From VII, (9.34), we now have 


(2.12) Alla’ = 2” — 2” — IsAv’. 
In particular, if x’ is an e-cycle, then HsAa” = 0, so that (2.12) reduces to 
(2.120) ATI sz" = 2” — 2”, 


which yields the following important proposition: 

2.12. very e-cycle of a metric space R is (€ + 2e')-homologous in R to 
every one of its e'-displacements. 

Remark 1. Let & be a compactum and Ict & be a closed e-covering of . 
Suppose that A’, is the nerve of the covering @ = {1,--- , -.}, realized 
in® (or ina neighborhood of & if C /”) insuch a way that 6(a; u A,) <«, 
with a; the vertex of the nerve corresponding to A; € a; and let 6 be a 
Lebesgue number of @ satisfying the condition 


26 + d(a;u As) < « 


eye ny . . ‘ 
for every 7. inally, denote by S,° a canonical displacement of ® relative 
to a (see X, 5.3). 
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We saw above that every prism spanned by a 6-chain 2’ and a canonical 
: ® - ‘ F 
e-displacement S, 2" of x” is a (6 + 2e)-chain. However, in our case, in- 
stead of (2.11), we have the more precise estimates 


p(ei,@;) <b <6, 
per, Sees) < ples, es) + ple;, Ser bie < 
(Sa es, Sa%e;) < p(Sare:, €:) + ple;, e;) + ple;, Sae;) 
<éft+56+e <ete’ < 2, 


where ¢ is the maximum of the numbers 6 (a; u A;). 

It follows that the prism spanned by a 6-chain and a canonical) displace- 
ment of the chain is a 2e-chain and, therefore, in particular: 

2.13. If 6 is a Lebesgue number of a closed e-covering a of a compacium ®, 
every 6-cycle of & is 2e-homologous to every one of tts canonical displacements 
relative to a. 

§2.2. The case of a polyhedron @ = || K.||. If Ka isa triangulation of 
a polyhedron © and Kg is a subdivision of K. , every normal mapping (see 
X, 3.1) S. of Ag onto K, is obviously an e-displacement, where « = 
max {(6(T2:)3- Pa © Kae}: 

In this case then all the vertices egj) , «++ 5 sj) Of an arbitrary simplex 
Ts; of Ag, as well as their images €a:o) = S Peat &e 3 Oa = Seas 
are contained in T,;, where T..; is the carrier of Tg; ; hence all simplexes 
of the form (eg: ++ @amesyte) °° €pj(z)) are e-simplexes and every prism 
spanned by a chain xs" € L’(Kg) and its normal image S,/x5" € L’(K.) is 
an e-chain. 

Therefore 

2.21. Let K, be a triangulation of the polyhedron @ = || Kq || and let « be 
the mesh of K, (the maximum of the diameters of the simplexes of K.). If Kg 
is a subdivision of K, and S,° is a normal mapping of Kg onto Kq , 


Saree’ (e~) 26" 





in ® for every cycle zg of Kg. 
CoroLuary. Let 


Kao = Ka, Ka,++:, Kan,* 


be the consecutive barycentric subdivisions of a triangulation A, of a 
polyhedron @; the mesh of AK» tends to zero with increasing h. If z,’ is 


a cycle of K, and Zar, Za2, °** , Zan, *** are the consecutive subdivisions 
of ze In Ka, Kao,-:+, Kan, ++: , then 

T “=. T T. T + 
(2.21) 3a) = (a4 Say Sats "Ty ah y aa>) 


is a proper cycle of &. 
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Indeed, if e, is the mesh of AK’,, , lim « = 0 by hypothesis; and, because 
of 2.21, 


Zath+k) (e,--~) Sa 


Remark. If 2.5 ~ 0 in K,, then 3(a)) ~ 0 in ®. For suppose that 
+1 +1 41 +1. a Pairs : 
te € L'™(K,) and Az,” = 2,'. If tan’ is the subdivision of the chain 

to [os . Z eo 
te in Kan, then 24"*' is an e-chain and moreover, according to X, 


Theorem 2.12, 
Aten: =e q.e.d. 


The corollary to Theorem 2.21 yields an unlimited supply of proper 
cycles of polyhedra; moreover, the study of the homology theory of poly- 
hedra can be confined to the investigation of proper cycles of the type (2.21). 

This follows from the fact (proved in §4) that every 
proper polyhedral cycle is homologous to a proper 
cycle whose elements are the consecutive barycen- 
tric subdivisions of a cycle of an arbitrary triangu- 

lation K, of the polyhedron. 
To conclude this section, we shall give some fur- 

* ther examples of proper cycles. 
1°. Let us write all the rational numbers in the 
interval O < @ < 1 in a sequence 1, 72 
Petes 

Denote by 2' an oriented circumference and by 
Fic. 132 M!’ the torus obtained by revolving 7’ about an 
axis pp’ in its plane but not intersecting it. Now 
consider the oriented circumference 2,’ which is the result of turning 2' 
about the axis pp’ through the angle 2r,;7 measured from the original posi- 


aca 


. sl We : sl: wyh+2 i . 

tion of 2. Divide the circumference 2, into 2° (hk = 1, 2, 3,---) equal 
; ‘ 2 ; 1 3 

parts oriented in accordance with the chosen orientation z of the cireum- 
sl : 1 1 I 

ference 2'. Denote the resulting I-cycle by z,’. Then 5° = (21, 2, °°: , 


z;, ++) isa proper cycle on the torus J/° which is not homologous to zero 
on AL’, 

2°. Consider the closed curve &' of Fig. 132 consisting of the segment 
—1 < y < 1 of the ordinate axis, the portion of the curve y = sin 1/2, 
0 <x < 1/z, and any smooth are connecting the points (0, —1) and 
(1/7, 0) and having no points except these two in common with the ordinate 
axis and the curve y = sin 1/x,0 <a < I/rz. 

Let 


Co, *''' , Cs, sti = Co =F (1/7, 0) 


§3] INDUCED HNOMOMORPIIISM OF THE Groups A’(®) 163 


be a finite sequence of points of &' cyclicly ordered counterclockwise and 
with 
ple; ; C341) < bp. 

This sequence defines a 6,-cyele of the compactum &'. Constructing se- 
quences of this sort (always starting from the same point ¢) = (1/7, 0) and 
proceeding counterclockwise) for a sequence of values of 6, which ap- 
proaches zero, we obtain a proper cycle 

= a (a', teens. Zh; es -) 
which is not homologous to zero in &'. 

The groups A’(’) and A‘(4') are infinite eyelic; A'(’) is the null group 
for r > 1; the proof is left to the reader as an exereise. Hint: lor every e, 
there is an e-displacement of &' which maps it into a closed polygon without 
multiple points. 

If & is revolved about an axis pp’ which does not intersect it, the result 
is a ring-like surface ®. The proper cycle 5' constructed on &' C &° is 
not homologous to zero on &’ either. We may construct on © a proper 
cycle analogous to that of Example 1°. The group 4’(’) is the free Abelian 
group of rank 2, the groups A(®’) and A°(€’) are infinite cyclic; A’(6’) is 
the null group for r > 2. Hence the groups A’(®’) are isomorphic to the 
groups A’ of the torus (for each dimension 7). 

Exercise. Prove that A’(®) is infinite cyclic if & is a connected com- 
pactum (continuum). If ® has x components, A°(4, % is the direct sum of 
n copies of Y. 


§3. The homomorphism of the groups A’(®) induced by 
a continuous mapping of a compactum 


§3.1. The continuous image of a proper cycle. If C is a continuous map- 
ping of a compactum X into a compactum Y, for each e > 0 let 


ec = sup [olC(2), C(x’)}; p(a, 2”) < e] 


(the least upper bound is to be taken over the set of all pairs of points 
z, x’ € X for which p(z, 2’) < e). 

The continuous mapping C maps every e-skeleton of XY into an e¢-skele- 
ton of Y; hence C induces a simplicial mapping (denoted by the same letter) 
of the complex K(X, e) into the complex K(Y, ec) and this in turn induces 
a homomorphism of the group L'[K(X, )] into L'[K(Y, ec)]. 

This homomorphism (again denoted by C) assigns to each chain 


z= > ads € L'[TK(X, 6] 
the chain 
Cr = S7aCi xe DRY: el. 
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Since the homomorphism C is induced by a simplicial mapping (see VII, 
8.3), it commutes with the boundary operator A: 


(3.1) ACz’ = CAz’. 


It follows immediately that C maps every e-cycle of X into an ec-cycle of 
Y; every e-cycle of X, e-homologous to zero in X, into an e--cycle of Y, 
éc-homologous to zero in Y; and every pair of e-homologous e-cycles of X 
into a pair of ec-homologous e€c-cycles of Y. Since C, as a continuous map- 
ping of a compactum, is uniformly continuous, as e approaches zero so 
does ec . Consequently, 


If 
(3.11) 3 = (2, 22, °°, 2h, °° °) 
1s a proper cycle of X, then 
(3.12) (Cay, Czo", +++ , Can’, « ++) 


is a proper cycle of Y; we shall denote the proper cycle (3.12) by C3’ and refer 
to it as the continuous image of 3° under the continuous mapping C. 

The mapping C of the group Z’(X) into the group Z’(Y) defined in this 
way is a homomorphism. Furthermore, it follows from the above that if 
3 ~ 0 in X, then C3’ ~ 0 in Y. Hence the homomorphism C maps 


H'(X) & 2'(X) 


into H’(Y); so that (Appendix 2, 1.1) the homomorphism C of Z’(X) into 
Z'(Y) induces a homomorphism (also denoted by C) of A’(X) into A’(Y). 

If C is a topological mapping of X onto Y, the homomorphism C' is an 
isomorphism of Z’(X) [A’(X)] onto Z’(Y) [A’(Y)]. 

Hence 

3.1. Homeomorphic compacta have isomorphic homology groups. 

§3.2. An immediate consequence of the definition of the homomorphism 
C is the proposition 

3.2. If C2 is a continuous mapping of a compactum 4, onto a compactum 
&, and C;’ is a continuous mapping of ®, onto a compactum 43 , then (see I, 1.2) 


(3.2) Cs = Cy? 


is a continuous mapping of ®, onto 3 and (3.2) remains valid if C2’, C3’, Cs" 
are interpreted as the corresponding induced homomorphisms of A'(#,) into 
A’ (2), A"(@2) into A"(3), and A’(#,) into A’(®s), respectively. 

§3.3. Homology classification of mappings. Two continuous mappings 
C, and C, of a compactum X into a compactum Y are said to be (r, W)- 
homologous if they induce the same homomorphism C = C, = C; of A’(X, WM) 
into A’(Y, 2). If C,; and C, are (r, 2)-homologous for a given r and all 
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(for a given 9% and all r), they are said to be r-homologous (M-homologous). 
Tinally, if C; and Cs are (r, %)-homologous for all 7 and all %, we shall 
say that they are completely homologous. It is clear that each of these rela- 
tions is reflexive, symmetric, and transitive; hence it 1s an equivalence re- 
lation, and partitions the set & of all continuous mappings of X into Y 
into (r, M)-, r-, and %-classes, respectively. However, an even more subtle 
and much more significant classification is achieved by partitioning & into 
homology classes, 1.e., into classes of completely homologous mappings. 

THEOREM 3.3. Two homotopic mappings (see I, 7.4) are completely homolo- 
gous. 

Let Cy and C; be two homotopic continuous mappings of a compactum 
& into a compactum ®’. To prove that Co and C; are completely homologous 
it is enough to show that if 


> (2a 235 a re pee} 


is a proper cycle of &, then Co5" ~ C135’ in ®’. Hence it is sufficient to prove 
that for every « > 0 there exists a /'(e) such that 


Cozk (e-~ ) Cz" 


for k > k(e). We shall prove the last assertion. Let Cp,0 < 6 < 1, bea de- 
formation of Co into C; . Choose a 6 > 0 such that p(p’, p”) < 6in ® and 
| 6’ — 6” | < 6 imply 


(3.31) (Crp, Cup”) < 6/3 in @’, 


and let (6) be sufficiently large so that z," is a 6-cycle for k > (6). 
We shall assume that & > k(6) and write the vertices of the complex 
| ze’ | (see VII, 5.2, Remark 3) in a definite but arbitrary order, say, a, 
-,@,. The prism over the skeleton complex | z,” | (see IV, 2.1 and 2.4) 
will be denoted by Il, . Now divide the interval 0 < @ < 1 into equal 
segments 





(0, .), (0, ) 92), sty (O15 1) 
of length <6. Setting 4. = 0, @é, = 1, we shall prove the relation 
(3:33) Cousnee — Cone.” ~ 0 in K(®’, e) 


for arbitrary? = 0,1, °--,s — 1. 

Let S be the mapping of the set of all vertices a, and b, [where a, (b,) is 
the set of vertices of the lower (upper) base of the prism II, (see IV, 2.4)] 
defined as: 


S(ay) = Co (ar), 
S(by) = Cou+y (a), PAD a ca, 
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Because of the choice of 6 (Condition (3.31)), it is easy to see that S maps 
every skeleton of II, into an e-skeleton of ©’, that is, into a skeleton of the 
complex A(#’, «). Hence S is a simplicial mapping of II, into A(@’, 6); if 
we let Ilz,” denote the prism over z;” in the complex II, (see VII, 9.3), then 
S maps the chain Ilz,” into the e-chain SIIz,” and 


ASTIz,” _ Cacegnee _ Coren» 


This proves (3.33). Summing (3.33) for7 = 0,1, --- ,s — 1, we obtain the 
relation 


Giz. _= Coz, ~~ 0 in K@, €), 


which proves Theorem 3.3. 

§3.4. Deformation of a continuous image of a proper cycle. Deformation 
of a proper cycle. We have just proved the following theorem: 

3.4. If Co and C, are homotopic mappings of a compactum ® into a com- 
pactum &' and 5° ts a proper cycle of &, then the proper cycles Cos’ and C5" 
are homologous in ®". 

Related to this result is the following concept: 

DerinitTion 3.41. Assume as given a compacium ®, a closed set ¥ € 4, 
a proper cycle 3 of V, a continuous mapping Cp of V into a compactum ®’, 
and a deformation Cs ,0 < 6 < 1, of Cy. The family of proper cycles Co(5) 
of &’, indexed by the parameter @, is called a deformation of the conlinuous 
mapping Cy of the proper cycle 5. If ¥ € & and Cp is the identity mapping 
of ¥ into ’, this will be referred to simply as a deformation of 5 in ®’. 

Theorem 3.4 then implies 

3.42. A deformation in a compactum © maps every proper cycle 5 of ® intoa 
cycle homologous to 5 in ®, that is, a deformation in © does not take a proper 
cycle 5 of ® oul of its homology class. 


§4. The fundamental theorem on the A’-groups of polyhedra (The second 
proof of the invariance of the homology and cohomology groups) 


§4.1. Fundamental Theorem 4.1. Let Ka be a triangulation of a poly- 
hedron ©. Then A’(®, 9) ts csomorphic to A’(Ka , MX). 

Remark. Theorem 1.35 of Chapter X follows from Theorem 4.1. 

We shall now proceed to prove Theorem 4.1. 

We shall write Zo’, Hs", Ae’, Ze, Ha’, Aa instead of Z'(4, 90, H'(’, Y), 
A'(?, 1), Za, DO, (Ba, 0, XK, 0); and in place of L[A(@, 4), 90) 
we shall write Las’, etc. 

$4.2. Construction of the homomorphism S,.” of Ay” into A,”. Let « be 
the barycentric covering of @ dual to the triangulation A, and let 6 be a 
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Lebesgue number of a. We shall use S,” to denote a canonical displacement 
(sce X, 5.3) of © relative to a, as well as the induced simplicial mapping of 
K(®, 6) into K, and the induced homomorphism of Lg,;" into £,’ which com- 
mutes with A. The homomorphism S,° assigns to every chain 


(4.21) aS eae 
of ® the chain 
(4.22) Saar = e827; 


: . ® ‘ 
it maps every 6-cycle 2’ into a cycle S, 2’ € Za’, every d-homologous to 
‘ © 7 > 7 
zero 6-cycle 2’ into a cycle S, 2 homologous to zero in K, , and every pair 
of 6-homologous 6-cycles into a pair of homologous cycles of K.. 
If 


(4.23) Pe Oe ee ee 


is a proper cycle of ®, starting with some h all the z,” are 6-cycles which 
are 6-homologous to each other. Consequently, for sufficiently large h all 
the cycles S,°z,” are homologous, that is, they are all contained in the 
same homology class 32 € Aa. We shall denote this homology class by 
S,°5", and use the same symbol S.” to designate the homomorphism of 
Zs’ into A,’ which assigns to every proper cycle 3° of € the homology class 
Soe eae 

Since a canonical displacement S.* maps every 6-cycle, 6-homologous to 
zero in ®, into a cycle of A, , homologous to zero in K, , the homomorphism 
S,* maps a proper cycle homologous to zero into the identity of AJ’. 
Ilence S,” maps every pair of homologous proper cycles of © into the 
same element of A.”. Therefore, a canonical displacement S.* induces a 
homomorphism (also denoted by Sa*) of As’ into A”. 

84.3. Sa? is a mapping onto A,”. Let 3.” be an element of A,” and let 2.” 
be a cycle of the homology class 3... Denote by Aaa the barycentric sub- 
division of order h of K,, and by zen’ the subdivision of the cycle z,” in 
K.»,. A canonical displacement ss applied to the vertices of Aq, induces 
a normal simplicial mapping of K,, onto K,, with Sa zen = 2; that is, 
iar dean Ce oo Oceana Zah, °**) is a proper cycle whose homology class is 
jo € Ag, then 


Hence S,° is a homomorphism onto A,’. 
We are now ready for the last step of the proof of the invariance theorem. 
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§4.4. The homomorphism S,.* of As” onto A,’ is an isomorphism. This 
assertion follows from the following proposition: 
4.41. If 


3 = (a, ae", +++, a, oe) 
1s a proper cycle of & and 
8.37 ~ 0) in Kg, 
then 5° ~ 0 in, 1. e., for every « > 0 there isa k(e) such that 
zk (e-~)0 in ® 


fork > k(e). 

Proof. Suppose that 26, < ¢1is a Lebesgue number of A, (that is, of the 
closed barycentric covering dual to Ka) and choose A so that Aa, is a 
6.-complex and the corresponding barycentric covering is a 6,-covering. 

If dba, < 5, is a Lebesgue number of K,,, choose k(e) so that all the 
ze are 6gn-cycles for k > k(e). Assume that k > k(e). 

Then (by 2.13) 


(4.410) zn (28a-~) Sah 2k’. 


Since A,, is a regular subdivision of A, , according to X, Theorem 2.35, 
there exists a cycle z,’ of K, such that 


® , = 
San 2 ™ Sah 2a Wi dea? 
hence 
(4.411) 2p (25a-~) Sah Za: 


The canonical displacement S,°* maps the left side of the homology (4.411) 
into S_7z," and the right side into z.”, so that 


Sart” ~ Ze" inikt,. 
By assumption, S72” ~ Oin Ka; hence sanZe" ~ 0 in Kan. Since Kan 
is a 6,-complex, 
Sah Za (€-~)O in &, 
Therefore, by (4.411), 
zn (e-~)0 in &. 


This completes the proof of the invariance theorem. 

§4.5. Rules for finding the images of the isomorphisms Sa” and (Sa*)-}. 
We shall formulate once more the concrete realizations of the isomor- 
phism S.° of As’ onto A,’ and its inverse Cie ae 
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First Rule. Given an clement 3° of As’ it is required to find the cor- 
responding clement 3.” = S_°39" of A”. To this end, choose an arbitrary 
proper cycle 5" of the homology class je” and an h sufficiently large so that 
all the cycles z,’, k > h, are 6-homologous 6-cycles (where 6 is a Lebesgue 
number of the covering a). The canonical displacement S,” relative to a 
of an arbitrary cycle z,’, k > h, is a eycle of K,, and its homology class is 
the required element of A,’. 

Second Rule. If 3.7 € A’, it is required to find the corresponding ele- 
ment 30” = (Sa°)7"32" of Ae’. 

To this end, choose a cycle 2." € 3a. Then z,’ and its consecutive bary- 
centric subdivisions 

Pies Po fie Bohs ae oss 
form a proper cycle 5" whose homology class is the desired element of Ag’. 

Remark. The preceding considerations contain as a special case the 
proof of an assertion made in 2.2: 

Every proper cycle 


Es => (ar’, 2" iis oe 22) 
of a polyhedron ® = || K, || ts homologous to a proper cycle of the form 
(a). = (Za eas eae: Zh 5 ea) 


where 
F. T B T Tr Tr 
Za € La and Zal ) a2 er eee ah >” 


are the consecutive barycentric subdivisions of zq'. 
3 ; © ; 
Indeed, suppose that a canonical displacement S,° relative to a maps 3° 
be Ls hy co ry. 
into 27. Then according to 4.3, Sz 5a) = Za. Therefore, 
Py or T 
Se (3 ~~ 3(a) ) = 0, 
so that, by 4.4, 37 ~ 5(a) in®. 
$4.6. Cycles 2’ © Z," and homologies in = || K, ||. Since the second 
rule of 4.5 gives a perfectly definite realization of the isomorphism between 
Z, and Zs’, we are justified, whenever convenient, in identifying an arbi- 
trary cycle z. € Z, with the proper cycle 


(4.61) Bla = ae Zeal Pens) re me -) 


consisting of za.’ and its consecutive barycentric subdivisions. In par- 
ticular, it is natural to say that a cycle z.’ € Z,’ is homologous to zero in © 
if 5ca) 18s homologous to zero in &. In the same way we say that the cycles 
Za and z,”" € Z,’ are homologous in ®, ete. 
4.6. If 22" € Z,' is homologous to zero in a polyhedron & = || K, ||, then 
ta 2 
Ca oe 2 ee 
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Proof. Let ¢ be a Lebesgue number of kK, . Then there exist a natural 
number h and an echain 2” in @ such that Az’ = zs’. A canonical 
displacement relative to K, maps 2"? into a chainz,”* € L,"" and zqn 
into z,.’, with Az,’"* = 2’. 

Corouuary 4.61. If the cycles 24, 29’° € Za are homologous in ®, they 
are homologous in K  . 

§4.7. The image of a cycle z.’ € Z,’ undera continuous mapping C of a 
polyhedron ® = || KX, || into a compactum #’. Parametric representation 
and deformation of singular cycles. Let K, be a triangulation of a poly- 
hedron ® and let C be a continuous mapping of @ into a compactum @’. 
The considerations of 4.6 lead to the following definitions: 

4.71. We shall call the proper cycle 


5 = Cla) = (Cea; Caa5 peas Chats vee) 


(see 3.1), where Zar, °°: , Zak, °** are the consecutive barycentric sub- 
divisions of z,’, the zmage of the cycle z,. € Z,' under the continuous map- 
ping C of the polyhedron @ into the compactum ©’. 

4.72. A proper cycle 5’ of a compacium ©’ is said to be a singular cycle 
of &’ if it can be represented as a continuous image of a cycle 2.) € Za: 


(4.7) 5 = (Cz, Com, 2 Cane); 

where A, is a triangulation of ®, the cycles 2a1, 242, °** , Zak, °° are the 
consecutive barycentric subdivisions of z,.’, and C is a continuous mapping 
of || A. |’ into &’. The representation (4.7) is called a parametric representa- 
tion (relative to A, and C) of the singular cycle 3’. 

We shall call a deformation of a continuous mapping C of a proper 
cycle (24) Za, °°» Zak, ***) Of a polyhedron || KX. || a parametric deforma- 
tion of the singular cycle 5° (represented by the proper cycle). 

Two parametric representations 


Colze ) = (Coz, Coza1 5 aor | Cia; ie *), 
Cy(z2) = (Ciza’, Gea. Pre 2 Cizak 5 ae =) 


are said to be homotopic if there is a parametric deformation which takes 
one into the other. 

Remark. In all the applications of these definitions in Chapter XVI the 
compactum &’ is assumed to be a polyhedron. 

$4.8. Orientability and orientation of closed pseudomanifolds. The fol- 
lowing proposition is an immediate consequence of the isomorphism of the 
groups A"(’) and A"(A,) for every polyhedron ® and every triangulation 
Ki, of ®: 

4.81. If & is an n-dimensional closed pscudomanifold, only two cases are 
possible: either Ao"(&) = A”(’, J) is infinite cyclic or Ao"(&) is the null 
group; in the first case every triangulation A’, of © is an orientable combina- 
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torial pseudomanifold and @ is said to be an orientable pscudomanifold; in 
the second case every A, is a nonorientable combinatorial pseudomanifold 
and ® is called a nonorientable pseudomanifold. 

If @ is an orientable n-dimensional closed pseudomanifold, each one of 
the two generators +39” of Ao"() is called an ortentation of ®. 

If K,” is any triangulation of an orientable pseudomanifold @ and +3,” 
are the two orientations of the combinatorial pseudomanifold K,.”, the 


orientation 3.” corresponds to that orientation of 6 = || K,” || which con- 
tains the proper cycle 
n n n 
(4.81) (are atc © eayteak 5 8s 6 
in the same way, the orientation 35” of 6 = |! kK,” || corresponds to the 


orientation 3," of A,” which satisfies the condition 
n n n n nT 
Sa) = ee > Fal 5 °'' » Sak y 7° -) € je - 


Hence there is a (1—1) correspondence between the orientations of a pseudo- 
manifold ® and those of an arbitrary triangulation K, of ®. 

Iivery proper cycle 3” contained in a given orientation 3s” of a pseudo- 
manifold © is called an orienting cycle of (more precisely, an orienting cycle 
defined by the given orientation of 6). If K,” is any triangulation of 9, 
each of the two orientations +3,” of K,” is also often referred to as an 
orienting cycle of ®. 

ReMarK 1. Let C be a continuous mapping of an orientable closed 
n-dimensional pseudomanifold #; the image of ® is a compactum ®’. C 
maps each orientation 36” of into an element C3g” of Ao"(#’), the zmage 
of the orientation under C. 

REMARK 2. Sometimes, the term orzented pseudomanifold is used instead 
of the expressions orientation and ortenting cycle of a pseudomanifold; the 
former refers of course to the pair: a pseudomanifold and an orientation (or 
an orienting cycle) of the pseudomanifold (or most often to a pseudomani- 
fold and an orientation of some triangulation of the pseudomanifold). 
If the pseudomanifold is an n-sphere, the expression oriented sphere 1s com- 
monly used in the above sense. 

§4.9. The homomorphism C',* of A.” = A’(K.,%) into A,” = A’(A,, X) 
induced by a continuous mapping Cy” of a polyhedron & = || K, || into a 
polyhedron WY = {/ A, |!. Because of the isomorphism established above 
between the groups As and A,’ (and the groups Ay’, A’), the homomor- 
phism Cy® of Ag’ into Ay’ induced by a continuous mapping Cy®* of & into 
W defines a homomorphism of A,’ into A,’ which we shall denote by C,*. 
The mapping is easily constructed by 4.5. We shall state the rule explicitly: 

Given an element 3,” of the group A,’ it is required to find the clement 


(4.90) C5 = 8, Ce Oey ie 
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of the group A,’. To this end, recalling the definition of S,¥ and (S,°)", 
letting K., stand for the baryecentric subdivision of A, of order h, and 
Sah for the isomorphism of A,’ onto Ags’ induced by the subdivision (see 
X, 2.1), we may rewrite (4.90) in its final form 


(4.9) Cote = SCV Sun tas 


where h is a sufficiently large natural number (see below). Equation (4.9) 
may be stated as the following proposition: 

4.9. A continuous mapping Cy* of a polyhedron & = || K, || into a poly- 
hedron VW = || AL, || induces a homomorphism C,* of A,’ into A,’ defined as 
follows: Set (sce X, 5.4) » = n(AI,) and choose 6 > 0 sufficiently small so that 
dc < n (see 3.1). Now choose h sufficiently large so that the mesh of Ky, is 
less than 6. 

Tf ta © Aa and z,' is an arbitrary cycle of 3a, consider the subdivision 
Zak = Sah'Za’ Of ga IN Kan. The cycle Cu*zan isan n-cycle of Y; a canonical 
displacement S,* of Cy*zan’ relative to M, is a cycle 2." of M, and its homol- 
ogy class is the desired element C,"3a of Ac’. 

If Cy* is a topological mapping of a polyhedron @ = || K, || onto a 
polyhedron WY = || AJ, ||, Co“ is an tsomorphism of A,’ onto A,’; finally, if 
@ = W and Cy” is the identity mapping, the homomorphism C,”, which 
in this case takes the form 


a ®& a 
(4.9’) CG. a8 = So Sah ne 


becomes an isomorphism of A,’ onto A,’, where AK, and M, are two (in 
general, topological) triangulations of ©. 


§5. Simplicial approximations to continuous mappings 
of a polyhedron into a polyhedron 


$5.1. Definition of a simplicial approximation to a continuous mapping 
Cy* of a polyhedron & = ||K,.|| into a polyhedron WY = ||, ||. 
Let 7 = n(Af,) and choose a 6 > O such that 6¢ < 7 (see 3.1) and a sub- 
division K 4, of K,of mesh < 6. The mapping Cv* takes every 5-skeleton of 
® into an 7-skeleton of W; hence, if S,” is a canonical displacement of ¥ 
relative to the covering o, the mapping S,"Cw* defined on the set of ver- 
tices of Ka, induces a simplicial mapping 


va h 
So Cy = Se 








of Aan into AL, . 
_ The mapping S,“" of Ka, into Af,, and also the simplicial mapping 
5." of ® = || Ka, || into Y = |] AL, || induced by it, is called a simplicial 
(ah, o)-approximation to the continuous mapping Cy’. 

The composition of the homomorphism sa (the subdivision operator) 
of L,” into Lys’ and of the homomorphism S,“" induced by the simplicial 
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* I , : - . : h . 
mapping S,°" of K 4, into A/, yields a homomorphism 5S,°"sqi° of ZL.’ into 
Li: 


= h v 
(5.11) oe Sona = Se Cy Sih Pas Zi € Tbe 


3 h % a ‘ . i 
Since S,°" commutes with A, it induces a homomorphism S,°"sax" of 
A,’ into A,": 


(5.12) Sosa te = S, Oe Su be: 

Comparing (5.12) with 4.9), we conclude that 
(5.1) Cie eS, aaa s 
that is, 


5.1. The homomorphism of A.’ into A,’ induced by a continuous mapping 
of a polyhedron ® = || K, || into a polyhedron = || AI, || ts realized by taking 
a subdivision K an of K of sufficiently small mesh and applying to the elements 
of Aa first the subdivision operator so, and then any simplicial (ah, o)- 
approximation to the continuous mapping. 

§5.2. Fundamental property of S,”". 

THEOREM 5.21. A simplicial approximation 8,"" (of & = || Ka || = || Kan || 
into VW = || M,''\) toa continuous mapping Cy°® is homotopic to Cy”. 

Lemma 5.210. Suppose that Cy and C, are two continuous mappings of a 
compactum ® into a polyhedron” = || M, || with the following property: if 
x € ®, both points Cyx and Cyx are contained in the closure of a simplex of M, . 
Then Cy 1s homotopic to C, . 

Proof of Lemma 5.210. The polyhedron ¥ is contained in some R”. Every 
closed simplex is a convex set; hence, by hypothesis, for every x € %, the 
straight line segment [Cov, Ciz] joining the points Cox and Cx in R” is 
contained in VW. Let us denote by Cex, 0 < @ < 1, the point of [Coz, Ciz] 
which divides this segment in the ratio @:(1 — @) in the direction from 
Cox to Cx . The resulting deformation Cex maps Cp into Ci. 

Proof of Theorem 5.21. According to Lemma 5.210, it is enough to show 
that if p € %, the carrier of the point 8,7"p in M, is a face of the carrier 
of the point Cy*p. 

Suppose p € Tan € Kan, Tan = (ao «+: a7), and Cy*p € T, € M. 
Since the diameter of the set Cy*7', is less than 7 and Cy*7'a, is known to 
have the point Cy*p in common with T,, the set Cy? Ta, is contained in 
the union of the elements of the covering o (the barycentric covering 
dual to J/,) whose centers are the vertices of 7 and which do not intersect 
the remaining elements of o. Therefore the points S,”Cy*ay = ao’, -- 
S.’Cy*a, = a,’ are vertices of the simplex 7, so that the simplex 


Seis p= (ao’ Lt a,’) 


is a face of T, . This is what we wished to prove. Hence 


) 
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5.2. A continuous mapping of a polyhedron & into a polyhedron WV 1s 
homotopic, and consequently homologous, to every simplicial approximation 
to the mapping. 

A consequence of the fact that the carrier of the point S,“"p in A/, is a 
face of the carrier of the point Cy*p in the same complex is the following 
proposition: 

5.22. [f the mesh of AI, is less than a prescribed € > 0, then 


p(Cy"p, Sep) < « 


for arbitrary p © ®. 

Yor a triangulation J/, of sufficiently small mesh, we conclude from 5.22 
that: 

5.23. Let C be a continuous mapping of a polyhedron & = || K, || into a 
polyhedron Y. For every « > 0 there exists a simplicial approximation 8S,” 
lo C (which ts a simplicial mapping of some subdivision Kan of Ka) of Ka 
into a triangulation M, of V of sufficiently small mesh such that 


p(Cp, S.*"p) < « 
for every p © ®. 


$6. Degree of ‘a continuous mapping of closed pseudomanifolds 


In this section ® and W¥ are closed 2-dimensional pseudomanifolds, as- 
sumed to be oricntable. C denotes a continuous mapping of © into W; 
Ka and A, are arbitrary triangulations of &, V, respectively. 

§6.1. Definition of the degree. Choose definite orientations 3, and 3y 
of ® and ©. Then Ag” consists of the elements mjs and Ay” of the elements 
m3y , Where m is an arbitrary integer. The homomorphism C of Ag” into 
Ay” induced by the mapping C yields 

Ce) = viv, 
with y an integer, known as the degree of the continuous mapping C. 

Remark. The number y is completely determined by the mapping C 
and the orientations of and W; replacing one of these orientations by its 
opposite changes the sign of y. 

§6.2. Definition of the degree of a continuous mapping of an n-cycle 
into an n-dimensional orientable pseudomanifold. The following notion 
is an immediate gencralization of Def. 6.1. 

Suppose that C is a continuous mapping of a compactum ©& into an 
n-dimensional orientable pscudomanifold Y. Let us choose a definite 
oricutation 3y of ¥, that is, a definite generator of the infinite cyclic group 
Ay” . Suppose that 5” is a proper n-cycle of ® mapped by C into the proper 
cycle C5" of W and that C5” is contained in the homology class y jy” € Aw’; 
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the integer y is called the degree of the mapping of the proper cycle 5" into V 

In the majority of applications of this definition, the compactum ® will 
be a polyhedron and the proper cycle 5” will be a cyele of a triangulation of 
® in the sense of +.6; consequently, C5” is a singular eyele. 

§6.3. Calculation of the degree of a mapping. ‘he isomorphism S,° 
maps a generator 3o of As" into a generator 34 = Za” of the cyelic group 
A,” = Z," and it is always possible to choose the orientations é.; of the 
simplexes of A, so that 


n n 
Za = lat : 
In the same way one may choose the orientations ¢,;" of the n-simplexes 
of M, so as to satisfy the relations 
Vv 
o iv = 30 = af = ys toi 
for the chosen orientation 3y of WV. 
Then the cycles 


2 — n n n 
O(a) ~~ (2, eat eh eek Gey 


a _ n n n 
390) (2, » 21 > °'* y Fok y 7° :) 
are contained in the homology classes 3 and 3y , respectively, and 
Gi n n n 
Cy Sta) ~ V5 = (2. » Y%o1 » °° 5 Yeok » °° =) 


Furthermore, (S.°) "34 = 3 ; but 3 is the homology class of the proper 
cycle 3¢a) = (Z0", Zat", *** Zak") **+), mapped by Cy* into the homology 
class of the proper cycle 


= aa n nr n 
Yoo = (YZ. » Y%o1 5 °° * » Y@ok y vee), 


A canonical displacement S,” maps the latter homology class into the 
class containing y3, = yz". Hence S,"Cv?(Sa°) Za” = YZ", that is, by 
(4.90), 


C257 SAG 

Therefore, 

6.31. If Cy® is a continuous mapping of an oriented pseudomanifold ® 
into an oriented pseudomanifold VW, the homomorphism Cy” of Ae” into Av” 
and the homomorphism Ci,” of Aq” into S.” induced by Cy” are defined in ac- 
cordance with the formulas 


(6.31), Cu he — Yau ) 
(6.31)o Cie = ee 
where 


n n mo Ra 
Za = a lai , 2 Dai bee 


176 THE A-GROUPS OF COMPACTA [CH. XI 


are the orientations of Kz and AM, eorresponding to the orientations 39 and 3y 
and y is the degree of the mapping Cx’. 

Remark 1. We adopted (6.31), as the definition of the degree y of the 
mapping C’; we sce now that it would be equally valid to take (6.31): as 
the definition of y. 

Hence 

6.32. Suppose that Ka, M, are arbitrary triangulations of &, V; that K a 
is a sufficiently fine subdivision of Kq ; and that S,*" is an (ah, o)-simplicial 
approximation to the continuous mapping Cy’. 

If the orientations of K. and &, as well as those of Al. and V, correspond 
to each other, the degree of the mapping Cy” ts equal to the degree of the sim- 
plieial approximation S,”". 

ReMARK 2. Theorem 6.32 is a special case of Theorem 5.2. I have pre- 
ferred, however, to prove Theorem 6.32 independently in order to show 
once more how simplicial approximations are used to study continuous 
mappings. 

§6.4. Fundamental properties of the degree of a mapping. An immedi- 
ate consequence of the definition of degree is 

6.41. Two (n, J)-homologous, and therefore two completely homologous or 
two homotopic, mappings of a closed orientable pseudomanifold into another 
have the same degrec. 

Remark: The easen = 1. Using Remark 3 of VIII, 5.2, it is easily shown 
that a “normal mapping of degree y” of one oriented circumference into 
another defined in II, 2.5 is indeed of degree y. Since both definitions of 
degrce (that of IIT, 2.5 and XI, 6.1) yield the same degree for two mappings 
in the same homotopy class, and since every mapping of one circumference 
into another is homotopic to a normal mapping, the degrce of an arbitrary 
continuous mapping of one eircumference into another in the sense of Def. 6.1 
as equal to its degree in the sense of IT, 2.5. 

Let us now return to the general case of two n-dimensional orientable 
pseudomanifolds ®@ and Vv. There exist precisely two isomorphic mappings 
of the infinite cyclic group As” onto the infinite cycle group Ay”: the iso- 
morphism which maps 3e” into 3y” and that which maps 36” into —3y” 
(here 34” and 3y” are definite orientations of & and VW). 

Consequently 

6.42. The degrce of a topological mapping of a pscudomantfold ® onto a 
pscudomanifold Y is either 1 or —1. 

6.43. If C,' (C;’) is a continuous mapping of a closed orientable pseudo- 
manifold 4; (#2) into a closed orientable pseudomanifold &, (#3), then the 
degree of the mapping C3’ = CyCo' of &, into ; is equal to the product of 
the degrees of C.' and Cy. 
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I 
~! 


Yor, 
CoGiy Yis2 5 
Cs'(32) = 283 5 
Cs (0, Gy) = Cs (32) = ns (32) = V1¥283 5 


Where 31, 32, 33 are orientations of ©, ,, 3, respectively, and 71, y» 
are the degrees of C,' and C;’. 

G44. If C(&) C W, that zs, if C(’) # WV, then the degree of C is zero. 
Proof. Suppose p’ © WV, p’ € C(®) and let « = p(p’, C(&)). Take a tri- 
angulation J/, of W of mesh <e and denote by A/,* the combinatorial clo- 
sure of the complex consisting of all the simplexes of M/, containing at 
least one pomt of C(&). 1/,* is obviously a proper subecomplex of A/, so 
that A”(.\/,*), and hence A”( || J/,* || ), is the null group. The mapping C 
takes @ into the polyhedron |! A/,* | so that every eyele C(5"), with 3” € 
Zs" any proper cycle of , is homologous to zero in || A/,* |! and therefore 
in WV; in other words, C(3) is the identity of Ay” for every 3 € Ae”. This 
completes the proof. 

Examples of continuous mappings of various degrees are given in XII, 
5.4, which may be read at this point. 








Chapter XII 
RELATIVE CYCLES AND THEIR APPLICATIONS 


In this chapter 6 denotes a compactum, I an open set in®, and ¥ = 


ae be 
$1. The complex K(P, e) 


§1.1. Definition of A(T, «) and basic notation. By A(I’, «) or, more 
precisely, A(#, I',e) we shall mean the complex K(@, .\A(Y, ©). Hence 
the simplexes (skeletons) of the complex A(T, ¢) are precisely those e-sim- 
plexes of @ which have at least one vertex in I. 

Since K(T, 6) = K(, 6.) \ K(Y, © and K (¥, e) is an unrestricted, and 
hence closed, subcomplex of K(®, ¢), A(T, €) 7s an open subcomplex of 
the unrestricted simplicial complex K(®, «). 

Remark. We shall use the notation K(#, T, «) very infrequently and 
only when T is also an open subset of a second compactum (besides &) 
which enters mto the discussion. The most important case occurs when, 
of two given compacta, one is a subset of the other. Thus, if Tf C dp) C 4, 
where @ 1s closed and [ is open in &, then every skeleton of K(#o, I’, ), as 
is easily seen, 1s a skeleton of A(@, T, ¢); that is, 


K(®,T, «.) CA, YP, ©). 


The converse inclusion does not hold in general: A(@, T, €) contains skele- 
tons not in K(#, I, «), namely, all the skeletons of A(@, «) which have at 
least one vertex in T and at least one vertex in ® \ $y . 

We shall use the following simplified notation. Le,’, Ze,, ete. will 
stand for LA (®, «, 91], Z[A@, ¢«, %], ete. Instead of L'[A(T, «, 0], 
Z(K(Y, «, W)], ete. we shall write Zr,., Zr,¢, ete. Finally, Ax” will mean 
the boundary of a chain a” € Ly,” in A(®, €), and Ara’ will denote the 
boundary of a chain 2” € Lr,’ in A(T, e). 

§1.2. Cycles and homologies in A (I’, «). Since A(T, © is an open sub- 
complex of A(@, ¢), Theorem 6.51 of VIT vields 


(1.20) Ark (f, ot = K(T, «ae 
for every vw” € Ly,.’; in particular 
(1.200) Ara’ = A(T, dA’, xe € Ly. 


It follows easily that: ; 
1.21. If vw € Ly,’, then A(I', 22” is a cycle of A(L, ¢) if, and only if, 


V7 
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Az’ € Zy,’*. Asa special case, if x” € Lr,”, then x” € Zr, if, and only if, 
Av’ € Fy, 

Another consequence of (1.20) is 

1.22. If « € Le,, then 


(1.220) K(T, )2” ~ 0 in K(T, e) 
if, and only if, there is a chain 7”? € Lg,”** such that 
(1.221) Ag = 2" € Ly... 
For, if (1.220) is satisfied, there exists a chain 2” € Ly." such that. 
Ara’ = K(T, 62’; 
but 2”*? = K(T, e)x’*’, so that 
Ape =A Or SAT oar 
that is, A(P, 2” = K(L, «)Av"™*? or 
K(?, €)(Ar"” — 2’) = 0. 
Hence 
(1.221) Av’) — 2" € Ly... 
On the other hand, if (1.221) is satisfied, then 
K(r, «)(Az”™™ — 2’) = 0, 
that is, 
K(l, \v’ = K(T, Av = APK(T, &)2'*'; 
so that 
K(Y, ez’ ~ 0 in K(Y, e). 


As a special case, if 2 € Zr’, we obtain 
1.221. Acyclez” € Zr,” is homologous to zero in K(T, e) if, and only if, 
there is a chain 2”*’ € Leg,” satisfying the condition 


+1 
Ax’ aes 2 € dies 


EXAMPLE. Let ® be a square with interior T and boundary W. Let Kk 
be a triangulation (Fig. 133) of ® of mesh less than a prescribed e. Denote 
the triangles of K oriented counterclockwise by ti’, «++, &: and assume 
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that | 4’ |, ---, | &e’ | are the triangles of the top half of the square. The 





: : 1 1 . : 
oriented 1-simplexes 4’, --- , 42 are shown in the figure. If 
2 32 2 2 16 2 1 1 1 1 1 
z= 11 bis r= imi ty, x= + t + bs “be ; 
12 1 
y= tap li, 


then 2” € Zr,2. Further, z' € Hr... This is because 


dz? = 2 ty}, 


where 





§1.3. («, ¥)-displacements. 

DEFINITION 1.31. An (e, V)-displacemené of a compactum © is a mapping 
S® of ® into itself with the following two properties: 

1°. p(x, S*x) < « for every x € ®. 

2°. S*x € V forevery2 € V=OX\T. 

Let 6 and ¢ be arbitrary positive numbers. Every (e, Y)-displacement. in- 
duces a simplicial mapping of the complex Av (&, 6)[A (WY, 6)] into A(&, 6 + 2e) 
[K(W, 6 + 26)] (see X, 5.2) and hence homomorphisms S*, S*, and S* = 
K(1, 6 + 26)S® of the groups Le,.’ (see VII, 8.2 and 8.4), Les’, and Lys” 
into Lasse, Ly sree, Lritae, respectively. We are interested here in the 
third of these homomorphisms, S*. If 2” is an arbitrary chain of A(T, 6): 


w= Dj ajlys € brs, 
then 
Y ® 
Sa = ae a;S tis, 


where only those terms a,S°t;s’ of the linear form >> a;S°t;.s are to be 
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retained for which S*t;s” are oriented r-simplexes of K(I', 6 + 2e). The 
homomorphism S" commutes with A, that is, 


S* Ara” = ApS'x" 


for an arbitrary x” € Lr.s’ (see VII, 8.4). 
THEOREM 1.32. If 2’ is an arbitrary cycle of K(T, 8) and S® is an (e, W)- 
displacement of ®, then 


Z~s*z in K(T, 6 + 2e). 


The proof is similar to that of Theorem 2.12 of XI. Let Iz’ be the prism 
spanned by 2’ and S*z’ (see, XI, 2.1); its simplexes (that is, the simplexes 
on which the value of IIz’ is different from zero) have diameter <6 + 2e 
(XI, 2.1); hence Tz’ € Le.s42.’. By XI, (2.12), 


Allz” = 2” — S°z" — IlAz’, 


where IIAz’ is the prism spanned by Az’ and S*Az” = S*Az’. Since IlAz’ 
ison A(¥, 6 + 2e), according to 1.22, 


Zz — Sz ~0 in K(T, 6 + 2e). 


This completes the proof. 

§1.4. Canonical displacements. If a = {A1, --- , As} isa closed e-cover- 
ing of a compactum ® and A,, --- , Aw are the elements of @ which inter- 
sect VY, then the sets ¥ n Ai, --:, Yn A, form a covering Va of V C &. 
The nerve of & will be denoted by A, and the vertices of K, by a, --- , as, 
with a; and A; corresponding to each other. In this notation, a, +--+ , du 
are the vertices of the nerve Ky. of the covering Va. The complex Ky, 
is a subcomplex of K, ; a set of vertices aio), Gia) , °** » Airy Of Ky. defines 
a simplex of Ay, if, and only if, 


Vn Aigo A --) N Aig x (). 


We shall denote the groups L’(K., %), L'(Ky., X), LD (Ka \ Kya, %), 
etc., by La’, Lye’, Lra’, ete. 

A canonical displacement S,° of ® relative to « assigns to each point 
p € &a vertex a; of K,, and to each point p € Wa vertex aij) of Kye. 

Now let 6 be sufficiently small so that it is a Lebesgue number of both 
coverings a and Va. As we know S maps every 6-skeleton of © into a 
skeleton of K, ; in addition, it maps every 6-skeleton (e) --- e,) of YW into 
a skeleton of Ky. .In fact, for each e;,7 = 0, --+,7, the point S.*%e; is a 
vertex aic;) subject to the condition that e; € A .;) ; since all the e; are con- 
tained in W, the sets ¥ n Aio), --- , YA Avg all intersect the set con- 
sisting of the points e9, --- , e, and having diameter <6. Since 6 is a Le- 
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besgue number of Ve, the sets Yn Aio), «+: , Yn Aw have a nonempty 
intersection; hence the vertices aj) , +++ , Gi form a skeleton of Kya. 
Consequently 
1.41. If a = {A,, ---, As} is a closed ¢-covering of a compactum ® 
and A,, --- , Ay are the clements of a which intersect ¥ C ®, then the sects 
Yn A,,---,¥n A, are a covering Va of Y whose nerve Ky, is a subcom- 
plex of the nerve K, of a. If 6 is a Lebesgue number of both a and Wa, a 
canonical displacement S,° of £ relative to a is also a canonical displace- 
ment of Y relative to Va. Hence it induces homomorphisms S,°, Sy, and 
(Ka \Kya)Sa’ of the groups Les’, Lys’, Lr.’ into L.’, Lye’, and 
Lre, respectively. (In reference to the homomorphism (Ka \ Kye)Sa° 
see VII, 8.4; the analogous homomorphism was there denoted by GaSe.) 
These homomorphisms commute with the corresponding boundary 
operators: 
If 2” € Les, orev’ € Lys,orx € Ly,s, then 
AiSa?e” = S,° Ax’, 
(1.41) A Svat = Sy_ Ax’, 
AsSaaie” = Sra Ars’, 


respectively; where A,, As, A; are the boundary operators in A,, Ave, 
Ka \ Kae. 


§2. I'-cycles (relative cycles) and l'-homologies in &; the 
groups Ze (I', MX), Ha (V, N), Ae , W) 
§2.1. Definitions. 
DEFINITION 2.11. A sequence 


r 


(2.11) aS (ay, Zo, oe ee a 
with 2.” a 6.-cycle of A(T, 6.) and linxse & = 0, is called a T-cycle of a 
compactum & if for every « > 0 there is a k(e) such that 

Zp ~ ze in A(T, ¢) 


for every two natural numbers p, q > /(e). 
Fxampve. Let & be a square, I’ its interior, and W its boundary. If /x is 
any triangulation of ®, let K,, stand for the barycentric subdivision of A 


of order n. Suppose tur, *** 5 tne’ are the triangles of K,, , all oriented in 
the same way (say, counterclockwise). If Za = a trv, then 
2 2 2 
De (21 5) »*ky ) 


is a [’-cycle of ®. 
Remark 1. In this chapter, as previously, we regard all chains as linear 


forms. We recall that two chains (perhaps of two different complexes K 
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and K’) are to be considered as identical if they coincide as linear forms, 
that is, if the same simplexes have the same nonzero coefficients in both 
forms. It is of course assumed that all simplexes with nonzero coefficients 
in the chains being compared belong to both complexes AK and AK’. Another 
way of expressing this convention is that every chain 2’ of a complex K is 
also a chain of any other complex A’ which contains all the simplexes 
occurring in 2” with nonvanishing coefficients. 
Accordingly, we shall say that a I’-cyele 


5 a (ar’, 22", aoe ek ~ -) 


of ® is equal to the T'-cycle 


of &’ if 


for every &. In the same way, we shall term 

5 = (a, 2, my Ze re -) 

both a I-cycle of 6 and I’-cycle of ©’ if z,’ is a chain of both complexes 
A(T, 6.) and A(I”, 6.) and if the relations 


25. Pee in A(T, 6), 
Bp Pt Sy in K(T”, e) 


hold for arbitrary « > O and all sufficiently large p and q. 

Eexampue. Let @ and 6’ be two congruent squares lying in two perpen- 
dicular planes of three-dimensional space and having a diagonal 9 in 
common. Let I (I’) be the interior, and ¥ (¥’) the boundary of © (#’); and 
denote by W the set consisting of the two endpoints of the common di- 
agonal @). Finally, let Tp = @p9 \ Wo. 

Suppose that K is the complex whose clements are the common diagonal 
of the two squares and its two endpoints and that KA, is the nth order 
barycentric subdivision of K (that is, the subdivision of the diagonal into 
2” equal segments). Assuming a definite direction on @) and denoting by 
tnt, -** , tnp(ny) Where p” = 2”, the segments of K, oriented in the given 
direction, we set 


Pan p(k) , 1 AD a. sagt. yt 1 
ek = iS tics re) meil (SW eee? ema 


I 


Then 5’ is a one-dimensional I'-cycle of &, I’-cycle of 6’, and T'y-cyele of 
Do. 
We make particular note of one special case pertaining to Remark 1. 
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2.10. If 4% is a closed subset of 6 and WH Ch, Ty =H (H,T=S (WY, 
then every To-cycle of 9 is also a T-cycle of ©. 

Remark 2. If there is no need to indicate the set T over which a given 
I-cycle is to be taken or if I is a variable (as, for instance, if the existence 
of a T-cycle with certain properties is in question), it is preferable to re- 
place the term ‘‘T-cycle” with the term “relative cycle’; hence 

BO Cr pee ote ors) 
is a relative cycle of & if & contains an open set T such that 5’ is a T'-cycle of ®. 

The notion of relative cycle in all its various forms (both combinatorial 
and set-theoretic) was first introduced by Lefschetz. This idea has, in the 
last two decades, influenced the development of combinatorial techniques 
and made possible the discovery of a whole set of new topological theorems 
which it would be impossible to formulate without this concept. 

Dertnition 2.110. If 3’ is a relative cycle of &, every closed subset %) of 
& with the property that 3” is a relative cycle of & is called a carrier of 3" 
in ®, 

Therefore, if 3° is a I-cycle of @ and & C @ isa carrier of 5’, there eixsts 
a closed set Yo C 4 such that 3” is a (By \ WY)-cycle of by . 

DeFInition 2.12. A T-cycle of ® is said to be T-homologous to zero in ®: 


3 (I-~)0 in %, 
if for every « > 0 there exists a k(e) such that 


zw ~O0O in K(T,e) 
for all k > k(e). 
EXAMPLE. Once more, let ® be a square with interior I. If n is a natural 


1 1 . LAE RE Se Ibs 
number and tn, -+: , tae, ¢ = 2”, are the segments obtained by dividing 
an oriented diagonal of the square into 2” equal parts, set a= ilni- 
Then 

vs > 1 ) 1 
5 = (1,20, °++, a, -°*) 


is a one-dimensional T-cycle of &, P-homologous to zero in ©. 

Remank 3. If b) and ¥ € 4) are closed subsets of & and 3" isa (®o \ Y)- 
cycle of #p, then 3° is a (@\ W)-cycle of ®; if in addition 5’(o \ Y-~)® 
mM, then 5"(b \ ¥--~) 0 in &. The proof is left to the reader. 

§2.2. The groups Zs"(T, 2), Hs(0, 0), Aa (Pr, H). If 


_ r Tr 
j= (ar, 2’, AP Sip ye RODS 


- a Tr r 
2 = (Zo1", Z20", T8S 2h, ++) 


are two T-cycles of ®, then 


27 Pe eee T 
ol 8 320 (2u os 201, 210 + 220, Pe Zin, + Zon » ake -) 


ind 
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is also a T-cycle of &, the sum of 5)’ and 5’. It is easy to see that this defi- 
nition cf addition converts the set of all r-dimensional I’-cycles of & (over a 
given coefficient domain %{) into a group, denoted by Z»'(T, %). The group 
Ze (T, 2X) contains the subgroup H¢’(T, 1) consisting of all the elements of 
Ze (T, X) which are [-homologous to zero in ’. The factor group 


Ze (T, U)/He (LT, 0 
is denoted by Ag’(T, %): 
Ae (T, 1) = Ze (T, )/ifs'(T, Qt). 

§2.3. Canonical and infinitesimal displacements. Isomorphism of the 
groups As, (T, 2%) and As (T, X, [ C & C &. It follows from 1.41 that 
a canonical displacement S,° of @ relative to a closed covering a of ® in- 
duces a homomorphism S," of Zs'(T, %) into Z’(Ka \ Kya, %) which 


maps H4'(T, & into H(K,. \ Awa, WU). Hence 
2.31. A canonical displacement S.” of © relative to a closed covering a 


of @ induces a homoniorphism S," of Agr’ = Ae (IT, 9% into Ap,” = 
A(Ka \ Kea, Xf). 

2.32. Let 
(2.3) = > (ar, 22, FO m9 ae _ -), 


ze a 6,-cycle of A(T, 6), be a T'-cycle of @ and let S,z," = z’" be an (e, , V)- 
displacement of the chain z;’, with limz.. ¢, = 0. Since z”” is in this case a 
cycle of A(T, 6& + 2e.), homologous to z in this complex, it follows that 
ie 2 Ce eee eee) 

is a T'-cycle T'-homologous to 5’. 

The passage from 3’ to 3’, as well as the T-cycle 5” itself, is called an 
infinitesimal displacement of 5’. 

We shall use the method of infinitesimal displacements to prove the 
isomorphism noted in the title of this subsection. 

Set b> \ T = nV = Wand let p be an arbitrary point of &. If p € &, 
put Sp = p; if p € &, then p € Y \. %, and Sp will denote any (defi- 
nite) point g € WY for which p(p, g) assumes its minimum. 

If (2.3) is any T-cycle of @ and «& is the maximum of p(p, Sp), p a vertex 
of the complex | z,’ |, we shall prove that lim,,. ¢, = 0. In the contrary 
case, there would exist a convergent sequence 


Pl, P25 °°* , Pn, ***; 


with p, € Y\Woa vertex of | zeny’ | and p(p, ,Sp,), and therefore also 
p(p. , Yo), greater than some positive ¢ independent of n. But p, is a vertex 
of a simplex 7," € | 2s" | with at least one vertex in I’ and hence in % - 
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Therefore, p = lima+se Pn contained in © (because of the fact that pn € ¥); 
is also contained in ®o, that is, in Yo. This contradicts the fact that 


€ < P(Dn 9 Vo) 


for all n. 

Therefore the assignment to each vertex p, € | 2n"| of the point Spx 
yields an infinitesimal displacement of the T-cycle 5’ of @ into the I'-cycle 
S3" of &). The displacement induces a homomorphism S of Ze,r’ onto 
Zs,.r (onto because S maps every I-cycle of o into itself). 

The homomorphism S maps H¢,r’ onto H¢,,r" and therefore induces a 
homomorphism of Ag,r’ onto Ag, ,r’. Since the cycles 5” and S3’ are ob- 
viously T-homologous in @, S3'(I'-~)0 in $y implies 5"(I'-~)0 in &. Hence 
S is an isomorphism of Ag,r’ onto Ag, ,r. This completes the proof. 

.§2.4. The groups A» (I, 2) and the dimension of &. The method of in- 
finitesimal displacements affords an easy proof of the following important 
theorem: 

2.4. If a compactum ® has dimension n, then As’ (1, WM) ts the null group 
for r > n and for arbitrary coefficient domain NM and open set  €C ®. 

This may also be expressed by saying that every r-dimensional I'-cvcle 
35° of an n-dimensional compactum © is I'-homologous to zero in @ for r > n. 

Proof. For every m construct a 1/2”-covering an = {.41”, +--+, Asem” } 
of & having order n + 1. Denote by em a Lebesgue number of e, and by 
Km the nerve of a realized in ® in such a way that the vertices of Kn 
corresponding to the elements A;” of a» which intersect Y are points of VW. 
Every subsequence of a I’-cycle 5’ is '-homologous to all of 5’ in ®; hence 
to show that 5’(T-~)0 in © it is enough to prove that the analogous 
relation holds for a subsequence of 5’. Consider a subsequence of 5’ whose 
kth element is a cycle of A(T, «&) and write it also as 

oe Cee eee es 
Now let 2.’” = Sy2x" be a canonical displacement of 2," relative to a, . Then 
Se SG ae. yes) 


is an infinitesimal displacement of 5’; hence 3"(P-~)S5". But 2” is an 
r-chain of the 2-complex Ay, ; since r > n, 24" = 080 that 5"(I-~)0 in ®, 

§2.5. Remark. If a closed set VY of ® is a single point, then the groups 
Ze (UV), Ws"(T), Ae’ (LT) coincide with the groups Z’(#), H’(®), A’(®), respec- 
tively, for r => 1. 

Proof. For arbitrary « > 0, Ly,”,7 > 1, and Hy,2 are null groups, since 
KY, ©) consists of one point. Moreover, the set of r-simplexes (r > 1) of 
A(®, e) and A(V, €) coincide; whence it easily follows that not only Ls, 
and Ly,.”, but also Zs, and Zr, are identical. 
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In fact, if v € Zr,’, then Az” € Hy, '; and since Hy.” ? is the null 
group, Az” = 0, that is, 2” € Ze,.”. 

We therefore need only prove that Hs, and Hy,’ are also identical. 

It is clear that 2” € H»,." implies z’ € Hr,.”. If 2’ € Hy..”, there exists an 
element 2”*! of Lr.”*? = Le.é*' such that Apx’*? = 2". But 


1 1 
Ag’ — Apa € Lyf 
and is therefore equal to zero. Hence 
av! = Apt = 2, 


so that 2” € He. 

It now follows that the proper r-cycles of ® are identical with the r-di- 
mensional I’-cycles, that is, that Z7(®@) = Ze'(1’); and that a proper cycle is 
homologous to zero in ® if, and only if, it is T-homologous to zero. Hence 
H’(®, WM = Hs'(T, WM) and A(s, W = Ag (T, W. 

PROBLEM. Suppose dim VW = p, V C ®. Prove that the groups Ag’ (I) 
and A’(®) are isomorphic for r > p + 1. 


$3. The homomorphism of As‘(I’, 2) into As’(1’, YX) induced by 
a (Y, v’)-mapping Cs’* 
$3.1. The homomorphism (’s’*. Let & and 6’ be compacta, let I', I’ be 
open subsets of , &’, respectively, and set ¥ = @®\T,W =X". 
A continuous mapping C’g-° of into &’ with the property that the image 
of the set W is contained in W’: 


(3.11) Ca¥ CW’, 


is called a (W, W’)-mapping. 

Condition (3.11) implies that the simplicial mapping Cy.” of the complex 
K(@, ¢) into the complex K(’, ec) induced by the continuous mapping 
Ce? takes the complex K(¥, e) into K(W’, ec) (see XI, 3.1). Hence (VII, 
8.4) the mapping Cs’* induces a homomorphism I’C#> = K(I", eee “OF 
Ly, into Lye.’ Which commutes with A in the sense that 


(3.12) Rol Cee e => Ce Ace’ 


for every x’ © Ly... 

Since the mapping Cs-* of into 9’ is uniformly continuous, so that ec 
approaches zero as e approaches zero, the mapping I’C#” assigns to 
every I'-cycle 

= = (ar, 22 , ree, Zh, 0 -) 
of the I'’-cycle 


® r Y Tr ‘ 
Ce Ss = 0 "Cy, ; I'Car "20", rey l' Cyr 2, +++) 
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of #’. Hence the continuous mapping Cy” induces a homomorphism 
Cr” = ICs of Ze'(P) into Ze"(L’). 

Because of the uniform continuity of the mapping and (3.11) it now 
follows that Cr" maps He’(I') into H»’(1”). Consequently the homo- 
morphism Cy" of Zae"(L) into Ze"(1”) induces a homomorphism (denoted 
by the same symbol) of Ag’(T) into Ag(1”) which we shall call the homo- 
morphism induced by the (¥, ¥’)-mapping Cs-*. 

§3.2. (Vv, W’)-homologous and (¥, ¥’)-homotopic mappings; (¥, W’)- 
deformations. Let us consider again compacta ®, ®’ and closed subsets 
VOC, W CH, with Fr = o\¥, I” = & \. wv’. In complete analogy 
with the definitions of Chapter X1, we shall say that two (¥, W’)-map- 
pings Cy and C, of ® into ®’ are (W, Y’)-homologous if they induce identical 
homomorphisms of Ag’(T’, 2) into Ag’ (I’, YM) for all r and all %. 

DEFINITION 3.21. A deformation C,,0 < @ < 1, of a continuous (¥, W’)- 
mapping Co into a continuous (¥, Y’)-mapping C; is said to be a (¥, W’)- 
deformation if Cais a (Y, ¥’)-mapping for all 6,0 < @ < 1. 

Two (¥, ’)-mappings are (VY, W’)-homotopic if there is a (VY, ¥’)-de- 
formation taking one into the other. 

THEOREM 3.22. 7'wo (¥, W’)-homotopic (¥, Y’)-mappings Co and C\ are 
(Y, Y’)-homologous. - 

This theorem follows from 

3,23. If Co and C, are (¥, Y’)-homotopic and 


= = (ar, Ze, sry Zk 7 ‘) 
is a I'-cycle of &, then the I'’-cycles I’Co3” and I'’C3’ of I” are I’-homolo- 
gous. 
We shall give a proof of Theorem 3.23 completcly analogous to that of 


Theorem 3.3 of XI. It is required to show that for every « > 0 there exists 
a k(e) such that 


I’ Coz,’ ~ IY Cha” in A(1”, 6) 


for k > k(e). To this end, as in XI, we consider a (V, Y’)-deformation Co 
of Cy into C, and define 6 > 0 so that 


p(p’, p’) <6 ind and |6& — 6” | <6 
imply 
p(Cop’, Cup”) < /3. 
Let us now choose fA(e) large enough so that the mesh of the complex 
|z. | is <d fork > k(e). 
Take a definite & > k(e) and index the vertices of | z | in a definite 
order: 





Qi, °° en. 
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We shall divide the segment 0 < @ < 1 into segments of equal length <6 
by means of the points 


0=6,0,°°',6=1 
and prove the relation 
(3.24) I’Cocsnze — I’Cociyzn” ~ 0 in A(T”, ) 
for arbitrary 7 = 0,1, ---, s — 1. Theorem 3.23 will then follow. 
To prove (3.24) we construct the prism II, over the skeleton complex 


ze |, and map II, into A(®’, «) by means of a simplicial mapping S defined 
as follows on the vertices pm» and gm of the lower and upper bases of Hy, : 


S(pn) = Cac (Pm); S(qm) = Coci41) (Pm): 


The mapping S transforms the prism Iz,’ over z,’ (contained in JI,) into 
the chain SIlz," € Le,.’, with 





(3.25) ASTlz," = SATIz," = Cocian Ze = Ceaen” 7 STAz,’, 


where II Az,” is the prism (in the complex I,) over the chain Ay,” € Zy,s°. 
S maps all the vertices of Az,” into points of W’, so that 


(3.26) SHA 6. Zens: 
From (3.25), (3.26) we get 
T’ASTz,” = I’Cocegrzx’ — I’ Capen’: 
Since Ay I’ = IA (see VII, Theorem 6.51), it follows that 
Ar’ Sle,” = V’Cocgnen” — I’ Caz’. 


This proves (3.24) and hence 3.23 and 3.22. 

$3.3. Deformation of a relative cycle of &. Let 

3 = (a, ae, ey Say ve) 

be a I-cycle of @ and consider an arbitrary (W, W’)-deformation Cy, 0 < 
6 < 1, of the identity mapping Cy of &. We shall call the family of T-cycles 
Co5° of & indexed by the parameter 6 a deformation of the T-cycle 5° in &. 

Theorem 3.23 implies that the T-cycles 37 = Co5" and C13" are T-homolo- 
gous in ®: 

3.31. A deformation in a compactum & maps every T-cycle 3" of ® into a 
T'-cycle of & which is T-homologous to 3° in ®. 

Corouuary. If there exists a (VW, W’)-deofrmation Cs of © into itself such 
that Ci(®) € W, then every I-cycle 5’ of & is T-homologous to zero in ®. 

Indeed, C,(#), and hence Y, is a carrier of C3". Therefore C13" = 0; but 
3'(T-~)C13', and this is what we were to prove. 
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§4. The groups As'(I) of polyhedra @ and 


§4.1. Introductory remarks. Suppose that © and W are polyhedra, 
WV C 4, and that W is the body of a complex Ay. which is a subcomplex of 
a triangulation K, of ®: 


@=|K.|, = |Ke.l, Kec K,. 


As usual, we set Pf = ®\ ¥. 

We shall denote the barycentric subdivision of K. by Ka and the bary- 
centric covering of & corresponding to K, by a. 

If e is a vertex of Ky., it is also a vertex of K, . Let 7*(e) be the bary- 
centric star of e relative to K, and denote by 7'y*(e) the barycentric star 
of e relative to Kwa - 

The complex 7'y*(e) is made up of all the simplexes of A: with e as their 
last vertex (see IV, 2.2, Remark 1) which are contained in simplexes of 
Kya ; hence if Ty*(e) and T*(e) are the corresponding closed barycentric 
stars (IV, Def. 5.31), 


Ty*(e) = Wn T*(e), 


where e € Kya. 

On the other hand, IV, Theorem 5.42 implies that if ¥n 7*(e) # 0, then 
eis a vertex of Ky, ; so that by the above, T'y*(e) = Yn T*(e). Hence 

4.11. The covering Va consisting of the (nonempty) intersections of the 
elements of the covering a with WY is the barycentric covering corresponding to 
Kya. 

§4.2. The fundamental theorem. 

4.2. The group Ag (I) = Ar’ is isomorphic to the group A'(Ka \ Kya) = 
Ara 

Proof. Let 6 > 0 be a Lebesgue number of both coverings a and Wa. 

It follows from Theorem 2.31 that a canonical displacement S,° induces 
a homomorphism S,” = (Ka \ Kya)Sq* of Ay’ into Ara’. 

a) The homomorphism S.' isa mapping onto Ara’. In fact, if 2.7 € 30 € 
Are’ and Za, 202) ‘°* » Zahy *** are the consccutive barycentric subdivi- 
sions of 2. , then 


r 


- 


5 (er, Zn: Se 25h 5 ie -) 
is a I’-cyele and 

See ee 
hence 


er = 2 rE 


Pk ny eo 
where 3” is the clement (homology class) of Ar” containing 3’. 
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b) The homomorphism S," is an isomorphism. To show this it is enough 
to prove the following: 

If 
(4.20) 5 = (alae a PO) 
is a T’-eycle of a polyhedron ® and (Ka \ Kya)Sa°s’ ~ Oin Ka Sess 
then 3’ € Hr’, that is, for every « > 0 there is a k(e) such that 2,” ~ 0 in 
A(T, ¢) fork > k(e). 

The proof proceeds in complete analogy with the reasoning of XI, 4.4. 
Let Kan, Avan denote the barycentric subdivisions of the complexes K, , 
Kya of order h. For a prescribed « > 0 let 6. < € be a Lebesgue number 
of both A, and Ay. and choose h so that Kg, is a 8g-complex. Let 6, < 84 
be a Lebesgue number of both Ka, and Kyan and choose k(e) so that all the 
cycles z' are 6,-cycles for k > k(e). 

Suppose k > k(e) and consider a canonical displacement S,,” relative 
to Na, . Then 


ze ~ (Ka \ Kye)Sent in K(T,5.), 
Sanz’ € Zea, With Zr” = Z'(Ka\ Kya). 
According to X, Theorem 2.35 there exists a cycle z.) € Zra’ for which 
Sa ee eGae” MR a: 
Hence 
(4.21) Ze ™ Sah 2a in A(T, 6,). 
Applying a canonical displacement S,° relative to K, to (4.21), we get 
(Ka \ Kya)Sarze” € Z'(Ka \ Kya) 
on the left, and 
(Ka \ Kya)Sa Sah@a" = 2a" 
on the right. Consequently 
(Ka \ Kya) Sate ~ 20 inKa\ Kya. 
But, by assumption, 
(Ka \ KudSee% ~O inKa\ Kya, 
so that 
Zz ~O ink,\ Kya 
and 
Sin ee OO indy Newer CS BT 85s 
Hence, by (4.21), 
ze ~ 0 in A(T, 6.) © KP, e). 


This completes the proof. 
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$4.3, The homomorphism (,," of Ar,” = A’(Ka \ Kye, UY) into Apa” = 
A’(Ker \ Kyra, 1) induced by a (v, ¥’)-mapping Ce*. Given polyhedra 
= |K,||,¥ = || Kve||, Kve CK,,and® = || Ky ||, = || Ky |, 
Kwa & Ky, a (¥, ¥’)-mapping C»® induces a homomorphism C,-% of 
Ara into Ar’ given by the following rule (see XI, 4.7): 

4.31. Let 6’ > 0 be a Lebesgue number of both a’ and W’a’ and choose 6 
sufficiently small so that 6¢ < 6’ (see XI, 3.1; for convenience of notation 
we have used C as a subscript for 6 in place of Cs’). 

Now choose a subdivision Ka, of K. of mesh <6 and Ict 3.’ € Are’ be 
arbitrary. To obtain Cyr*34 € Apa choose any 2a © 3a, apply the sub- 
division operator s,,° to it, then take the image of the cycle s.,°z,.’ under 
the mapping I'’Cs.”, thatis, the cycle I’C'a,*san°Ze’ of the complex K(I’, 8’), 
and subject it to a canonical displacement (Ka \. Kya)Sa? » The result 
is a cycle (Ka \ Kara)Sa? T’Car*san2a of the complex Ky \ Kera 
whose homology class is the desired element 


Car te € Arte’. 








We now consider the simplicial mapping S.-*" of Ka, into K,- defined 
by the rule in XJ, 5.1. (In XI, 5.1, « and W are the a’ and ®’ of the present 
section.) This mapping is a simplicial approximation to the continuous 
mapping Cs ®. It is Gasy to sce that Sy maps Aya, into Ky and thus 
induces a homomorphism (Ka \, Kyra')Sar” of Apa’ into Apa”. Exactly 
as in XI, 5 we get 

4.32. Cy” and (Kat \ Korat) Sat San are identical homomorphisms of 
Are into Ar es 

§4.4. Definition of the homology dimension of a polyhedron. Another 
proof of the invariance of the dimension number. If @ is the body of an 
n-dimensional triangulation K” and T” € K”, then || T” || is an open sub- 
set of & and according to Theorem 4.2 As"(|| 7” ||, 99 is isomorphic to the 
nth Betti group of the complex consisting of the single element 7”, that is, 
it is isomorphic to % and therefore it is not the null group. 

Hence for every n-dimensional polyhedron © it is possible to find an 
open set T = |j 7” || for which the group As”(T, 2%) is different from zero 
for arbitrary 9. On the other hand, the group As’(T, 20) is the null group 
forr > n and arbitrary T and % (Theorem 2.4). Thus 

4.4. The dimension number of a polyhedral complex Kk (the dimension of 
the polyhedron || K ||) 1s the maximum number n such that || & || contains an 
open set T for which A-x\"(T, 2) ts different from zero. 

Ilere % is any coefficient domain. 

Theorem 4.4 gives a new invariant definition of the dimension number, 
known as the homology dimension, of a triangulation of a polyhedron and 
thercby furnishes another proof of its invariance. 
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§4.5. (See Aleksandrov [d, z], Bibliography, Vol. 1.) The definition of 
the homology dimension of a compactum. A natural consequence of Theo- 
rem 4.4 is the following definition: 

DEFINITION 4.5. The homology dimension d(, %) of a compactum ® over 
the cocfficient domain I 1s the maximum numbcr n for which there exists an 
open set Y with As"(T, XW) # 0. If there is no maximum n with this property, 
then 


d(®, %) = % 


by definition. In the latter case, then, for every n there is a T, C ® such that 
As"(I, XH) ¥ 0. 

Theorem 2.4 implies 

4.51. For an arbitrary compactum © and coefficrent domain MX, 


d(®, %) < dim 4. 


From Theorem 4.4 we get 
4.52. For an arbitrary polyhedron ® and coefficient domain X, 


d(@, %) = dim 6. 


The proof of the following fundamental result is beyond the scope of this 
book: 
4.53. For an arbitrary compactum ®, 


dim = d(#, 2) 


(where Sty ts the additive growp of rationals (mod 1)). 

Hence dim ® is also one of the homology dimensions and, because of 
Theorem 4.51, it is the maximum homology dimension. 

L. S. Pontryagin has given an example of a compactum @ in F* whose 
homology dimension over a certain coefficient domain is different from 
dim &. It is natural to refer to compacta © with the property that 


d(@, X) = dim & 


for arbitrary coefficient domain % as dimensionally full-valued. All poly- 
hedra are dimensionally full-valued (by Theorem 4.52). It can be proved 
that all compacta in R* are also dimensionally full-valued. 


§5. Pseudomanifolds with boundary 


§5.1. Orientation of a pseudomanifold with boundary. Let @ = || KX. || 
be an n-dimensional pseudomanifold with boundary V = || Ky.|l|; as 
usual, we set I = &\.W. For every triangulation K, of 4, the group 
Ara (see 4.2) is isomorphic to Ar”. From this we deduce, as in XI, 4.8, the 
nvariance of the orientability of a pseudomanifold with boundary: 
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5.11. If @ is an n-dimensional pseudomantfold with boundary ¥, Y = 
&\ ©, only two cascs can occur: either Ap"(1, J) is infinite cyclic or As”(1’, J) 
as the null group. In the first case, all the triangulations of © are orrentable 
combinatorial pseudomanifolds with boundary and ® is said to be orientable. 
In the second case, all the triangulations of ® are nonorientable combinatorial 
pseudomantfolds with boundary and ® is said to be nonoricntable. 

Each of the two generators +36” of the infinite cyclic group As"(l, J) 
is called an orientation of the orientable pseudomanifold &. Repeating the 
arguments of XI, 4.8, it is easy to see that the orientations of & correspond 
(1-1) in a perfectly definite way to the orientations +3,” of an arbitrary 
triangulation K, of ®. 

§5.2. Introductory remarks; definition of the degree of a continuous 
mapping of a pseudomanifold with boundary. Let @ and ®’ be orientable 
pseudomanifolds, either with boundary or closed. 

Suppose that C is a continuous mapping of & into &’ satisfying the 
conditions stated below. 

If ® or &’ is a pscudomanifold with boundary we denote the boundary 
by W or W’. If & is closed, we sect YW = 0 and if @ and # are both closed, we 
put Y = 0, v’ = 0 (this case was discussed in XI, 6). For the case of & 
a pseudomanifold with boundary and ®’ closed, W’ will be defined below. 

With regard to the mapping C we shall make the following assumptions: 

If &’ is a pseudomanifold with boundary W’, then 


CH) ew; 


but if &’ is closed and @ is not, then we shall assume that C(¥) is a single 
point and this point will be denoted by W’. (It is enough to require that 
dim C(¥) < n — 2; the remainder of the argument is in this case left to 
the reader as an exercise; in this connection see the Problem proposed at 
the end of §2; this problem must be solved first.) 

In all cases, we set 


T =® Ay V, I’ = q NX WV’. 


Now choose definite orientations 3” and 3’” of ® and #’, and procced 
exactly as in XT, 6, substituting As"(T, J), Ae"(1", J) for Ao"(®), do” (#’), 
T-cycles for proper cycles, and T’-homologoies for homologies. This brings 
us to the notion of the degree of the mapping C: C induces a homomorphism 
(denoted by the same symbol) of As"(1’) into Ay "(T’) such that 


Ci") — 73", 


where y is an integer, the degree of the mapping. 

Using the same notation as in 4.8, we see that for sufliciently large h, a 
‘ os : ah x : r r . r . 
simplicial mapping Sa" of Ka, into Ky maps yea into Ky and is a 
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simplicial approximation to C. Further, it can be proved in exactly the 
same way as in XI, 6.3 that the degree of C is equal to the degree of the 
simplicial mapping S.’™ of the combinatorial pseudomanifold K 4, into the 
combinatorial pseudomanifold A. (see VII, 5 (especially 5.22)). 

$5.3. Some properties of the degree of a mapping. Retaining the nota- 
tion and assuinptions of the beginning of this section, let us suppose that 
Kk, is divided into a finite number of n-dimensional combinatorial pseudo- 
manifolds Aa,’ = 1, +++, 8, with boundaries Ky,., and that 


Ka n IS gyn _ Kaen Nn Kayan 


for arbitrary ’, X”. 
Let pa tai be a prescribed orientation of A, and for each K,, choose 
the orientation >>; fas", With the summation extended over all 


tae || aks 


Suppose that C maps each of the pseudomanifolds 6, = |! K., || into &’ 
in such a way that the boundary VW = |! Kvax || is mapped into W’. Assum- 
ing the above orientation for each of the pseudomanifolds @, = || Kaa ||, 


we can speak of the degree y, of the mapping C of 4, into ®’. We then 
arrive at the following addition theorem: 


(5.31) y= Dn, 


where y is the degree of the mapping C of ® into ®’. 

To prove (5.31) we construct, in accordance with the rule of XI, 5.1, a 
simplicial approximation S,-” to the mapping C of & into &’ which takes 
Ky, and all the Ay, into Ky, . The algebraic number of simplexes of K, 
covering an oriented simplex t,-” of A. (see VILL, Theorem 5.21) is equal 
to the sum of the algebraic numbers of the simplexes of the complexes 
Kw, = 1, -:- , 8, covering the simplex t,”. Formula (5.31) follows. 

The theorems of XI, 6.4 apply word for word to the case of pseudomani- 
folds with boundary, with the exception that in 6.43 it is of course neces- 
sary to assume that the mappings C,' and C3’ are (¥% , W2)- and (% , W3)- 
mappings, respectively. 

5.31. If & is a closed pseudomanifold and %' is a pscudomanifold with 
boundary, the degree of C 1s zero. 

Proof. In this case T = &, every n-dimensional T-cycle of & is a proper 
cycle of &, and it is mapped onto a proper n-cycle of &’ which is homologous 
to zero (’ does not contain any nonbounding proper n-cycles). Therefore, 
if je and ge are orientations of @ and ® and 5” € jg, the element yje of 
the group As "(T’) containing C(3") is the identity of A@”(T’), that is, 
y= 0. 

§5.4. Examples. 

EixxamMPe 1. The polyhedra & and ®’ are two 2-spheres, represented by 
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the closed complex planes w = r(cos ¢ +7 sin ¢), w’ = r’(cosg’ +7sIn ¢’). 
ryyY cad 00 bd ¥. . . 

The mapping Ce assigns {o each point w = r(cos¢ + 7 sin ¢) of the sphere 


© the point. w’ = C(w) = r(cos ng + 7 sin 2) of the sphere &’. 
If the sphere ? is triangulated in the form of a double tetrahedron, while 


|| 


Fic. 134 





Tic. 135 


~’ is triangulated into a double pyramid with base in the form of a 8n-gon, 
it is easy to show that the degree of Cy” is n. 

ExamrLe 2. Let ® and # be tori. Introduce geographic coordinates on ®, 
ihe angles g and y measured as indicated in lig. 134. On &’ the analogous 
coordinates will be denoted by ¢’, y’. 

a) Define Cy” as follows: 


Cx" (¢, vy) — (ny, Y), 


that. is, 
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If ® is divided into n rings by the meridians ¢ = 2kr/n (k = 0,1, ---, 
n ~— 1), then each ring, under the mapping Cs”, covers the torus & with 
degree +1. It follows easily (by the Addition Theorem of 5.3 or by tri- 
angulating ® and &’) that the degree of Cy” is n. The mappings 


Ce (vy, ¥) = (@, 2), 
Ce (v, ¥) = (nv, ¢) 


have the same degree, n. 
b) Let us consider in general mappings of the form 


Ce*(y, v) = (av + by, cw + dy), 
that is, 


gp =apt by, YW =cet+ dy, 


with a, b, c, d integers such that the pairs a, b and ¢, d are relatively prime. 
In the contrary case Cs” is factorable into two mappings, one of which 
has the form ¢’ = mg, ~’ = py and the other the form y’ = a’y + b’y, 
v’ = cy + d'p, with the pairs a’, b’ and c’, d’ relatively prime. 

In order for Cs,® to be a mapping onto ©’ it is obviously necessary that 
the determinant 





be different from zero. For convenience we shall term the curves ag + 
by = Oandcy + dy = 0 on & “spirals” (y and y are defined up to integral 
multiples of 27). These two “spirals” divide the torus into curvilinear 
parallelograms, cach of which covers ®’ under the mapping Cs-*. The 
number of these parallelograms is equal to D (it is left to the reader to 
prove this, for instance, by using a plane representation of the torus). 
Hence the degree of Ce-® is D. F ig. 135 shows the division of the torus by 
the spirals 


39 — 2p =0 and 2e+y=0 


3. -2 


into 9 1 





| = 7 parallelograms. 


EXAMPLE 3. @ is a torus, ®’ a 2-sphere. Both surfaces are imbedded in 
three-dimensional space and each point p of the torus is assigned its projec- 
tion Cs-*(p) from the center of the sphere £’ onto the sphere (that is, Ce” (p) 
is the point of intersection with the sphere of the line joining =p to the center 
of the sphere). Ce* is a continuous mapping of ® onto &’ if the center of 
the sphere is not on the torus. The degree of Cy is 1 if the center of the 
sphere is inside the torus and 0 if it is outside the torus. 


198 RELATIVE CYCLES AND TIEIR APPLICATIONS [cH. XII 


Remark. We have already shown in IT, 2.5 (see also XI, 6.4) that there 
exist mappings of a circumference onto a circumference with arbitrarily 
prescribed degree. This is also true for an n-sphere for every n; in this 
connection sce XVI, 6.1; it is recommended that XVI, 6.1 be read at this 
point. 


§6. The groups A, (®) (The local A’-groups of a compactum %) 


§6.1. Definition of the groups A, (#). We shall begin with several aux- 
iliary definitions. 

If I and TI, are two open sets of a compactum ® and 2” = > a; isa 
chain of the complex A(T), «), set 


Te’ = A(T nT), 2’. 


In other words, the chain Iz’ is defined only on A(['nT,, €) and coincides 
there with 2’. It may also be thought of as obtained from 2” by retaining 
in the linear form >> a,’ only those terms with simplexes ¢; at least one 
of whose vertices is contained in Tn T,. 

If 


r 


* - 
5 (2) a HE Su, Se) 
is a I’,-cyele of &, then 
T T 7 Tr T 
Ts’ = (Tar, Tze, --- , Ten’, ---) 


isa (I n I))-cycle of &. 

We are now ready for the fundamental definitions of this section. 

DerinivTIon 6.13. Let p be an arbitrary but fixed point of 6 and T a 
neighborhood of p (that is, an open set containing p). Every T-cycle of ® 
is called a cycle in the point p € ©. 

DEFINITION 6.14. Suppose that 5:5 = (zu, 2, «++, 2a, °°°), 5o = 
(21, 2, «°° , 200, ++) are Ty- and T[.-cycles, respectively, in p € & and 
set fr = T, a T,. Then p € IT, so that the r-cyele 


(6.14) (Vaw + Vea’, «+: , Tau’ + Ven’, + +-) 


ts a cycle in the point p. The cycle (6.14) is called the swam of the cycles 517 
and 32. It isnot dificult to see that this definition of addition turms the set 
of all r-cycles in a point p © ® (over a given coefficient domain 9) into a 
group, which will be written as Z,'(®, %). 

DeEFINITION 6.15. A T’-cyele in p € ©: 


3 =; (a, 20", uty Zi. ae -) 
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is said to be homologous to zero in p, 3'(p-~)0, if there is an open set 
lr, € V containing p such that the cycle [5" is [;-homologous to zero in ®. 
Two cycles in p are homologous, by definition, if their difference is homolo- 
gous to zero In 7. 

ReEwark 1. I'rom the definition of homology in a point, we immediately 
obtain the following proposition: 

If 5’ is a cyele in p € ® and V4 is a neighborhood of p in & (an open set 
containing p), then 


s(p-~)lo5" in ®. 


REMARK 2. If 5° = (a, 20, +--+, 2x, ---+) is a I-cyele l-homologous to 
zero 1n ® and if $y is closed, while [ € T' € & is open in ®, then 


Wo5' (Ip = ~)0 in Po ‘ 


Proof. Choose chains x;"** of K(1’, e:), lim e& = 0, such that 


+1 
Arr, = Zh. 


Since A (Vo, €) is open in A(T, ¢) for every e, it follows that 
1 al 1 1 
1 02k = 1 Pan, vias = AsV ote” ) 


where Ap is the boundary operator in Io. This completes the proof. 

It is easily seen that the cycles in p € © which are homologous to zero 
form a subgroup H,'(®, %) of Z,'(®, W. 

DEFINITION 6.16. The group A,'(%, 2) = Z,'(&, 2/H,'(®, W is called 
the rth Betti (or A’-) group of & in p over YU. The rank of A,'(®, N) relative 
to Mt is called the rth Betti number of ® in p; that is, the rth Betti number 
of ® in p-p is the maximum number & with the property that there are hk 
elements of Z,'(®, Jt) such that no nontrivial linear combination of these 
elements with coefficients in Jt is contained in H,'(, 3). 

Remark 3. We shall write Z,’, H,’, 4,’ in place of Z,' (6, 1), H,'(®, W, 
A,’ (&, W. 

Remark 4. If p is considered a variable, the groups A,’ are often referred 
to as the local Betti groups of ®. 

§6.2. The local character of the groups A,’. In this subsection we shall 
prove that the groups A,’ really express a certain local property of , that 
is, a property depending only on the structure of ® in an arbitrarily small 
neighborhood of p. This property 1s formulated in 6.21 and 6.22. 

6.21. If Bo ts a closed subset of & containing a neighborhood of p (relative 
to &), then A,"(€), WL is isomorphic to A,'(’, W. 
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Proof. Let us choose neighborhoods Ip and IT; of p such that 


hmCT; Sh 
and assume that 
& x Bh, e = p(Io, B \ fo). 
Then 
€ = p(Io, ® \ ho) > o(o, P \ VT) > 0. 
Suppose 


r 


\ (a, 22", ee Zk 3 oe ) . Zy (®, 1); 
Vo3” = (Woe, Poze", +++ , Voz’, +++). 
Only a finite number of terms | oz,” | can contain simplexes with at least 


one vertex in ® \ > (because such simplexes have diameter > e). If these 
terms are 


Toe’, eer Toz,-1 
set 
(To)37 = (Voen", Pozng1’, ++). 
‘Then 
(To)3’ € Ze, (Vo, U1) S Zp (fo, A). 

If the cycle (I'o)3’ is made to correspond to each cycle 5° € Z,'(), the 
result is a homomorphism (To) of Z,(®) into Z,'(®o). Since 57(T-~)0 in 
© implies (I'o)3’(To-~)0 in $9 (by 6.1, Remark 2), (I's) induces a homo- 
morphism (denoted by the same symbol) of A,'(#) into A,’ (#0). Because 

3 (p-~) (Io)5" sin &, 


it follows that (To)3’(p--~)0 in &) implies 5’(p-~)0 in ®; that is, (Mo) is 
an isomorphism of A,’(®) into A,'(#»). 

Suppose that jo € A,’(#o) and that 

ieee (ee Pee ee) 
is a ['o-cycle of $9 contained in 39. If 5’ is thought of as an element of 
Zp (®), we get 
(To)5" = 3”. 

Hence (Io) maps A, (#) onto A,'(#o). This completes the proof. 


Theorem 6.21 implies 
THroreM 6.22. Let 6; © R, &: © FR be two compacta in a metric space 
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and suppose that the intersection of ©, and ®2 contains a nonempty set T open 
in both ®, and ®, . 

If p € T, the groups A,'(®, 2) and A,’ (2, X) are isomorphic. 

Indeed, both groups are isomorphic, by 6.21, to the group A,(T, %). 

DEFINITION 6.2. (The local Betti groups of a locally compact metric 
space.) Let R be a locally compact metric space and let p be a point of R. 
By the group A,'(R, 90) (defined up to an isomorphism) we shall mean the 
group A, (T, 9%), where [T is any neighborhood of p in R with compact 
closure T. 

According to 6.21 and 6.22, this definition is independent of the choice 
of the neighborhood I. 


§7. The local A-groups of polyhedra 


§7.1. Notation and introductory remarks. Let @ = || K.|| be a poly- 
hedron and p= an arbitrary point of &. As usual, K, is the barycentric sub- 
division of A. of order h; a symbol with index a@ (or ah) stands for a sub- 
complex of K. (or Aga); a transition from a subcomplex of K, (or Kan) to 
its subdivision in K,, is indicated by adding the symbol & on the right of 
those already present. 

Og (Gan) denotes the star of the carrier of p in K, (in Kaa). 

As usual, a complex surrounded by vertical bars on either side indicates 
the combinatorial closure of the complex; thus | 0, | is the combinatorial 
closure of O.. 

In the sequel we shall put (sce Fig. 136; in this figure it has been assumed 
that the carrier of p in K, is p: itself, that is, that p is a vertex of K, and 
therefore also of Ka, ; it is left to the reader to draw figures for other cases) : 


OO. =iF0el Oe Gar = boa Om; 
Pa = Oa Oa 3 


with the convention that |O..| = | O.|, is the subdivision of |O,| in 
Kan; 1n the same way, Qa, 1s the subdivision of Q. . 
We shall denote the bodies of the complexes 


Oe » Oah , | 0. b | Oah I; Qa » Jah y Pan 





by 
T, » Yah y Pa » Pah Va ? Wah ) Tan ) 
respectively; hence ®, , gan, Va, Wan, Wan, are polyhedra and 
Pa = TP, U Ve ’ Pah = Yar V Wan ) Ilan = (b, AY Pah) U Wah , 


Finally we shall use Cs, 0 < 6 < 1, to designate a deformation of the 
polyhedron II., defined as follows. Draw the ray py through each point 


oe 
EN 
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y © Ia, and let Cy be the last point of py (in the direction from p to y) 
contained in the closure of the earrier of y in A,. It is clear that Cy € V,. 
The point Cey, 0 < @ < 1, is, by definition, that point of the segment 
ly, Cry] which divides it in the ratio @:(1 — 6). 

The deformation Cs maps the entire polyhedron I, , and hence Waa also, 
into VY, in such a way that the entire deformation takes place in Iq, and all 
pouits of YW. remain fixed. [ence every proper cycle of far is homologous 
in IIa, to a proper cycle of V,. 

Therefore (by XI, 4.61), 

7.11. Every cycle of the complex qan is homologous in Pen to a cycle of the 
complex Qan . 

$7.2. The fundamental theorem. 

7.2. The group A, (®, Y%) is isomorphic to the group A’(O., LU). 

Proof. Since A,’(@, Y) is isomorphic to A,’ (6. , %) (according to 6.21), 
while A’(O., Y%) is isomorphic to As,.(T., Y) (by 4.2), it is enough to 
show that A,’(@., W) and Ag,’(T., YX) are isomorphic. 

To simplify the notation in the following proof, we shall write Z’, H’ 
A’, Zp, Hy, Ap in place of 


Fea (hayes day Way 2s Bed Vay Zo a5 2), By Ox, ); Ae, 


respectively. 
An isomorphic mapping J of A’ onto A,’ is constructed as follows: 
Every element 5" of Z’ is also an element of Z,’, so that 


(7.21) Bie ae. 


2 


In addition, 5"(T4-~)0 in ©, implies that 3’(p-~)0 in &, ; hence 
(7.22) eH’. 


It follows from (7.21) and (7.22) that the identity mapping of Z” into 
Z, induces a homomorphism J of A’ into A,”. We shall prove that J is an 
isomorphism of A’ onto A,’. 

Step 1. The homomorphism I is a mapping onto. 

Suppose 3,, € A,’. Choose a cycle 3:’ in p of the homology class 3,3 
51 is a T’-cycle for some T containing p. Let h be sufficiently large, so that 
Yar ST (see Fig. 136). Then the yar-cycle yan31’ is homologous to 31’ in p 
and is therefore contained in 3,’. 

Since Yan51 is a Yea-cycle of the polyhedron gas , the body of the complex 
| oan |, it is certainly yea-homologous, and therefore homologous in p, to a 
cycle 5° of the form 


(7.23) = = (enh Shat'Zar REG SE Pak’ ey), 


where Zan’ € Z"(oan) and s,"Zqx' is the subdivision of Zen” in Ka « 
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Because of 7.11, the cycle Azan” is homologous in Pas, to a cycle Zan’ of 

Qan ; Whence there exists a chain (lig. 136) 

(7.24) Yan € L'(Pas) 

satisfying the condition 

(7.25) Ayan’ = Zan” — Azan’. 

Assume that k > h; then 

(7.26) Ase’ Yar = Sk'Zan” ) — Asx Zan” 

in Pan. We now set 

(7.27) Leh = Zen + Yah 

By (7.27) and (7.26), 


(7.28) Asg'tan = ASz'Zan + AsyYan” = 8e'2an” € Z (Qat) 
and (7.28) implies that 


3° = (Lan, Sa4i'Lar’y #30, Si" Lab J) EZ. 
Finally, since s,"Yan" is a chain of Pas, Whose body does not intersect Yan , 
Yar8: Yar = 0. 
Consequently 
Vors” = Ca, Bean een aaa Sk Zak ) ei -) 55 


so that 3” ~ 3” in p, that is 3” € Z,’. Hence every homology class 3," € A,” 
contains at least one element of Z’ and this proves that J is a mapping 
onto. 

Step 2. The homomorphism I ts an tsomorphism. 

Suppose 3” € A’ and let /(3’) be the identity of A,’. Then every I’,-cycle 
contained in 3’ is homologous to zero in p. It is required to prove that 3" 
is the identity of A’. To this end, it is enough to exhibit a cycle of 3’ which 
is I'.-homologous to zero in ®, . 

The homology class 3’, as does every element of A’, contains a cycle 5,’ 
of the form 


(7.29) ca = Gs, Zal 5 ee 5] re wt -), 


with z,” € Z"(O.) and Zan’ the subdivision of z,” in Kan. 
We shall prove that 3:)'(1'.-~)0 in ©, and the theorem will follow. 
Since 5,’ is homologous to zero in p by assumption, there exists a neigh- 
borhood I of p such that 


15,’ (1'-~)0 in ®,. 
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Choose an h for which ye, G I (Fig. 187). Then I'5;"(f-~)0 in &, implies 


(because of 6.1, Remark 2) that 


Vah3t (Yat-~)O in Pah > 


T'inally, deleting the first h terms 2a, Za, *** , Zah—1 Of the cycle (7.29), 
we obtain a T,-cycle 5’, I'.-homologous to the cycle 3:., which may be 
written in the form 


(7.291) x = Car Biel een, saa Se Zan’, od -) 
with 
(7.292) Vahs (Yar--~)0 in Yah - 


It is sufficient to prove that 3'(Ta-~)0 in ®,. 
To this end, we note first that 


YahSk Zan = | Och | Sk'Zah” = Sk OahZah- 

Hence 
(7.293) ans = (Onion 5 Sati OahZah , Seen Sk" OahZah <9) 
and it follows from 

Var5 (Yar-~)0 IN Gar 
that 

OahZan ~ O iD Ogh « 
Therefore there exists a chain 
ae E E's) Zs LO.) 
such that 
Agta = OakZah 


where Aq, is the boundary operator in Oar . 
Setting 


rt+l r+1 
Yar = AgnTah — Aen ) 


we obtain 


(7.294) Ck € L" (Gan); 
(7.295) Ara = Oneen, a Vokes 
Then 


O = Adzan”™* = AdarZan — AYar 
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implies that 


(7.296) Avan = AOarZah - 

We now set 

(7.297;) Zak” = S'[(Zan” — Oantar’) + Yar'] 

fork = h,h + 1, ---+ and prove the following three assertions (7.297), 
(7.298), (7.299), whose intuitive meaning should be clear from lig. 137: 
(7.297) 5° = (Zan; Zaohei ** y Zak 7°) EZ’, 

that is, 5” is a T.-cycle of ®, ; 

(7.298) 3(Ta~)5" = in & ; 

(7.299) 3” € Zan (Wan \ Va) 


(where Zon’ (Tlax \. Va) is the group of (Ilan \ ¥.)-cycles of the compactum 
IT an). 
Before proving these three assertions, we shall first show that they imply 


(7.2991) 5 (T.-~)0 in ®, , 
from which Theorem 7.2 follows. Since 5” is a (Ila, \, V.)-cycle of I,, and 


Crisa (VW. , V.)-deformation of II,,, with Cy(Ila,) = Va, it follows by the 
Corollary to Theorem 3.31 that 


35’ (Iler \ Va-~)0 in: TW gis 


Therefore 

5" (Pa \ Va-~)0 in ,, 
that is, 
(7.2992) 5" (Ta-~)0 nm Pex 


The required relation (2.7991) is given by (7.298) and (7.2992). 
Hence it remains to prove (7.297), (7.298), and (7.299). To prove (7.297), 
we have (by 7.297,)) 


Azar” = Sp'(Azan’ — MOanZan + AYaor’), 
that is, because of (7.296), 
Azar” = 3 Azan” € LT (Vax). 
Since 


r k wv 
Zal = 81 Zak 
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for 1 > k, it follows that 
Zeal’ — Zar’ € H'[K(T., €)] 


for sufficiently large & and /. Hence 3” is a I',-cycle of ®, . 
For the proof of (7.298) we have 


Sk'2an” — Zak” = Si" (OanZah” Yen ys 
that is, by (7.295), 
Sk’Zah —~ Zak” = AS tan 
or 
Su'Zak ~ Zar” in On. 
Finally, to prove (7.299), we start with 
tus — Outen © L' (Pay \ Qaa), 
Yor © L'(qan) © L'(Par \ Qasr). 
Then (fork = h+1,h + 2,-:-) 
zen € L(Pan \ Qa), Bae EP ie Qa); 


(7.294) 


and 
i ‘S Zon (an \ V.), 


which completes the proof. 

Corouuary 1. If 2” is Euclidean n-space and p € R”, then A,"(R", HX) 
is isomorphic to 9%, while A,’(/e”, 2 is the null group for 0 <r <n, 

To show this, let 7” be an n-simplex contaming p. According to Def. 
6.2, A,'(2?”, %) is isomorphic to A,'(T”, %) for arbitrary r > 0, which is, 
by Theorem 7.2. the group A” of the complex consisting of a single n-sim- 
plex T” over %. 

Corouiary 2. The dimension of a polyhedron @ is equal to the maximum 
r for which the group A,'(®, 9) is different from zero for some p € ®. Here, 
M is arbitrary. 

Coro.tLary 3. If & is a polyhedron and =p is not an isolated point of ®, 
A, ’(&) is the null group. 

This proposition is an immediate consequence of Theorem 7.2 and VIII, 
Theorem 1.540 . 

We emphasize especially 

Corouuary 4. If & is a polyhedron, p € %, and A,'(#, %) is not the null 
group, then the carrier of p in an arbitrary triangulation A of & is a face of 
an r-simplex 7” € K. 
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Proof. If the carrier of p in K is an m-simplex, m > 1, then the complex 
O = OxT” does not contain any r-simplexes. Therefore A’(O), and by 
implication A,’, is the null group. If the carrier T” of p has dimension 
m <r, but is not a face of any r-simplex of K, then the body of the com- 
plex | Ox7"” | is a polyhedron %» of dimension <r. Hence A,’ (#») is the null 
group. But, because of 6.21, A,(@) is isomorphic to A,’(®). This proves 
the proposition. 

Coro.uary 5. If the carrier of a point p in a triangulation A” of an 
n-dimensional polyhedron @ is an (n — 1)-face of precisely & n-simplexes 
Ty", +++, Tx” of K”, then A,"(#) is the free Abelian group of rank k — 1. 

This proposition follows immediately from Theorem 7.2 and VIII, 
Theorem 1.54 (n,n — 1). 

§7.3. Application to the invariance of pseudomanifolds (see X, 7). Let 
® be an n-dimensional polyhedron. We shall call a point p € € a homological 
singularity of ® if A,”(#, J) is not infinite cyclic. Corollaries 1 and 5 imply 
that a point of a closed n-dimensional pseudomanifold || K” || whose carrier 
in A” has dimension >n — 1 is not a homological singularity. 

Hence the set of homological singularities of || K” || has dimension 
<n — 2. Conversely, if the set of homological singularities of a polyhedron 
| K” | has dimension <n — 2, then every (n — 1)-simplex of K” is the 
common face of precisely two n-simplexes of K”. If || K” |! is, in addition, a 
strongly connected polyhedron, it is a closed pseudomanifold. 

We have therefore proved the following theorem (see X, 7): 

7.3. A closed n-dimensional pseudomanifold may be characterized as an 
n-dimensional strongly connected polyhedron © whose set of homological 
singularities has dimension <n — 2. 

If, in addition, Ao"(®) # 0, then @ is orientable; if Ao"(@) = 0, then ® is 
nonorientable. 

Thus, we finally arrive at the 

INVARIANCE THEOREM FoR PSEUDOMANIFOLDS 7.31. If a triangulation of a 
polyhedron ® is an n-dimensional closed (orientable) combinatorial pseudo- 
mantfold, every triangulation of every polyhedron homeomorphic to ® 7s also 
an n-dimensional closed (orientable) pseudomanifold. 

EXERcISE. Formulate and prove the theorem analogous to Theorem 7.3 
for pseudomanifolds with boundary. 


Appendix 2 
ABELIAN GROUPS 


We shall assume that the reader is acquainted with only the very elemen- 
tary notions of group theory [see, for instance, van der Waerden, J/odcrne 
Algebra, Chapter 2; or Pontryagin, Topolological Growps, Chapter 1 (the 
latter is especially recommended, but contains more material than we shall 
presuppose)]. We shall therefore assume that the following concepts are 
familiar to the reader: group, subgroup, homomorphism and isomorphism, 
factor group, cyclic group. We shall also suppose that the elementary 
propositions concerning these concepts are known. 

In the sequel, all groups are Abelian. Accordingly, the group opcration 
will be referred to as addition. 

If the groups A and B are isomorphic, we shall write A } B. 


§1. General remarks 


$1.1. Homomorphism. If fis a homomorphism of a group -A into a group 
B, the subgroup of A consisting of all the elements of -1 mapped by f into 
the identity of B is ¢alled the kernel of f. We recall that: 

In order that a homomorphism f of -4 onto B be an isomorphism, it is 
necessary and sufficient that the kernel of f be the null group, that is, the 
subgroup consisting of the identity alone. 

Let f be a homomorphism of a group -{ into a group B, and let 49, Bo 
be subgroups of A, 3, respectively. If f(Ao) € Bo , f maps every cosct of -A 
relative to Ao into a coset of B relative to By. If we assign to each coset 
a € A/Ag the coset 6 € B/By which contains the image of a under the 
mapping f, we obtain a homomorphism f of the factor group -(/.4o into the 
factor group B/Bo , and we say that f zs induced by f. 

GENERAL ‘THEOREM ON Homomorruisms 1.1. Jf f 7s a. homomorphism 
of A onto B, and f-'(Bo) = Ao, where Ap, Bo are subgroups of A, B, respec- 
tively, then the induced homomorphism f of A/Ao tnto B/By ts an tsomor- 
phism of A/Ag onto B/Bg . 

Remark. If Bo is the null group, this theorem becomes 

1.10. Lf Ao ts the kernel of the homomorphism f of : into B, then f induecs 
an isomorphism of A/Ag onto B. 

Proof of Theorem 1.1. Since f is onto B, f is onto B/Bo. If the coset 
a € A/Ao is an element of the kernel of f, then f maps all the elements of 
the coset a into elements of By, whence a = Ao. Hence the kernel of f 
consists of a single element, the identity a = -fo of -!/Ao, and this is what 
we wished to prove. 
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Dertnirion ].11. A homomorphism of a group into itself is called an 
endomorphism of the group. 

§1.2. Some notable subgroups of a group A. A proper subgroup of a 
group A is any subgroup of A which is neither the group A itself nor 
the null group (the subgroup of A consisting of the identity alone). 


If a © «A, the cyclic subgroup of A consisting of all the elements of 4 of 
the form ma, m an integer, is called the subgroup of A generated by a. Here, 
by definition, 


ma=ata+--:+a_ (m times) 
if m is positive, ma = Oif m = 0, and 


ma = (—a) +--- + (—a) (| m| times) 


if m 1s negative. 

If the cyclic subgroup generated by a is infinite, then @ is said to be an 
element of 7nfinite order of :1. In the contrary case, a is said to be an element 
of finite order and the order of ais equal, by definition, to the order (that is, 
the number of elements) of the cyclic group generated by a. 

Let m be a fixed integer. The set of all elements ma, a an arbitrary ele- 
ment of A, is a subgroup of A, denoted by mA. 

DeFINITION 1.21. Let Ay be a subgroup of A. We shall denote by Ao the 
set of all elements a € .1 for each of which there ts at least one natural 
number m such that ma € Ao. 

The set Ay is a subgroup of A called the division closure of the subgroup 
w4g in the growp A\. 

The subgroup Alo is division closed in A, by definition, if it comeides with 
its division closure in A. 

It is easy to see that the set of all elements of finite order of a given group 
“Lis a division closed subgroup of A. 

THEOREM 1.22. A subgroup -\o of a group A ts division closed in A af, and 
only if, the factor group A/Ag contains no clements of finite order except the 
identity. 

The proof of this theorem is left to the reader. 

$1.3. Decomposition of a group A into a direct sum of subgroups. 

1.3. A group A is said to be a sum of subgroups 41, --: , An if every 
a © A can be represented in at least one way in the form 


a@a=@+-::'+4,, a; € A;, t= 1]1,-°-,n. 


If the representation of every a € A is unique, the sum is called a direct 
sum. 

1.31. Let A be a sum of subgroups A; and Ay. The sum ts direct if, and 
only if, A1 n Ae ts the identity. 
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Proof. 1. lf a € Ayn Az, a # 0, a may be represented in two distinct 
ways: 
a=a-+0O0, a=OQO-+a. 
2. Suppose that A; n Ag is the null group and 
a=a+ta=a,+a., 
with a; € A;:, a’; € Ai,i = 1, 2. Then q — a‘) = a's — m is in Ai n Ap 
and is consequently the identity. Hence a1 = a’; , a2 = a’,. This proves 
the theorem. 

§1.4. The direct sum of given groups. Let Ai,---, Ax be a finite 
number of groups, and let us consider the set A of all possible finite com- 
binations of the form (a, --- , @x), Where a; is any element of A;,7 = 1, 

+n. 

Let us define the operation of addition in the set of all these combina- 
tions as: 

(a, ~ » Gn) Se (a, cea Pee = (a, + Qs We De) se an). 
This definition converts the set A into a group, called the direct sum of 
the given groups Ai,:::, An. 

Although this definition differs from that of the decomposition of a 
group into a direct sum of subgroups (see 1.3), it is closely connected with 
the latter. Indeed, if A,’ is the subgroup of the group A just defined which 
consists of all combinations of the form 


(0; © @¢, 2°" £0), ape ghey 


it is easy to see that A can be decomposed into a direct sum of its sub- 
groups A,’. In most cases we may identify each of the groups A; with 
the corresponding A,’ by identifying the elements a; and 


(0, nets. © e500) 


of these groups. If A is the direct sum of subgroups -41, «++ , An, We shall 
write 
A= Ay+ ye + An. 
§1.5. Direct sums and factor groups. 


1.51. 1f A = A, + Ao, the factor group A/A, is tsomorphic to Ae. 
Proof. Ifa € A/A, and a = a; + a € a, a € Ay, a € Ag, then 


@m=a—ameE a. 


Since the difference of two elements of 12 is contained in A» and conse- 
quently can be contained in A; only if it is the identity, a2 1s the only 
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element of A» in the coset a. Therefore, setting f(a) = az yields a (1-1) 
mapping which is an isomorphism. This proves the theorem. 
1.52. Let 


A = Ay + SEN, + An, 
and let A’; be a subgroup of A; (@ = 1, +--+, 7); the elements of the form 
a =a,+-:-: +a’, forma subgroup A' of A (A’ is the direct sum of the 


groups A’;). Under these conditions the factor group A/A’ ts isomorphic to the 
direct sum of the factor groups A;/A’; (@ = 1, +++, 7): 


ASA’ ww) Ay/A + Toe + An/A’n, 


where the direct sum ts to be taken in the sense of Def. 1.4. 

Proof. The elements of the group 8 = A,/A‘) + --: + A,/A’‘n have 
the form b = (m1, --- , a»), With a; taking all values in the group A:/A’; . 
Let us assign to each element 


a=at::-+a,€ A, a:i€ Ai, 
the clement 
6 = fla) =(m, ++, a) €B 


where a; is defined by the condition that a: € a;. The resulting mapping 
f of A onto % is a homomorphism. To show that f induces an isomorphism 
f of A/A’ onto %, it is enough, by 1.1, to prove that the kernel of f is A’. 

The last assertion is proved as follows: since the identities of the groups 
A;/A’; are the groups A’; , 


@= ap riot ane A 


is mapped by f into the identity of 8 only if a; € A’; for all 7, that is, if 
a€é A’. 


§2. Free Abelian groups 


§2.1. Definition. A group X is called a free (Abelian) group of “rank” n 
if it contains elements 7, --- , 2, with the property that every x € X can 
be uniquely represented in the form 


(2.1) “= 0 +--+ + ata, 


c; an integer. Every set of elements 7%, +++ , %, of X with this property is 
called a basis of the free group X. A free group X with a basis consisting 
of the elements x, , +++ , 2, Will be denoted by X = [2 , «++ , ey] or simply 
by X". X” is obviously the direct sum of the infinite cyclic groups X; 
generated by the corresponding clements 2; . 
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A free group of “rank?” n is isomorphic to the group of all linear forms 
City + +++ + Cnty in n Variables with integral coefficients. 

2.1. The free group X = [t1,°-- , tx] has no elements of finite order except 
the identity. 

Indeed, if x = aya; + --+ + aatn is of order c, then 


cart; + ++: + cant, = O,7 


so that ca; = 0, -:+ , can = 0, 1.e., a1 = +--+ = a, = 0. 
§2.2. The rank of an Abelian group. An expression 


Cie ae et + Cntn , 


where %, °+* , 2%, are clements of a group A and c,, --: , ¢, are integers, 
is called a linear combination of the elements 7, --* , % of A. A linear 
combination is said to be érivial if all the c; are zero; in the contrary case it 
is said to be nontrivial. The elements x; , --+ , %, of A are said to be linearly 
dependent if some nontrivial linear combination of these elements vanishes. 
In the contrary case, the elements are called linearly independent. 

The maximum m for which A has m linearly independent elements is 
called the rank of A. If A has m linearly independent elements for every 
m, the rank of A is infinite. We shall denote the rank of A by pA. 

The following proposition shows that this definition of the rank of a 
group is equivalent to that of Def. 2.1: 

THEOREM 2.2. The rank (in the sense of 2.2) of a free group of rank” n 
(in the sense of 2.1) is n. 

Proof. The elements 21, +++ , t, of a basis of a free group are linearly 
independent. Indecd, since the clement 0 can be represented in the form 
(2.1) uniquely, it follows that 


CX + os > Oty = 0 
implies that 


Q=-: =e =0. 
It remains to prove that every n + 1 elements y:, +-- , Ynyi Of a free 
group X = [x1, +++ , ta] are lincarly dependent. The proof is by induction 


over n. The theorem is obvious for n = 1: the clements y; = az, and yo = ba 
are linearly dependent. (If a = 0, 1l-y: + O-y2. = 0; if a ¥# 0, —b-yy, + 
ayn = 0.) 


Suppose the theorem vahd for n = fk — 1; we shall prove it for n = k. 
Let 
(2.2) Vie Da Ones; h=1, +++, k + 1, 
be k + 1 elements of [11 , +--+ , xj. Then the & elements 


Yn = Yr — An, h=1,:° 
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are contained in the free group [zz , --- , x] of “rank” & — 1 (in the sense 
of 2.1). Hence they are linearly dependent by the inductive hypothesis. 
Therefore there exist integers c’;, --- , c’, , not all equal to zero, such that 


diet C'ngn = 0; 
then 
(2.21) Deiat Cyn = bits, 
where 
bh) = Be ae 
In exactly the same way, considering the elements 
Gn = Yr — Ani: , h=1,-:-,k;2=1,---,h&, 


for arbitrary fixed 7, we obtain 


(2.28) ae Cina = bit, 1 = 1, TET k. 
If b; = 0 for at least one value of 7, then according to (2.2,) the elements 
Yi, °°*, Ye, and consequently the elements yi, ---, Yys1, are linearly 


dependent. If every 6; is different from zero, it is easy to see that according 
to (2.2) forh = k + 1 and (2.2;) the element 


bibs +++ beYusi 


is a linear combination of y1, °-- , yz, With the coefficient of y,41 different 
from zero. Consequently, y1 , +--+ , ye4i are linearly dependent. This proves 
the theorem. 

Having proved the equivalence for free groups of the two definitions of 
rank, we now have: 

2.21. Every basis of the free group [11, -+- , Xn] consists of n elements. 

2.22. If two free groups [2,, +--+, @,J) and [y1, --- , ym] are isomorphic, 
then m = n. 

The converse, i.c., that the two free groups [m1 , +--+ , a] and [yi , «++ , Yal 
are isomorphic, is obvious. 

§2.3. Linear equations. An immediate consequence of Theorem 2.2 is 
the well known 

THEOREM 2.3. A system 


(2.3) Spey Qinks = 0, i= 1, ere oe 


of n linear equations in vn. + 1 unknowns & with integral coefficients ar, 
always has nontrivial integral solutions. 


Proof. According to Theorem 2.2, n + 1 arbitrary elements 


Ye = Dita dines , k=1,--+,n+1, 
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of the free group [m1 , --- , 2] are linearly dependent. Hence there exist 
integers & , --* , x41 not all equal to zero such that 


0= rhyme = Difer( Dont auth): , 


1.e., et axé, = O for alla = 1, --- , 2; consequently, the numbers & 
are solutions of the system (2.3). 

Since we may cancel from the & any factors which they may have in 
common, the conclusion of the theorem can be strengthened by requiring 
that the numbers & , -+- , &n4: be relatively prime. 

§2.4. Bases of a free group. The elements a, --- , «, are not a 
unique basis for the group [m, ---, 2] . 

The definition of basis implies that a system of elements y1, -+: , Yn 
of {a1 , --* , tn] forms a basis for [7 , «++ , va] if, and only if, the system satis- 
fies the following conditions: 

1) every x € [a1, --* , tn] may be written as 


c= Ri ay:. 


2) The coefficients a; are uniquely determined by z. 

According to the following theorem Condition 2) follows from 1): 

THeorem 2.4. If the elements y,, --- , Yn of the group X = [tm, °°: , tn] 
have the property that every element of X ts a linear combination of the elements 
Yr, °*° Yn, then the latter form a basis for X. 

Proof. Let Z = [a1 , --- , 2n] be a free group and assign to every element 
z= >shiaz; € Z the element f(z) = Doi ay; € X. By the hypothesis 
of Theorem 2.4 the mapping f is a homomorphism of Z onto X, with 
f(z.) = yi @ = 1, ---, 7). Since the elements z; form a basis for Z, the 
proof of the theorem will follow if we show that f is an isomorphism. To 
show this, it is enough to show that the kernel of f is the null group, L.c., 
that f(z) = 0 implies that z = 0. 


Hence, suppose z € Z and f(z) = 0. Choose elements 2’), «++ , 2’, of Z 
such that f(z’;) = 2;. The elements z, 2’, --- , 2’, are linearly dependent 
according to Theorem 2.2, that is, there exist numbers b, b), --+ , bx , not 


all equal to zero, such that 
bz + diz’) + +--+ + bz’, = 0. 
Since f is a homomorphism and f(z) = 0, f(z’) = x, it follows that 


bir + a ae + Uta == 0; 
whence 


so that 
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Since the only element of finite order of the free group Z is the identity, 


it follows that z = 0, q.e.d. 
We now have 
2.40. The elements y1, +--+ , Yn forma basis for X = [m1 ,--+ , ta] af, and 
only af, x; can be written as 
(2.40) w= oA Qik y i= l, ere (5 


For, (2.40) implies that every element of X, as a linear combination of 
the elements x; , can also be written as a linear combination of the elements 
yi; Whence it follows that the elements y; form a basis for X. 

EXAMPLE. Let 


Yr = Ly + Cate + +++ + Cnt, , 
where the c; are arbitrary integers. Then 
Yr, %2, °°" y Xn 
are a basis for X. Indeed, 
My = Yr — Cale — +++ — Cyty. 


§2.5. Subgroups of free groups. All the applications of group theory in 
this book, as well as the entire theory of Abelian groups with a finite num- 
ber of generators, are based essentially on the following theorem: 

THEOREM 2.51. Let X” bea free Abelian group of rank n. Every non-null 
subgroup U of X” ts itself a free Abelian group with rank k < n. Moreover, 
there is a basis 71, -*+ , Yn Of X” and a basis wm, +--+, m,k <n, of U 
such that 


Ui = OY, += 1,*+:,k, 


where 6,, °°: , % are natural numbers and 6:41 1s divisible by @;,7 = 1, --- 
ki — 1. 

Proof (borrowed from A. G. Kuro’, Group Theory). For n = | the theorem 
follows immediately from the fact that every subgroup of an infinite cyclic 
group with generator x is an infinite cyclic group with generator 6x, 6 a 
natural number. 

Assume that Theorem 2.51 is valid for X”~*. If U is a non-null subgroup 
of X”, every basis of X” determines a unique positive number, namely, the 
least of the positive numbers which occur as coefficients in the linear forms, 
relative to the given basis, representing the elements of U. This minimal 
coefficient changes, in gereral, with the basis of X”. We now seek a basis 
of X” for which this coefficient assumes its smallest possible value. Let 


(2.511) betas eal 


? 


be such a basis. 
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Let 6; , 6: = 1, be the smallest positive coefficient corresponding to 
this basis, and let 


Uy, = O13, + deve + +++ + arta 


be one of those elements of U whose representation relative to the basis 
(2.511) contains 6; as one of its coefficients. (The assumption that 4, is a 
coefficient for u, is legitimate, since the basis of X” is not ordered.) 

We shall prove, first, that every coefficient a, --- , dn is divisible by 
6, . Vor, let a = Ag + 7,0 <r < 6. Let us transform the basis (2.511), 
replacing the element 7, by 71 + qx. The clement w% may now be written 
as 


Uy = O's H rv. + agers +e > H+ Anta 
relative to the new basis 
xy = 2 + 9x2, 22, sot kn. 


We have thus found a basis of X” relative to which one of the elements of 
U contains a positive coefficient less than 6,. This contradicts the choice 
of 6, and proves the assertion. 

Let a; = 019:,¢% = 2, +++, u. Transform the basis (2.511) of AX” by re- 
placing x, with 

In =a AP Qetee  ogtn s 

It is clear that uw = 6, . Furthermore, let us collect all the elements of U 
in whose representations relative to the new basis the coefficient of y; is 
zero. These elements form a subgroup U’ of U, whose intersection with the 
eyclic subgroup [ta] generated by 7 is the null group. We shall prove that 
U is the sum of the subgroups {t4] and U’. 

Let 


u= bi + beave +--+ + Data 


be an arbitrary clement of U. If br = 6g + 7,0 < r < 4, then the co- 
efficient of y: in the clement 


/ 


w= u— gay = ry + bere + +++ + Dnte 


of U is less than 6; ; hence, beeause of the definition of 6,, 7 = 0. There- 
fore wu’ is contained in U" and 


u= ga tw 


is an element of the sum of the subgroups [ta] and U’. 
It now follows that if VU" = 0, then U = [z) and the theorem is proved, 
If U! ~ 0, we obtain a decomposition of U as the direct sum 


U = [w) + U’. 
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The subgroup U’ is contained in the subgroup X’ = [x , «++, 72), whieh 1s 
a free group of rank n — J. Hence, by theinductive hypothesis, U’ 1s 4 free 


1 th 
group. Moreover, there exist bases yo, -++ , Yn Of X’ and wz, +7, Ue of OU 
such that kh ~ ] <n — J and u; = Oy;, with 0; >0(2<7< k) and 
Oa divisible hy Oj, 4 = 2,9,2°% 2 = fp 


We have thus proved that U is a free group of rank k, k < 1. To prove 
that the bases 
(2.512) try Y2s 00% Yrs 
of X" and 
(2.513 [Uy , Mn, +> , Ue} 


of the subgroup UC X” have the properties required by the theorem, it 
remains to prove merely that @, is divisible by 0,. Let 0. = O40 + 10, 
O< rm < 6. Let us replace xy, by 


y'1 = Yr — Go¥fa 
in the basis (2.512) of X”. The elernent uw — uw of U may now be written 
as 
Ug — Uy = (— 1) yr + Toye 
relative to the new basis; whence again, because of the choice of 6, it 
follows that ry = 0. This proves Theorem 2.51. 

AEMARK. The nurnber 6; is the order of the element y;,1 < k, of X” relative 
to the subgroup U,, that is, it is the least natural number @ such that 6y; € C7 
In fact, if fy; © C, then 

Oy: = be C9 iy 5 


for some integers ¢;. Then because of the linear independence of the ele. 
Inents y;,¢; = 0,7 ~ 2, and 6 = ¢,0;. 

Since 64, © UU <i <k), y: © U, where O as usual denotes the divi- 
sion closure of the subgroup C’ (in X*). On the other hand, let < ¢ and 
let 


B= cy eye A Ceaiyeat Cnn 


Then cx © U for some integer c # 0, 1.¢., there exist integers a, , ... 
such that 
Coy ee eae COLY k sp eb en = Moy, tree + Ary ’ 
Hence, since yy, +++ , yn are linearly independent, 
CL, = 00, , +++ , le = O06, , Cea = = CQ = 0, 


sothatGg~a = +: = Gr =Oands =ay+--- +oay. 
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Therefore 

2.511. The elements yi, --- , yz of a basis {y,, +--+ , Yn} form a basis for 
the group U. 

We shall now introduce new notation which will be more convenient 
for the applications of Theorems 2.51 and 2.511. The clements y; of a basis 
Yi, °°* 5 Yn for which 7 > k will be denoted by 2, --- , 2x ; the elements 
yi,t <k, for which 6; > 1, as well as the 6; corresponding to these ele- 
ments, will be renumbered in the converse order and denoted by tw, - ++ , Ur 
[we would then have 6; = 0 (mod 6;4:)]; the corresponding 6@;’s would then 
be 6, --: , 6 , 6; = O (mod 634;). Finally we denote those y; for which 
6; = 1, by, --: , v». We may now restate the results obtained above: 

2.52. Let X be a free Abelian growp and let U be an arbitrary subgroup of 
AX. The group X has a basis 


(2.52) Bip A ee th eee aby Dig heyy 


with the following properties: 

a) v1, °** , Ue are elements of U,; the order of u; relative to U ts a natural 
number 6; > 1, where 6; = 0 (mod 6441); 

b) the elements 01, «++ , O,U, and v,, --+ , ve form a basis for U; 

c) the elements my +*+, Ur} V1, °°* , Ve are a basis for U. 

A basis (2.52) of X satisfying the conditions of Theorem 2.52 is called a 
canonical basis of the free group X (relative to the subgroup U). 

§2.6. Some remarks on canonical bases. Let U = U be a division 
closed subgroup of a free Abelian group X. Let 


(215. 8 pe PU ee) 


be a canonical basis of X relative to U (Gn consequence of the fact that U 
is division closed, all the 6; = 1). Then 


lm, cc? ee) = U,X = la, ---, eed tia, «+: , on, 
and 
(2.61) X/U = [uy +++, del, 


where 3; € X/U is the coset containing z;. Hence 

2.61. The factor group X/U, where U is a division closcd subgroup of X, 
is a free group; and X = U + V, where V ts a subgroup of X tsomorphic to 
xX/U, 

Remark. The subgroup V is, in general, not uniquely determined by the 
condition X = U + V; but all V satisfying this condition are isomorphic 
(since they are all isomorphic to Y/U). In our notation we may take as the 
group V the group [a , --- , 2r]- 

Derinition 2.62. Let U = U be a division closed subgroup of a free 
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croup X of rank n. The elements x1, -+- , Up of X form, by definition, a 
U/-basis for X if their cosets r, € X/U are a basis for the free group X/U, 
It is clear that 
2.621. The elements 21, --+ , t» of a group X are a U-basis if, and only 
if, no nontrivial linear combination of these elements is contained in UV 
and, moreover, every & € X has a representation 


(2.621) t=ut dew, 


where u € U and the c; are integers. 
2.63. If U is the division closure of the subgroup U of a free group X of 
rank n, then every U-basis of X can be extended to a canonical basis of X 


relative to U. 7 
To prove this let 21, +--+, tp bea U-basis of X and let 


(2.630) 3 ee Uy, Ue V1, °°+, Ue 
be a canonical basis of X relative to U. We shall show that 
(2.63) Ty 7*' Up) U1, *t* y Ur; V1, °°" Ve 


is a canonical basis of X (whence it follows, in particular, that p = 7). 
To show this, it is obviously enough to prove that 


(2.631) X= [eye De) 4H lung 2 2 9 ep Ov, oy Vol 
The definition of a U-basis implies that 
In, ---,2,)1nU =0 
and that every x € X has a represcntation (2.621). Hence, by 1.31, 
X =|[n,---, 2) + U. 


Since U = [uw , +++, Urj 01, °° 5 Vel, it follows that (2.631) holds. 

In conclusion, we shall prove the following important, but completely 
elementary proposition: 

2.64. Let L be a free group of rank n and let Z be a division closed subgroup 


of L. If t1, +++, tp ts a basis of the free group L/Z; 2, +++ , 1s a basis of 
Z; and x; is an arbitrary element of the coset t;,7 = 1, -:- , p, then 
i2r; tty Up yy mel 


ts a basis for L. 
We shall prove 
a) every x € L has a representation 


v= Dee ait; + ae Chen 5 


b) the representation a) is unique; b) is obviously equivalent to 
b’) the elements 4%, ---: , %p3 21, ‘+: , 2g are linearly independent. 
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Proof of a). Let ¢ denote the coset of 2 € 2 relative to ANG Tag Te 
form a basis for L/Z, there exist a, , +++, a, such that 


T= Sati . 
Then 
z— draw € Z 
ad therefore there are integers c, such that 


c= >: aX; = Ds Cheb 


that is, 


x= De Ait; + ee ChZh + 
This proves a). 
Proof of b’). Let Doaw; + doeaz, = 0. We must show that all the a; 
and ¢, are zero. We have 


(2.641) Diaz: = — Doerr € Z 


or 


Sait: = 0. 


Since the cosets r; (as elements of a basis of the free group L/Z) are linearly 
independent, all the a; are zero and hence by (2.641), 


cnn = 0. 


Therefore, in view of the linear independence of the 2, , all the c, are zero. 
§2.7. Homomorphisms and endomorphisms of free groups. The matrix 
of a homomorphism (for prescribed bases). The trace of an endomorphism. 
Let f be a homomorphism of a free group V of rank p into a free group Y 
of rank q. 
If X = [x , anes, Lp), Y= ly a) Yals then 


Se ak @ = ei 
f(t) = Dhar anys, h=1, » Dp. 
The matrix 
ai, » Gj, » lg 
Ql, » Ans, » aka 
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is called the matrix of the homomorphism f of the group X into the group 
Y (relative to the bases a1, °-+,%p3Y1, °° 5 Yq)- 

A homomorphism of a group into itself is called an. endomorphism. 

Let f be an endomorphism of a free group .Y of rank n and let 2%, °+-- , 2%, 
be a basis of XV, with 


(2.71) f(r) = Fr Aniki « 


The number 


A Anh 


is called the érace of the endomorphism f (relative to the basis t%1, --: , Xn). 
THEeorEM 2.7. The trace of an endomorphism is independent of the choice 
of a basis. 
Proof. Let y, +++ , yn be another basis of X, related tom, --: , , by the 
equations 


(2.72) Yo ja Melly s 

(2.73) = SS bales 

Suppose that the endomorphism f relative to the basis y1, --- , Yn 1S given 
by the equations 

(2.74) fy) = Dee bay. 


We must show that 
(2.75) De Qu = Ss ba7 
If we substitute the expression (2.73) for x, into (2.72), we get 
Yo = Lar Qia Upward 5 
whence, in consequence of the independence of y, , 
(2.76) Mi = oes 


where 


3 _ 9, pT, 
ne l, a 


In the same way, substituting (2.72) for y, with the subscripts p, g replaced 
by r, s into (2.73), we obtain as a consequence of the independence of the 
e% 


(2.77) De Veils = ba « 
Moreover, by (2.72) and (2.71), 
fa =f vam) = Da unfler) = Da doe windrgty | 
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and from (2.74) and (2.72), 
fd = DLedaye = De Doe Vintners - 


Consequently 


Dh Dot UjrAhglg = aa bjxUkgXq , 


so that 


da UW5jrAhg = ye D jeg 


since the xq are independent. Multiplying this equation by v,, , summing 
over qg, and applying (2.76), we obtain 


> aus UprangQar = > b i847 = D3 


Then (2.77) yields 


Ds b5; = Des VgjUjrQhg = Dean SghQhg = Don Qnh + 


This proves the assertion. 

Accordingly, we may now speak of the trace of an endomorphism inde- 
pendently of any basis. 

§2.8. Addition theorem for traces. Let f be an endomorphism of a free 
group X into itself and suppose that Y is a subgroup of XN such that 
f(Y) © Y. Since Y is a free group (see 2.5), the trace SpY of the endomor- 
phism f of Y is defined. We shall write the trace of the endomorphism f 
of the group X as Spx. 

Since f(Y) € Y, the division closure Y of Y in X is also mapped into 
itself by f. For, if x € Y, there is a natural number m such that mz € Y; 
then mf(x) = f(mz) € Y and f(x) € Y. Since f maps F into itself, f induces 
(see 1.1) an endomorphism f of the factor group X/ y 

If X/Y # 0,X/Y is a free group (by 2.61). Hence the trace Sp(X/Y) 
of f is defined. If V/ Y = 0, we shall set Sp(X/Y) = 0, by definition. 

TieoreM 2.8. Jf an endomorphism f of a free group X maps a subgroup 
Y into ttself, then 


SpN = SpY + Sp(X/Y). 
Proof. lf Y = 0, the theorem is obvious. If ¥ ¥ 0, choose a canonical 
basis 21, +--+, %, of X relative to . Then for some r < n, 
Y = [2 yy ae; ¥ = [Ara eas Os], 


where some of the 6; , and in fact all the 6, starting with some z = 4 <r, 
may be equal to J. If tr41, ---, tT, are the cosets of X relative to Y which 
contain the elements 241, °°, ta, then by (2.61) 


xX/Y = [Ura, +++, tal. 
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Let 
(2.81) fle) = Shiow;, h=1,-+-,n 
Since Y is mapped into itself, 
(2.82) ee ee 

ani = 0 : 

t=rt+1,--+,n. 

Since Y is also mapped into itself, 
(2.83) F(Onta) = Doar a’niOiri , h=l,-ryr. 
On the other hand, (2.81) and (2.82) imply 
(2.84) F(Ontn) = On oie Anil: , h=1,---,7. 


Since a’s:0:; = Onan; by (2.83) and (2.84), it follows that a’ = ayfori = h, 
so that 


(2.85) Spy _ >= Qhh 
This proves the theorem for r = n, i.c., X/Y = 0. Suppose r < n. Apply- 
ing (2.81) fork =r +1, ---,n and using the fact that 21, --+, %, are ele- 
ments of Y contained in the identity coset of X/Y, we get 

F (tn) = ae Anili , h = T + i. me n. 
Hence 
(2.86) Sp(X/Y) = Ya Gn. 


The theorem now follows from (2.85) and (2.86). 
Remark. If X = Y, we get the special case 


SpY = Spy. 


§3. Theorems on the rank of groups 


3.1. The rank of a group A is zero tf, and only tf, all the elements of A 
have finite order. 

Proof. If all the elements of A are of finite order, then 

citi + ees + Catan = 0 

for every set 21, +--+, % € A and c; equal to the order of x; . Hence every 
set %1, ‘°*, 21 © A is linearly dependent. Therefore A contains no non- 
empty set of linearly independent elements and the rank of A is zero. 

Conversely, if pA = 0 and x € A, there is a nonzero integer c such that 
cx = 0. Hence all the elements of A have finite order. 

3.2. If A ts a group and Ay 1s an arlitrary subgroup of A, 


(3.2) pA = ply + p(A/Ao) 


(the ranks of the above groups may be finite or infinite.) 
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We shall first prove the inequality 
(3.21) pA = pAo + p(A/Ao). 


Tor this it is enough to prove the following proposition: 
3.21. If the elements x , +++, X» of Ao , and the clements\, , +++, Yq of A/Ao 
are linearly independent, and if y: € Yi, then 


Tr, 4, Up, Yr, °°*, Yq 
are lancarly independent. 
To prove this suppose that 
(3.211) Dore Givi + Di=1 by; = 0 


for integers a; and b;. Remembering that >>?-; aix, € Ay, (3.211) yields 
for the cosets: 


(3.212) +41, by; = 0. 


Hence, because of the linear independence of they; , b; = 0 (j = 1, «--, q) 
and (3.211) becomes 


(3.213) yaa: = 0. 
The linear independence of the x; then implies that a; = 0 (@¢ = 1, -+-, p). 


This proves (8.21). 
Before we go on to the proof of the inequality 


(3.22) pA < pAo + p(A/Ao), 


we note that (3.21) implies 
3.210. If Ao is a subgroup of A, 
pAg < pA and p(t/Ao) < pet. 

We shall now prove (8.22). In the proof we may obviously assume that 
the ranks of Ay and A/Ap are finite, since (3.22) is obvious in the contrary 
case. 

Suppose pAy = p, p(A/Ao) = gq, and let 21, +--+, a») be linearly inde- 
pendent elements of Ap, and y,, -+-, Yq linearly independent elements of 
A/Ao, with y; € Y,. 

Lemma. If z € A, there exists a nonzero integer ¢ and there exist integers 
ci, d; such that 


e= Dihiea: + Dit diy;. 
Por, if 2 € 3 © A/lo, the elements 3,1, +++, Yq of A/Ao are linearly de- 
pendent. Hence a combination b3 — 5°4_, by; is zero: 


(3.221) by — SOL by; = 0. 


Then, because of the linear independence of the y;, b # 0. 


we) 
Lo 
sl 
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(3.221) is equivalent to 


— q | 
(3.222 zd = bz — 4, diy; € Ao. 
The elements 2’, 21, +--+, x» of sto are linearly dependent, so that a linear 
conibination 
(3.223) az’ — poem az; = 0. 


Hence, due to the linear independence of the 2;, a # 0. 
From (3.222) and (8.223) we obtain 
(3.224) abz = az’ + Li abjy; = doh ats + Don aby; 


so that, setting ¢ = ab 4 0, ¢; = a;,d; = ab;, 


= p . q 
cz = Doe Cts + pia djy;. 
This proves the lemma. 
Let us now write the elements y; , +++, Yq AS Up41, °° *, Lptq- We must 
show that pA < p + q, that is, that every p + g + 1 elements 
41) '"") &ptati 


of <A are linearly dependent. To prove this we note first that by the Lemma 
there are integers ¢ + 0 and cx such that 


(3.225) Ck = Doiacati, k=1,---,p+qt1. 
On the other hand, the theorem on linear homogeneous equations (see 
Theorem 2.3) imphes that there exist integers & , «+--+, £p49;1, not all zero, 
with the property 
(3.226) Pat” cag. = 0, eae WRC ay hi el 
We then have by (3.225) and (3.226) 
BA gene, = RS Oe ae Cukn zi = 0; 


: : +941 
since not all the & are zero andall the ¢ aredifferent from zero, ) 2" genes 


is a nontrivial linear combination, and 2 , «++, Zp4q41 are linearly dependent. 

This completes the proof of Theorem 3.2. 

§3.3. The rank of a group (mod 7). An intcgral lmear combination 
> esx: of elements x; of a group A is said to be nontrivial (mod m) if not all 
the c; are divisible by m. The elements z; are said to be linearly dependent 
(mod m) if a nontrivial (mod m) linear combination of these elements is 
zero. The maxinium integer r for which A contains 7 linearly independent 
(mod m) elements is called the rank of A (mod m) and is denoted by p»(A). 

The following theorem may be proved by an almost verbatim repetition 
of the reasoning of 3.2 (but with the equalities replaced by the correpsond- 
ing congruences): 
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3.3. [f mis a prime, and A is a group with the property that mA 7s the null 
group (for ma prime this means that all the elements of A are of order m), then 


PmA = PmcAo + PrlA / Ao) 


for an arbitrary subgroup Ag of A. 
Remark. The mequality 


(3.31) PnA = pmAo = pm(A/Ao) 


can be proved without the assumption that m is prime. The condition 
mA = 0 appears in the argument in the following way. To prove (3.31), 
following the proof of (8.21), we deduce that b; = 0 (mod m) from (3.212), 
whence it follows, by (3.211), that 


Pp gq 
ea ax, = — it by; € mA. 
This in turn, since mA = 0, yields 
Pp 
ee ax: = 0, 


i.e., a; = 0 (mod m). 
To prove that 


pmA = pmAo ae pn(A/Ao) 


we must again usc the condition mA = 0 to derive (3.222). The fact that 
m 1S prime is used to show that 


a # 0 (mod m), b ¥ 0 (mod m) 


implics ab # 0 (mod m). We note, finally, that we may still require of the 
numbers &; that they do not have a common divisor (sce remark at the 
end of 2.3). 


§4. Groups with a finite number of generators 


§4.1. Definition. A system © of elements of a group N is called a system 
of generators of X (the clements themselves are called generators) if every 
element of XY has at least one representation as a linear combination 
Diaw;, with 2; € GS and the a; integers. 

We shall now consider groups whose systems of generators consist of a 
finite number of elements, that is, groups with a finite number of generators. 
The simplest examples of groups with a finite number of generators are the 
free groups of finite rank; every basis of a free group 1s a system of gener- 
ators of the group. Moreover, every finite group (that is, a group having a 
finite number of elements) is a group with a finite number of generators, 
since the set of all elements of a group is itself a system of generators of the 
group. 
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REMARK. We shall say that a group is generated by n elements if it has 
a system of generators consisting of n elements. 

THEOREM 4.11. Jn order that a group be generated by n clements, 1t 1s neces- 
sary and sufficient that it be the homomorphic image of a free group of rank <n. 

Proof. Necessity. Let 21, +++, 2%» be a system of generators of the group 
X and consider the free group Y = [y1, -:-, yn] of rank n. The mapping 


F( Day:) = aw: 


is a homomorphism of Y onto X. 

Sufficiency. If f is a homomorphism of the free group [y:, ---, Ya] onto 
X, the elements f(yi), ---, (yx) are a system of generators of X. 

Theorems 4.11 and 3.2 imply that pX < n, Le., 

4.12. The rank of a group with n generators 1s < n. 

§4.2. THroreM 4.21. If a group X is generated by n elements, the same 1s 
true for X/Z, where Z is any subgroup of X. 

Proof. The group X is homomorphic to a free group Y of rank <n 
(Theorem 4.11); the group X/Z is homomorphic to X. Since the product 
of two homomorphisms is a homomorphism, X/Z is homomorphic to Y. 

THEOREM 4.22. If a group X 1s generated by n elements, so 18 any subgroup 
Z of X. 

Proof. By Theorem 4.11 there is a homomorphism f of a free group Y of 
rank n onto X. It is easy to see that f (Z) is a subgroup of Y and is there- 
fore a free group of rank <n. According to Theorem 4.11 its image is gen- 
erated by n elements. 

THEOREM 4.23. If Z 7s a subgroup of a group X, and the groups Z and 
X/Z both have a finite system of generators, then so does X. 

Proof. Let 2:1, ---, 2r(%1, °**, te) bea system of generators of Z (X/Z), 
and let 2, ---, % be arbitrary elements of the corresponding cosets 1, ---, 
t;. Then 21, °**, 27, %1, °*', t generate X. For, if  € X and x is con- 
tained in the coset > bjt;, then z = z + > obw;, with z € Z. Conse- 
quently z = > az;and x = > az: + > 0b,v;, which was to be proved. 

§4.3. Fundamental theorem for groups with finite systems of generators. 

DerFINition 4.31. A representation of a group A as a direct sum of a 
finite number of cyclic groups 


(4.31) A=Qt-+0,444+°°+4, 


with the ©, finite and the Z; infinite cyclic groups, will be referred to as a 
cyclic decomposition of A. 

The cyclic decomposition (4.31) will be called canonical if the orders 6; of 
the groups ©; have the additional property 


(4.310) 6; = 0 (mod 6;4;). 
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FUNDAMENTAL THEOREM 4.32. Every Abelian group with a finite number 
of generators admits of a canonical cyclic decomposition. 

Proof. According to Theorem 4.11 every group A with a system of n 
generators is a homomorphic image of a free group X of rank n and there 
is, therefore, a subgroup U of XY such that A = X/U. 

Suppose that 


Zi y '%y he Uns oy Ue OL, oy Me 
is a canonical basis for X relative to U (see Theorem 2.52). Then 

X = fal +--+ + fee] + eal + +--+ + [ee] + for) + +++ + [ee], 

U = (6a) +--+ + [6,u.] + [er] +--+ + [ve]. 
Hence, by Theorem 1.52, 
X/U = [al + +++ + [ee] + [mi)/[@tq] + + + [ee)/[6-] + 0+ ++ +0; 
that is, 

A=4+-:-4Z,4+04+---+0,, 


where Z, , ---, Zx are infinite cyclic, 0, , ---, ©, are cyclic groups of order 
61, °°°, 6,, and : 


6; = 0 (mod 6;4;). 


This completes the proof of the theorem. 

Remark. The numbers 6, ---, 6, are called the torsion numbers of the 
given canonical decomposition of A, or simply the torsion nwnbers of A. 
The following theorem justifies the use of the latter terminology: 

4.320. Isvery two canonical decompositions of a group A arc tsomorphic in 
the sense that they consist of the sane number of cyclic groups, corresponding 
pairs of which are isomorphic, and have the same torsion numbers. 

We shall not prove this theorem (sce Seifert-Threlfall [S-T, §§SG6-87)}). 
We mercly note that (3.2) and Theorem 3.1 immediately imply one of the 
assertions of Theorem 4.320: 

4.33. The number of infinate cyclic groups in an arbitrary cyclic decomposi- 
tion of a group X is equal to the rank pX of X. 

Morcover, 

4.34. In an arbitrary cyclic decomposition of a group A the dircet sum of 
the finite groups of the decomposition is identical with the subgroup © of A 
consisting of the elements of A having finite order. 

Let 


Ay Oye ee OL a Ay een? Baie 


be a cyche decomposition of A, with ©,, ---, O, finite and Z,, ---, Z, in- 
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finite. It may happen that one of the numbers 7 or 7 is zero Gf 7 = 7 ~ 0, 
A is the null group). 

It is obvious that every element of the direct sum @; +--+ 1 
finite order. Conversely, suppose that 


U = At, +e Apt; + dy fees + bate EO, 


where the wu: (z,) are generators of the groups @; (Z;), is an element of A 
having a finite order. If mu = 0, that is, 


O, is of 


mat +e) + mau, + mb, + +++ + mbser = 0, 


and m ~ 0, then b, = --- = b, = 0,sothatu€ Q+--- + O,. 
Hence 


Q+---+0,= 0. 


A consequence of Theorems 4.33 and 4.34 is the following important 
THroreM 4.35. Every group A with a finite number of generators may be 
written as a direct sum 


A=@04+4, 


where © is the subgroup of all the elements of finite order of A and Z 1s a free 
group of rank pZ = pA (a free group of rank 0 is the null group). 

Corouuary 4.351. The structure of a group with a finite number of gener- 
ators completely determines its rank and the structure of its subgroup of ele- 
ments of finite order. 

Remark. Two groups have the same structure if they are isomorphic. 

Coro.iary 4.352. A group with a finite number of generators which 
does not contain elements of finite order is a free group. 

REMARK. 4.32, 4.320, and 4.33 imply 

4.353. The structure of a group with a finite system of generators is 
completely determined by its rank and its torsion numbers. 

§4.4. Further consequences. 

THEOREM 4.41. Suppose that X and Y are two groups of which one, say X, 
has a finite system of generators. If X’, Y’ are subgroups of X, Y, respectively, 
such, that 


(4.41,) XwY' 
and 
(4.41,) Y we XxX’, 
then 
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Proof. First, it follows from (4.41,) and Theorem 4.22 that Y also has a 
finite number of generators. Further, (4.41) and (4.41,) combined with 
(3.21) imply that 


pX <pY and pY < pX, 


so that 

pX = pY. 
Because of 4.351 it merely remains to be proved that 
(4.42) 0. 0,, 


where ©, (@,) is the subgroup of X (Y) containing its elements of finite 
order. For analogous definitions of the groups 6. , 9, , using (4.41,) and 
(4.41,) we obtain 


(4.43.) ©), Oy: 

and 

(4.43,) O, = On. 

If the orders of the groups 0., 0,, O. , Oy are a, b, a’, and b’, then 
(4.44,) a= fh 

and 

(4.44,) b= a’. 


Since 0, € O0,, b’ < b. Hence, by (4.44:) and (4.44,), a < a’. But 
0. € O,, so thata’ < a,i.e., a = a’. Consequently, 0,, = O,and (4.42) 
follows from (4.43,). 

TuroreM 4.42. If X is a group with a finite number of generators and Z 
is a division closed subgroup of X, then X contains a free (or null) subgroup 
Y such that 


Aes BZ. 


Proof. The factor group X/Z contains no elements of finite order (‘he- 
orem 1.22) and has a finite number of generators (Theorem 4.21). Hence it 
is a free group (or the null group). The case X/Z = 0, 1.e., X = Z, is 
trivial. Suppose 


AX/Z = [i , aaa sels 


where ); , --- ,); are cosets relative to Z. Choose elements yi, °-- , Ys 
from these cosets and denote by Y the group of all linear combinations 
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i ay:i. To prove the theorem it is enough to show: 1) Every x € X 
has a representation x = yt2y€ Y,2€ Z,and2)Y¥nZ=0. 
Proof of 1): if € Do: ay;, then — >> ay; = 2 € Z. Hence 


x=yt+e2, 


where y = >> ay; € Y. 
Proof of 2): if }* ay: € Z, then >> aa: = 0, and so a; = 0 for all 7. 
§4.5. Remarks. 
Remark 1. Let 


(4.51) YU ) vee ) Ur ) 2) 7 eee ; 2p 
be a system of generators of a group A, where the elements y,, --+ , y; 
have finite orders 6;,-+-- , 9,, and the elements 2, --- , 2p have infinite 


order. The system of generators (4.51) is said to be a basis for A if 


Days + doa Crtn = 0 


is equivalent to a; = 0 (mod 6),7 = 1,---,7, ande. =0,h = 1,--+, 9. 

Remark 2. We already know that the subgroup mX of a group X con- 
sists, by definition, of all the elements mz € X, where x takes all values 
in .Y. Let us now denote by »X the subgroup of X consisting of all x € X 
for which mz = 0, and by X» the factor group X/mX, It is easy to see 
that if 


N= X’ + X” + ghaesdé nem dae 


then 
(4.52) aX = gX! gh eee be x, 
(4.53) mX = mX’ + mX” +--+. + mX™, 


and also (Theorem 1.52) 

(4.54) ee ape a Cee eee ee, a 

It is furthermore quite easy to see that for m, m’ > 2, 
m' (Tm) (Fm) m & I (mim') , 


where J,, is the group of integers (mod m) and (m, mm’) is the greatest com- 

mon divisor of m and m’. Since the same is, of course, true for any group 

isomorphic to Jm ,1.e., for every finite cyclic group O BY Jn, nO J inymy & 

(Jn)m & Om; and since every finite group is a direct sum of finite cyclic 

groups, we obtain the following theorem by using (4.52) and (4.54): 
TuEeorEM 4.5. If O is a finite group and m > 2, 


nO ww O,. 
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§5. Modules 


§5.1. Scalar product in groups with a prescribed basis. Let {t:,--- , tn} 
be a basis for a free Abelian group X” of rank n. Every x € X” has a unique 
representation z = >> ait;. 

Derinition 5.11. If 


z= > ads, y= >> dd: 


are two elements of X”, the integer 


(x-y) = Dadi 


will be called the scalar product of x,y € X” relative to the basis {t,, --- , tn}. 
Clearly, 


(y-2), 
((a1 + %2)-y) = (airy) + (@2-y), 
(u- (yr + y2)) = (yr) + ye). 


For arbitrary 2 = >> ad:, (w-ts) = ai; and, in particular, (t:-t;) = 64; . 

§5.2. Modules. The free Abelian group of rank » consisting of all the 
linear forms >> a,t; with integral coefficients in given variables t; , --+ , tn; 
with the usual addition as the group operation, is called an zntegral module 
of rank n and is denoted by [t,, +--+ , tn]. (A module, in other words, is a 
free group one of whose bases is singled out once and for all.) The basis 
t:,-*:,¢, of the group (4, «+ , ta] (that is, the linear forms >> ait;, all 
of whose coefficients are zero except for a single one, equal to 1) is called 
the inttzal basis of the module. The scalar product relative to this basis is 
called simply the scalar product in the given module. Naturally, every 
basis of the group [t,, --- , fn] is called a basis of the module. 

If {v,,---, 2} is any basis of the module [t;, --- , én], then every ele- 
ment x of the module has a unique representation 


2= doa‘e; 
and the coefficients a° are referred to as the contravariant components of x 
relative to the basis {a,,---,2n}. It is clear that every element of the 
module [t:,---, ¢,) is completely determined by its contravariant com- 


ponents relative to any basis of the module. 
The numbers 


(x+y) 


a= (v-2x1), ste 5 an = (ew) 
are called the covariant componcnts of x relative to the basis {a1 , ---+ , tn}. 
Clearly, relative to the initial basis {t,,---,¢,}, the contravariant and 


covariant components of every element of [f,,--- , ¢.| coincide. 


= 
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5.21. Every element of a module 1s completely determined by tts covariant 
components relative to any basis of the module. 

Proof. Let x; = >. avt;, 7 = 1, +++, n, bea given basis and a; = (a-2;). 
It is required to find the coefficients c* of the representation « = >> c't,. 

We note first that since 7, --- , %n form a basis, we may write 


i= > bya: , 5 ae Oma | 


where det a,’-det b,;’ = 1. Since det a,’ and det b,;’ are integers, each of 
them is equal to -L1. 
To determine c’ we have the equations 


(5.21) (e-a1) = (th +--+ fc%t,)-t) =a, tHl--yn 
Since t; = > a,'t; , (5.21) may be rewritten as 

Gre 4st Jars = ay, a=1,°--:,2, 
and solved by Kramer’s rule (since det a;? = -1, the solutions are 
integers). 


§5.3. Dual bases of a module. ‘I'wo bases 
X = {m,--+, ta}, 
NS eae es) 
of a module [t, , --- , é,] are said to be dual if 


(wi-fi) = 64; 


for arbitrary 7,7 = 1, ---, 7; 2; and #; are said to be corresponding ele- 
ments of the two dual bases. 

5.3. For every basis X of a module (ty, +--+ , tn] there exists a unique dual 
basis X. 


Indeed, if 
ti = Qah +--+: 1 Aaatr , @=1,+°+,m 
are the elements of the given basis X and 
th = bm + +++ + Dann , h=1,---,n, 
then #,,--- , , are immediately defined by the conditions 
(Zs-th) = (4s: Doz bag) = Doz bda(Ee-z) = dar. 


Since the matrix || b,,; || is unimodular (as the inverse of the matrix || au, ||), 
it follows that %,,---, %, form a basis for [f,,--- , ¢,]. This completes 
the proof. 

§5.4. Dual homomorphisms. [et 


A= [t:", ee tach; B= (1", meets Pal 


“ y 


236 ABELIAN GROUPS [APP, 2 


be modules. A homomorphism f of A into B and a homomorphism g of B 
into A are said to be dual if 


(f(x) -y) = (w-g(y)) 


for arbitrary zx € A,y € B. 
We shall prove the following theorem on dual homomorphisms: 


5.4. Let 
X= {a5 0% teh, X = (41, °++ , Zp} 
be dual bases of a module A, and let 
Y= {y,-+-, Yel, Yom (Gy 08a! 


be dual bases of a module B. If f and g are dual homomorphisms (of A into 
B and B into A, respectively), and 


f(a) = D4 Cis; » t=1,--:,p, 
then 
993) = Dre Cijki , ST es a 


For the proof it is enough to note that for arbitrary 7 = 1,---, q the 
elements g(g;) € A and >-°1c.;@; € A have the same covariant com- 
ponents relative to X. These components are 


(9G) tn) = (tn-9(Gi)) = (f(t») +93) 
= (Dt onye Gs) = Doker ca(yeGs) = Cn 
and 
(dat CajFstn) = DoPor crs(Bi-tn) = Caz. 


This completes the proof. 
Remark. The above formula 


(9s) *Xn) = Cnj 


implies that c;;, the jth contravariant component of f(2,) relative to Y, 
is also the ith covariant component of g(g;) relative to YX. 

§5.5. Modules (mod m), m a prime. 

Derinition 5.5. We shall denote by “[t,, +--+ t,] the group whose ele- 
ments are all the lincar forms >> a,t; , where the ¢; are given variables and 
the coefficients arc residues (mod 7), 7 a prime. The group “ti, --+ , tn] 
is called a module of rank n (mod m). [The rank of the group “[t, «++ , tn] 
(mod m), m a prime, is indeed n (see 3.3).] The same variables t1, +++ , tn 
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form an initial basis of the module (moreover, we shall identify ¢; with the 
linear form 1-t¢; , where 1 is the unit of the field J,,). 

The definitions of scalar product, contravariant and covariant com- 
ponents, dual bases and dual homomorphisms, and the related Theorems 
5.3, 5.4 are to be retained (as well as the proofs of the theorems, which are 
even somewhat simpler, due to the fact that instead of the ring J we now 
have the field Jn). 
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